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PREFACE 


During tlie past decade changes in the 
eleincntar>' school mathematics curricu- 
lum have occurred at such a rapid pace 
that they have frequently been termed 
revolutionary. A number of factors have 
been responsible for these changes, but 
the most important has been the experi- 
mental work in the teaching of mathe- 
matics conducted by various centers, 
notably the School Mathematics Stud> 
Group (SMSG). The research of these 
groups has resulted in what is popularly 
known as modern matheniaties. 

In a period of rapid change there is 
always a tendency to select the new and 
discard the old, regardless of their rela- 
tive value. For example, drill for reten- 
tion of learning, which was an integral 
part of the traditional program, was 
given a very minor place, if any, in the 
first programs of modern mathematics. 


This omission has since been shown to 
be a serious error, and in today’s pro- 
grams provision is made for retention of 
learning. In other, similar ways the 
modern mathematics curriculum has 
had time to stabilize. Topics of fringe or 
doubtful value have been eliminated or 
put in their proper place while those of 
major importance are now included in 
the curriculum of a large number of ele- 
mentary sc’hools. 

Modern mathematics is an extension 
of the program that emphasizes mean- 
ing and understanding in learning. This 
movement began over two decades ago, 
as evidenced by the title of the first edi- 
tion of this text. How To Make Arith- 
metic Meaningfuh which was published 
in 1947. 

The present volume is the fifth edi- 
tion in the series now entitled, Discov- 
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erinii Meanings in Elementary School 
Mathematics. The third edition ap- 
peared in 1959, the fourth in 1963, and 
the fifth five years later. These three 
editions were published during the pe- 
riod of greatest change in the elemen- 
tary school mathematics program. The 
third edition thus dealt largely with 
what may be termed the traditional 
arithmetic program, while the fourth 
edition reflected the period when the 
mathematics program was in a transi- 
tional state and lacked stability. With 
this edition the modern program has 
api)roached a state of ecpiilibrium, 
so that the present volume presents a 
program that has been tested in a num- 
ber of elemcntar\- schools throughout 
the co!intry. 

All of the tried and tested features that 
characterized earlier editions have been 
retained in the present text. Learning 
by discovery is again stressed, and as in 
former editions, step-by-step procedures 
arc given for introducing new topics 
and for enriching pupils’ understanding 
through participation in a variety of ac- 
tivities. The features new to this edition 
ina\ be summarized as follows: 

1. A mathematics program for the 
kindergarten is included (Chap. 7). 

2. Four new chapters have been 
added (4, 12, 18, 23). The first three of 
these deal with material pertaining to 
modern mathematics. Chapter 4 deals 
with sets and Chapter 12 discusses s])e- 
cial numbers and the set of integers. 
Chapter 18 is a comprehensive treat- 
ment of nonmetric geometry. Chapter 
23 deals with the slow learner. With* to- 
day’s emphasis on the educatiomof the 
school dropout, this material is particu- 
larly important, since the program for 
the dropout and the slow learner have 


many elements in common. 

3. More emphasis is placed on struc- 
ture. Structure, perhaps the greatest 
contribution of mathematics, implies 
that there arc certain properties of num- 
ber that govern tlie basic operations 
with number. The present edition is 
completely structured with respect to 
the operations with whole numbers, 
fractional numbers, and decimals. 

4. Emphasis is given to the applica- 
tion of the principles of learning. Six 
principles are listed that govern the 
learning of number (Chap. 3). Through 
a sample presentation of a new topic 
the authors demonstrate how these 
principles apply. 

5. Supplementary instructional aids 
are available for use with the present 
edition. Included is a teacher’s manual 
with tests for each c‘haptcr as well as a 
comprehensive test for the entire text. 
Also, a study guide will be available for 
the student who needs help in modern 
mathematics. 

With this edition of Discovering 
Meanings in Elementary School Mathe- 
matics Dr. John Reckzeh joins the au- 
thorship. Dr. Reckzeh, who is chairman 
'of the matheiiiatics department at Jer- 
sey City State College, has taught math- 
ematics in programs sponsored by th(‘ 
National Science- Foundation since tht‘ 
inception of that program. 

Just as the manuscript for this edition 
was submitted to the publishers. Dr. 
Leo J. Brueckner passed away. In this 
and earlier editions Dr. Brueckner 
wrote with insight and understanding 
on the subject of h^aching mathematics 
to children. It is fitting that the present 
text, the last of Dr. Brueckner’s many 
publications, should be dedicated to 
his memory. 
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"CHANGE IS THE 
LAW OF LIFE" 


People living in the world today face 
many problems of adjustment to it — per- 
sonal, social, and professional being just 
a few. They search out principles with 
which to order their lives; sometimes 
each area of existence requires a differ- 
ent principle. People have only to go to 
literature and philosophy in order to be 
aided in their search. In 1963, President 
Kennedy addressed West Berliners as- 
sembled at the Wall. In offering those 
divided people a law of life, he quoted 
Goethe: “For time and the world do not 
stand still. Change is the law of life. And 
those who look only to the past are cer- 
tain to miss the future.” Some would 
prefer to heed Santayana’s warning: “He 


who neglects the past is condemned to 
repeat it.” 

Ideally today’s mathematics teacher 
should emulate the Roman god Janus, 
who was supposed to have had a face 
looking to the future and one looking to 
the past. It is true of mathematics as of 
any endeavor that the changes that are 
essential for progress should integrate 
the best features of the old and the new. 

The elementary school mathematics 
program has changed rapidly within the 
past decade. Some of the changes re- 
flect the findings of the various experi- 
mental projects that have been under- 
way in the last several years. One such 
program, the School Mathematics Study 
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Group (SMSG), which has received fed- 
eral support, has been particularly sig- 
nificant in bringing about changes in 
the elementary mathematics program. 
Indeed, as knowledge of the subject in- 
creases and as new discoveries are made 
concerning the process of learning, fur- 
ther changes may be anticipated as the 
result of experimental programs such as 
the SMSG. 

Not only is the content of mathematics 
changing today but the applications of 
the discipline are expanding. Even at 
the elementary and secondary levels 
widespread use of computers, calcula- 
tors, and other automatic devices has 
made an impact on the mathematics pro- 
gram. The shortage of persons who can 
program computers has created a de- 
mand for students who have a broader 
background in mathematics than was 
necessarx a decade ago. Although the 
supply of persons skilled in programing 
is less than the demand at the present 
time, this special skill may become 
largely obsolete within the next decade 
as computers that can program them- 
selves come into general use. Thus the 
development of specific skills that are 
used in a vocation should not be the 
guideline for teaching elementary math- 
ematics. Rather, a student needs the 
kind of education that will give him 
flexibility and versatility in meeting 
new situations as he encounters them. 

It is quite possible that by the time 
the pupil in today’s elementary school 
is employed he will be called upon to 
utilize skills that are not known today. 
Thus a mathematics program that 
stresses the acquisition of mathematic il 
skills through rote learning and not 
through understanding is at present un- 
satisfactory. A pupil needs to under- 
stand the principles that govern the 
structure of our numeration system, 
must discover number relationships and 


patterns of number behavior in order to 
be able to adjust to new quantitative sit- 
uations. Additionally the pupil needs to 
acquire computational proficiency to 
help enrich his understanding of num- 
ber and to use this knowledge effec- 
tively in a changing scientific society. 

In the past the average employed in- 
dividual changed jobs at least three 
times during his lifetime. Some leading 
economists and industrialists predict 
that in the future a person may need to 
change his vocation three times during 
his working years. To meet these chang- 
ing conditions the individual must learn 
to discover patterns that he can apply to 
increa«ie Ins knowledge in a given field. 
Emphasis in teaching mathematics 
should therelore be placc'd on dtwelop- 
ing an understanding of work with num- 
ber. Ideally llu' elementarx school 
mathematic s program should stress mas- 
tery of the l)asic principles nndt*rlying 
number, supi)lemente(l 1)\ a reasonal)le 
proficiency in the a])plication of these 
principles. This text is dc'signc’d to im- 
plement that philosophy. 

ORGANIZATION OF THE TEXT 

Part I ol this text contains three cha])- 
ters which deal with the objectives of 
elemcMitary school mathematics, the 
factors that affect the curriculum in this 
field, and a set of general principles that 
underlie instruction. The authors be- 
lieve that the c urric ulum should include 
essential elements of the traditional 
arithmetic program as well as introduc- 
tory work in algebra and geometry. Em- 
phasis should be placed on helping the 
student discover a pattern that he can 
.apply in further learnings. The text in- 
cludes discussions of the experimental 
programs of several leading research 
centers and their impact on the elemen- 
tary mathematics curriculum. 
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Chapter 3, which considers principles 
of teaching inathenuitics, stresses the 
importance of making the work inathe- 
niatically nieaninj^fnl to the students. 
Thronj'h mnn<*roiis examples tlie text 
demonstrates how children can be led 
to discover the facts, id(?as, relation- 
shi])s, and princ ii)les that underlie the 
basic number operations. \falh(*matical 
])rinciples form tlic basis of teaching 
l^rocedures that are discuss(‘d in many 
of tht' cha])ters of this book. 

l*art JI is made up of 16 chapters deal- 
ing with the teaching of the basic sub- 
ject Jiiatter of elementary school mathe- 
malics, Ix^ginning with a treatment of 
sets and number sentences, new to this 
edition. 

C^hapter 4 introduces many of the* con- 
cepts of modern matlumialics for the 
stnd('Mt or teacher who lacks a bac'k- 
gronnd in th^‘ subject or who needs a 
review. The m*xttwo chapters d(‘al with 
sNstems of numeration and sNstems of 
numbers and tlieir characteristics. Cdia])- 
ter 5 describes the distinguishing fea- 
tures of onr decimal sNstem of numera- 
tion and compares it with other s\ stems. 
The cha])tcr also illustrates how the 
principle of rt'gronping numbers in base 
ten appli(*s to regrouping numbers lluit 
an* expressed in a dilfert'ut base. Chap- 
ter 6 eni])hasi/.cs structure in s\ stems 
of numbers. The chapter defim*s the set 
of numbers that is of concern to tlu* ele- 
mentarx’ school teaclu'r as well as the 
essential principles that goxern tin* 
basic operations in that number sxstem. 

C"ha])ters 7 through 1 1 arc devoted to 
work with whole numbers, (duipter 7 is 
concerned with the introduction of 
number concei)ts in the kindergarten 
and the first steps in beginning number 
work in grades 1 and 2, while the re- 
maining chapters in this group treat 
the four basic operations with whole 
numbers. Emphasis is given to the re- 


lationship between an operation and 
its inverse, as between addition and 
subtraction. 

The material of Chapter 12 on the set 
of integers and the prime and composite 
numbers is also new to this edition. The 
integers include positive and negative 
numbers. Many schools today introduce 
nc'gative numbers below the IcveJ ol the 
junior high school. Some of the charac- 
teristics of prime and composite iinm- 
bers are discussed and methods are 
given for determining the prime factors 
of a number. 

Chapters 13 through 16 deal with ra- 
tional numbers expressed as fractional 
numerals, decimals, and per cents. A 
rational number is the quotient of two 
whole numbers, as provided h does 
not equal 0. The text emphasizes tht* 
properti(*s of rational numb(*rs and the 
r(*lationships between the set of whole 
numbers and the set of rational num- 
bers. 

Mathematical thinking and problem 
soKing are the subjects of Chapter 17. 
The use of an ecpiation to solve a verbal 
problem is explained, as well as the jn'o- 
cednre for translating a veu'bal statement 
inh, a number sentence. The chapter 
als( *onsid(*rs the different levels of 
maturity that appl\ to the solution of 
emiations. 

Chapters 18 and 19 introduce geome- 
try. The first of these chapters, new to 
this edition, presents nonmetric geom- 
etry which is cone(*rned with sets of 
])oinls as the\ appear in figures of one, 
two, or three dimensions. Metric geom- 
etr\ , the eonc*ern of Chapter 19, deals 
with the measures of sets ol points. The 
s('t of points forming a line segment AB 
would be treated as nonmetric geome- 
tr\, whil(‘ the measure of the set of 
points would be treated as metric geom- 
etry. The measure of this line segment 
is a number that indicates the number 
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of standard units in the measure, for ex- 
ample, a centimeter, an inch, a foot, or 
some other standard linear unit. 

Part III, which includes Chapters 20 
through 24, deals with equipping the 
classroom, procedures to appraise pupil 
progress, and providing for individual 
differences in learning. The classroom 
must be adequately equipped to carry 
out a program that stresses meaningful 
learning. C^hapter 20 describes the ma- 
terials needed to equip the classroom 
as a learning laboratory. Chapter 21 con- 
tains a comprehensive discussion of 
methods of evaluating ipupil achieve- 
ment in relation to the desired outcomes 
of instruction in mathematics. In Chaj)- 
ter 22, which treats the guidance of 
learning, emphasis is placed on devel- 
oping an instructional program that 
takes into consideration the strengths 
as well as the weaknesses of the individ- 
ual learner. Stress is given to directing 
the learning activities so that a minimum 
of remedial measures need to be ap- 
plied. Reliable diagnostic and correc- 
tive measures are also discussed. 

Chapters 23 and 24 deal with making 
provisions for the less able and the more 
able students. The financial snp]>ort 
given by the federal government to the* 
education of deprived children in re- 


cent years indicates the need for devel- 
oping techniques for teaching the slow 
learner. Chapter 23 considers proce- 
dures and materials for instructing pu- 
pils in this group, while Chapter 24 
presents ways of enriching the program 
for the more able learners. For the latter 
students these methods include differ- 
entiated curriculum content, expansion 
and extension of mathematical topics, 
grouping of pupils according to achieve- 
ment, use of the school library for inde- 
pendent study of topics of interest, and 
other means of fostering power in math- 
ematics. 

Discovering Meanings in Elementarij 
School Mathematics, fifth edition, is a 
blueprint for teaching mathematics in 
the elementary school. Use of this text 
should enable the teacher to understand 
and implement a program of modern 
mathematics. The teat‘her with a limited 
background in modern mathematics 
will find a variety of instructional aids 
to enrich the teaching program. In com- 
bination with the best features of a con- 
ventional program, such aids can be 
used to develop a method of instruction 
that empliasizes the discovery of num- 
ber patterns, the structure of the decimal 
system of numeration, and the proper- 
ties of number. 



THE CHANGING 
MATHEMATICS PROGRAM OF 
THE ELEMENTARY SCHOOL 


The uses to whicli inatluMnatics will be 
put in the future bafHe the imagination. 
The world toda\ demands more mathe- 
matieal knowledge of more people than 
ever was true of the world of >’esterday, 
and tomorrow’s world will doubtlessK’ 
make even ^r^'ater demands.* An under- 
standing of the role of mathematies in 
the rapidly changing industrial society 
of the space age is now a prerequisite 
for intelligent citizenship.’ No one can 
foretell what requirements will he made 
of mathematies in any occupation of the 
future. It is important, therefore, that 
mathematics be presented in such a w'a\ 


^hat students will be able to apply the 
ideas and skills the\' learn toda\' to the 
new mathematical problems of the fu- 
ture. The mathematicians of tomorrow 
are enrolled in the schools of toda>\ 

In this rli.iptcr (Ik* IoI h »\\ in.u to])ies 
,ue disL Hsst'd. ‘'lOj'K* ol llu* t‘lenu*ii(tir\ 
school iMthi iM.itics ])ioirram; the ehanii:- 
ing m.uiK inalies proizram. ideas under- 

*\.iti()nal (.oiiMcil nt 'I'tsuhiTs otMatheniatics. 
The HcvttluHtni in Srhnol Sfathrniatu's (Wa.sliinjr. 
ton, D.(\: 'I'lic Council. 1961). A report of regional 
orientation conlcrcnc-cs in inatluMiiatics. 

^Scc Morns Kline. Mathematics in Western 
Culture (.New ^ ork: O.xforcl l'niv«*rsit\ Press, 
1955 ). 
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l\in.Utlit' inock’rn prouram, (H\uaui/*ati()ii 
(»f tlu* inatlu'iiiatic's ]ir().5j;rain; ur.ulatioii 
()l (.•iirric nlinu t*onlt‘nt; c^\])(MiiiK‘ntal rt*- 
st‘aich pr()j(‘(.*ts; alu(‘l)ra and uc'omctiN 
in tlic c‘li*nK*ntai\ sc hool prouirain. 

SCOPE OF THE ELEMENTARY 
SCHOOL MATHEMATICS PROGRAM 

Tlio purpose of instruction in mathe- 
matics in the elementary school is to de- 
velop an intellijj;ent iinderstandini? of 
basic mathematical ideas and an appn^- 
eiation of the role of mathematics in 
daily life in a time of rapid social change 
and scientific progress.'* In the modern 
mathematics c iirriculiim of grades K-6, 
emphasis is placed on the structure of 
our numeration system and why the 
system functions as it does in the vari- 
ous mathematical procedures. Stress is 
given to making basic number opera- 
tions mathematic-ally meaningful. Defi- 
nite ste])s are also being taken to in- 
clude the simpler elements of algebra 
and geometr> in the mathematics pro- 
gram of the elementary school. It is 
becoming clear that we need an im- 
proNed mathematics curriculum, one 
that teaches students of all levels of 
ability not only the basic computational 
skills but also the basic concepts as well 
as the structure of mathematics. 

A current trend in experimental pro- 
grams in mathematics is to place in- 
creased emphasis on structure. Struc- 
ture implies that number has cc^rtain 
l)roperties that govern the basic oi)era- 
tions (see Chai). b). In a well-ccjnstriicted 
elementarx school program, both struc- 
ture and applied mathematics »shoul(^ 
receive a carefully integrated treatment. 

■‘(wjrt/.v for School Mathematics. Rci)ort tlit* 
CaiiihriclKe ()f)iikTeiic(* (in School Mathciiiatn s 
(Boston: Echicational Services, Inc.. inH3). (See 
pp. 19-20 ol thi.s text lor a clisciis.sion ol this re- 
port.) 


Today emphasis is being placed on 
helping the more able student to handle 
abstract mathematical conc*epts and 
ideas with facility and insight. In fact, 
the mathematics program of the ele- 
mentary school jnust be so planned that 
a sound basis for the study of mathe- 
matics b(*yond that level is establislu'd. 
At the same time, special attention is 
being given to the development of a 
mathematics program for the slow learn- 
er at all grade levels.* 

The teachen* must also take into con- 
sideration the broader objectives of t'du- 
cation in which all areas of the currieu- 
lum play a part. These include outcomes 
related to the' development of desirable 
asi)ects of the learner’s personality, in- 
cluding his interests, attitudes, emo- 
tional adjustment, social traits, and even 
his physical well-being. There is thus 
the need for a rich, vitalized, well- 
integrated program aclaj^ted to the* in- 
terests, aptitude, and stage of maturity 
of the various c hildren. 

THE CHANGING MATHEMATICS 
PROGRAM 

'I’he rapid extension of the use of 
computers and automatic devices for 
rc^’ording information raises problmns 
of profound significance for eurriculum 
makers in th(' fic'ld of mathematics. Th(^ 
following (piestions are adapted from 
an important report of the* secondarx 
school curriculum committee of the' 
National Council of Teac hers of VIatht‘- 
matics. The reader should keep these 
cpiestions in mind as he rc'ads this c hap- 
ter. 

. 1. What is the place of mathematics 
in a changing society':^ 
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2. What arc some ol the more signifi- 
cant new interpretations and uses of 
mathematics? 

3. What are some of tlie more re- 
cently developed areas of mathematical 
subject matter from which pertinent 
adaptations for the elementary level of 
instruction can be made? 

4. What are the criteria to bt* used 
in planning a program in mathematics 
that will guarantee opportunity for maxi- 
mum benefit both to the slow learner 
and to the mathematically j^ifted? 

5. What are the criteria to be used 
in planninj^ a i)roj^ram that will luovide 
equal assurance for appro]uiate func- 
tional competence to both terminal stu- 
dents and c*ollej?e-capable students? 

6. llow can wc* secure better coun- 
seling of pupils so that the\ may be in- 
fon.ic 'l about avenues of potential in- 
terest and challenge in juathematics as 
well as warm'd against possible frustra- 
ti(ins and disappointments in the un- 
wise attempt to reach unattainable i^oals 
of mathematical at‘hie\ ement? 

7. Wliich of the convc'iitional topic-s 
of mathematics, if any, should bc' radi- 
cally changed or eliminalc'd? 

8. W hich of the newer develop- 
nu'uts in subjc'ct matter lia\’e bec*ome 
of more than m(*re s])ecializ('d signifi- 
cance? 

9. W'liat of the new can be used to 
enrich the traditional, and what arc* ap- 
l)roved proc*edur(*s for the accomplish- 
ment of such enrichnu'ut appropriate 
to elc'inentar)- school pupils? 

10. What of the old can be used to 
orient and clarify the new in sucli a 
manner that elementary school jupils 
may profit most from experience' with 
the new?'* 

Questions such as these emphasi/.e 
the urj^ent nc't'd to rc'appraise the ])lace 

^Mathcimitir.s Teat Iwr. Mas 1959, 52:3S9-417. 


of mathematics in our chauKini^ society 
and to reexamine the mathematics cur- 
riculum in our schools and the instruc- 
tional inocedures used to help pupils 
derive the ^rc'atest benefit from tfiis 
curriculum. 

BASIC IDEAS UNDERLYING 
THE MODERN PROGRAM 

The traditional elementary school 
mathematics program had as its goal the 
mastery of more or less isolated, unre- 
lated facts and operations through re- 
petitive practice. Meanings and under- 
standings were not given ade(juate 
(‘onsideration, and relationshi])s among 
operations and topics were not devel- 
oped. 

In the modern elementary school, a 
definite effort is made to cjiiphasize the 
structure of mathematics. The modern 
program stresses the relationships that 
exist among tlu' \arious numbe'r opera- 
tions and atteuipts to de\'elop power in 
(piantitatiN’c thinking and in utilizing 
mathematical ])rocedurcs in all areas of 
dail\ life. Em])hasis is placed on prob- 
lem solving. Th(' Twent>'-foui*th Vear- 
l:;, ^^of the National Council of Teachers 
of lathematics. Growth of Mathcntati- 
cal Ideas ^ K-12 (1959), is devoted to a 
ddscussion of vital mathematical ideas 
that can serve as the basis for the mathe- 
matics program at all levels of the 
school The following discussion of ten 
kc' ideas adapted from that yearbook 
identifies important strands that can 
s('r\e as th(' framework for the mathe- 
matics j'rogram. 

Sets, numbers, and numeration 

Tlu' ver\ >oung child has ])rimiti\e 
number ideas. Fie senses the size of a 
set of objects, such as a set of blocks, 
without counting them. He later learns 
to tell how many there are in similar 
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small groups; he then learns to count 
the objects, then to tell how to compare 
the sizes of small groups. Finally, he 
learns to read and write the symbols for 
the numerals. Gradually over the years 
the pupil learns many different kinds of 
numerals and sets of numbers that man 
has invented to deal effectively with the 
quantitative aspects of his environment. 
(Chapters 5 and 6 describe different 
systems of numeration and of numbers.) 

Properties of numbers underlying 
mathematical procedures 

The traditional arithmetic program 
stressed the mastery of number opera- 
tions; it gave little consideration to 
c*r(*ating a mathematical understanding 
of the operations. In recent years, how- 
ever, mathematicians have made an 
effort to show how the mathematical 
meanings of number 0 ])erations can be 
presented more effectively. The* result 
has been emphasis on properties of 
numbers that underlie the basic opera- 
tions. (These properties are described 
in detail in Chapter 6.) 

Structural relationships 

The relationships that exist between 
number operations are an important 
means of bringing out the structure of 
mathematics. In turn, a knowledge of 
the structure of mathematics is a valu- 
able aid in learning and understanding 
the basic mathematical concepts. Addi- 
tion and multiplication are the two basic 
operations in terms of which the oppo- 
site or inverse operations can be de- 
fined. The relationship in the set of 
numbers {3, 5, 8} suggests the four basi* 
addition and subtraction facts, 3 + 5 
= 8, 5 + 3 = 8, 8 - 3 = 5, and 8-5 
= 3. The teaching of such number facts 
in related groups emphasizes the under- 
lying structure of the system of numer- 
ation and makes it possible for the 


teacher to help the pupils make general- 
izations about the relationships among 
the facts of the various operations. 

Mathematical symbols 
and sentences 

The child must learn a large technical 
vocabulary related to number and num- 
ber o])erations in the elementary school 
mathematics program. He must learn 
the meaning of many s\mbols used in 
mathematical notation, for example, +, 
— , X, -r-, =, 7^, >, <, 10% and 10,,. In 
addition, he must become familiar with 
the symbols and abbreviations that are 
used to represent (piantitative ideas, 
such as 2 ft. and 30°. 

The pupil must also learn to ust* and 
make number sentences. A number sen- 
tence is a mathematical statement, such 
as 3 + 5 = 8, 5 — □ = 1, 2 X 6 = n, and 
5 > 3. (C^hapter 4 describes number 
sentences and tlu*ir role in elementary 
mathematics.) 

Measurement 

. Measurement involves the use of 
standard units that liave been arbitrarily 
chosen in order to deal cflectivcdy and 
' precisely with quantitative aspects of 
the environment. The learner should 
have exi)eriences that will helj) liim to 
understand the nature and variety of 
standard units and the relationships 
among them. T'hrough their use the stu- 
dent should become familiar with the 
many measuring devices that are used 
in the affairs of daily life, both in and 
out of school. He should also learn that 
new units and methods of measurement 
are continually being devised by sci- 
entists as new needs arise, for example, 
micron, millisecond, and nanosecond. 

Nonmetric and metric geometry 

The expansion of geometry as a part 
of the elementary school mathematics 
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curriculum to include both noiiinetric 
and metric aspects of the subject ^rows 
out of the realization that it is important 
tor an individual living? in the space age 
to be familiar with geometric ideas. 

Nonmetric geometry deals with the 
properties of sets of points (Chap. 18) 
while metric geometry deals with meas- 
ures ot figures. The measures include 
those for length, area, volume, and 
angles (Cha]). 19). These topics of metric 
geometry have long been a part of the 
traditional elementary school mathe- 
matics program. 

Estimation 

One of the most common applications 
of mathematics in everyday life is in 
the making of estimates. Estimates are 
judgments as to the likely answers of 
some com])utation or problem. Manv of 
the applications of measurement are 
estinuiles ol amounts. Estimates serve 
as a basis for judging the correctness of 
a solution. Much of the mental arithme- 
tic used in scienec*, business, industry, 
and the home involves estimation. 

Approximation 

We are often inclined to think of a 
measure as being exact. Thus a * hild 
may use a ruler to find that the length of 
a line? segment is a])parently 85 inches. 
The ])upil should have experiences to 
enable him to discover that measuie- 
inents are api^roximate. Thus the length 
sof a line segment that seems to be 83 
inches may be a little more* or a little 
less than 8 ^ inches. The use of round 
numbers (p. 147) and of scientific nota- 
tion (p. 63) are two of the most common 
uses of approximation. 

Statistics 

The reading and interpretation of 
tables, graphs, charts, and diagrams 
have become increasingly important 


in the elementary mathematics program. 
Such materials are often found in books 
dealing with science and the social 
studies, and their analysis provides ex- 
cellent experience in applying mathe- 
matical thinking. 

Proof 

Formal mathematical proof is not usu- 
ally ap])ropriate at the elementary level. 
A foundation for understanding the na- 
ture of proof can be established in the 
elementary school (see Chapter 12). 

ORGANIZATION OF THE 
MATHEMATICS PROGRAM 

Principles for selecting 
mathematical experiences 

To develop an appreciation of the 
role of mathematics and to make it func- 
tion in their thinking, childrtm should 
have experiences that will help them to 
di.scoverthe mathematical relationshi])s 
that exist in the affairs of the world. 

The selection of the necessary ex- 
periences is an important undertaking 
that reciiiires the participation of mathe- 
matics specialists, curriculum consult- 
ants, school administrators, and teachers 
wih understand children and plan their 
leai ling activities. In the last anaKsis 
it is the classroom teac lier who must se- 
lect from tlu' many situations that arise 
those that hold specific possibilities in 
which items of mathematical impor- 
tance can be emphasized. A good riod- 
ern textl)ook provides a developmental 
bac'kgroiind of content that should be 
of great assistance in planning the ele- 
mentar> mathematics program. 

The following principles may be of 
help to teachers in selecting and plan- 
ning mathematical experiences: 

1 . Bt'caiise e^'er> child has his own 
rate and his own ways of learning and 
growing, mathematical experiences in 
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mimber, ineasnrenient, and form should 
be considered on every tirade level in 
terms appropriate to the individual 
needs, abilities, and interest of each 
child. Implied in this is opportunity for 
individualized jj;rowlh and for a curricu- 
lum which provides for continuity in 
understanding mathematics, for recur- 
rence of opportunities in order to sharpen 
or broaden concepts, and for practic*e 
necessary to produce proficiency in tisin^ 
math e mat i(‘s. 

2. Because c'ertain characteristics seem 
to be exhibited by children of similar 
chronoloj^ical a^es, a sequence of major 
experiences seems pertinent to each 
grade li'vel. Allowance must b(* made 
within each group, however, for indix id- 
ual needs, interests, and abilities if all 
children are to be challenged to grow. 

3. Because mathematics pervades all 
areas of living, opportunities for develop- 
ment of mathematical understanding per- 
vade all areas of the curriculum. 

4. Mathematics gets its meaning from 
the environment, and understanding 
mathematics develops greater under- 
standing of the environment. Therefore, 
children should be giv(‘n manx oppor- 
tunities to explore mathematical situa- 
tions, relationships, and possibilities in 
the enxironmt'iit. An understanding of 
mathematics occ iirs onlx in the mind of 
th(' indix'idnal; concepts are developed 
and broadeni'd from many mc'aningful 
experiences. Since the qualitx of thought 
is rex'ealed in speech and action, the 
teac'her must give each child many oppor- 
tunities to express and clarily in a varic*tx 
of xvays his understanding of mathe- 
matics.” 

Organizing iearning experiences 

Curriculum-makers arc faced x\'ith 
the ])rol)lem of organizing the content 
of the mathematics program. Mathe- 
matics itself has an internal logic and 
coherence that determine the ^jeqiier- 
tial organization of the subject niattei 
to be taught. This is especiallx true of 

Ahead in Matlicmatirs (Sacramento, 
Calif.: State Department of Education, 1961), 
p. 17. 


number and number operations. Topics 
dealing with measurement and its appli- 
cations and with the form and position 
of objects, that is informal geometry, 
allow for a much greater flexibility of 
organization and content. In its broad 
outlines the mathematical facet of the 
eurriculum can be developed through a 
logical analysis of its content. The grade 
placement of this content can be deter- 
mined in the light of the capacity of the 
children and the demands of soc iety. 

GRADATION OF 
CURRICULUM CONTENT 

Approaches 

Thcu*(» are several different ways in 
xvhich to apinoach grade placement. 
One method is to assign areas of sub- 
ject matter in terms of the interests and 
developmental levels of the children. 
In order to do this teachers must know 
the interests, backgrounds, and abilities 
of their students and must select subject 
matter accordingly. Another approach 
is to assign instructional content to ])ar- 
ticular grade' levc'ls and thc'n to adjust 
the child to this arrangement. This 
method em])hasizes such factors as pre- 
recpiisite knowledge and general ex- 
perience of the' children. A third aj)- 
])roaeh is to adjust instructional goals 
by adapting contents and aetivitic's to 
the child, even to the extent of modify- 
ing the objectives of instruction in terms 
of the needs and abilities of individual 
children. 

It is more likely that these approaches 
to grade placement will be used in con- 
junction with one another rather than 
separately. Unless this is done, the se- 
lection and location of curriculum con- 
tent and experience will stress the de- 
velopmental needs and interests of 
children to the neglect of adequate 
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content, or else subject inatter will be 
stressed without regard to the child and 
his development. 

The loji^ical nature of mathematics, 
as well as the incrcasinj ;5 complexity of 
the elements that make up the subject, 
are decisive factors to be considered 
in determining^ the sequence of topics. 
One reason tor the difficulty of lonj? 
division is the complexity of the cenn- 
ponent skills involved. Thus it is in- 
evitable that the teachinjL^ of divison by 
two-place divisors must be delayed 
until the underlying skills have been 
mastered. 

Procedures 

Surveys of current ])ractices involve 
the examination ol textbooks and courses 
()l study to determine the average' or the 
most hecpient jj;rade in wliich a j^iven 
topic or soim* phase of it is tauj^ht. In 
varying dej^rees the validity of current 
])racticcs is dctcninined by the* extent to 
which the gradation is based on the 
judgment of competent, informed indi- 
viduals and j^ronps in the lij^ht of known 
facts about the relative difficnltv of the 
various elememts of mathematics as de- 
termined l)y scientific studies and by 
experimentation. The an.ilysis oi cur- 
rent practices has \ ieldcd disa[)point- 
in^ results, since the wide* variations in 
llu' location of materials from school to 
school make it difficult to establish 
standards of placement. The problem 
is further complicated by what is known 
about individual differences in the capa- 
bilities of children, a fact the teacher in 
the classroom must take into considera- 
tion in adjnstinj^ the curriculum to meet 
their needs. Not only should the cu. .icn- 
lum be flexible but provisions should 
be made for adapting it to var\iny: en- 
vironmental conditions and to the needs 
of children in local situations. IdealK 
the teacher should study the needs of 


the children and try to arrange learning 
exi)eriences in view of their capabilities 
and intertists. 

Relative difficulty of number 
facts and processes 

The difficulty of the subject matter ol 
mathematics can be best determined by 
the success with which children^ master 
it. A method that has been widely used 
is to administer tests containing selected 
items to cliildren at various grade levels 
and of different levels of ability and to 
determine the percentage of correct re- 
sponses to the various items. The thc^orv 
is that judgments based on objective 
data as to diffic‘ulty offer a more dtqxmd- 
able basis tor gradation than nnaidexi 
])ersonal judgments. An illustration of 
the types of information this procedure 
yields is given in Table 2.1. The data 
show the relative difficult\ of a rather 
wide sam|)ling of examples in the four 
number operations with whole num- 
bers, fractions, and decimals. The levcd 
of difficulty for each tyi)e of cxam])le is 
measured b> the per cent of correc't 
responses on c'ach t(\st item for a ran- 
dom sampling of grade 7.1 (October) 
chihlren from schools in all ])arts of the 
cor Xy- 1 he pupils were all of apinoxi- 
inaKly normal age and intelligence. 
'The basic data were supplied b\ the 
California Tc'st Bureau, Montere) , Cali- 
fornia. 

Ciirricnlnm-makers and teachers of 
grades 6-8 should examine carefull\ 
the data inc luded in Table 2.1 and c on- 
sider their implications for the grade 
placement of subject matter and the 
levels (^! achiex ement to be expec ted of 
children at the end of the elementary 
school. It secmis altogether probable 
that a number of the examples in sets 
(E-1) were too difficult for the students 
with IQ’s below 100. It is possible, of 
course, that the level of achievement 
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would have been much higher if in- 
stnictioual methods and materials of 
the kind described in this book had 
been used to make learning more mean- 
ingful. 

Growth of mathematical ability 

Teachers must recognize the fact that 
there is a gradual growth in all aspects 
of mathematical abilit> from grade to 


grade. The rate and moment of growth 
in ability has not been determined ob- 
jectively for algebra and geometry as 
has been done for computational skills. 
Even if a pupil’s performance is not 
judged to be satisfactory at a given grade 
level, witii added maturity and well- 
planned review he will usually perform 
at a higher level in following years. This 
fact suggests the necessity of setting up 


TABLE 2.1 

Per Cents of Correct Responses in Selected Items for Grade 7.1 Children 
of Normal Age and 100 IQ 
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standards of achievement that are ad- 
justed to the level of ability of the vari- 
ous pupils; all children should not, how- 
ever, be expected to progress at the 
same rate. 

Investigations are needed to answer 
such questions as the lollowing: Is thc^re 
an optimum grade level at which ex- 
amples of each topic should be intro- 
duced in the curriculum ? In view of the 
evident growth of achievement from 
year to year, what standards of i)erform- 
ance should be set up for children of dif- 
ferent levels of ability at successive 
grade levels ? What methods of teaching 
will assure a higluT level of perform- 
ance? If number operations are made 
mathematically meaningful and are 
more frequently used in practical situa- 
tions, will the situation be improved? 
What can be done to improve instruc- 
tional materials? 

A caution about 
gradation procedures 

"I’he results of experimental studies 
of the gradation of curriculum content 
should be used with a full recognition 
of their implications and limitations. 
The following statement by Tykr and 
Brownell prestmts the issue very clearly: 

Of course, knowing that wc can teach 
this or that topic in a particular grade does 
not nt*cessarily signify that we sfiould do 
so. Yet, the wisdom of ('arlier instruction 
is not questioned often enough. Some 
“ex])erimeuters,” having satisfied them- 
selves that something can he taught ear- 
lier than commonly offered, then argue 
for instruction in this i)art of their disci- 
pline with no rc'gard for the remaiiu jr of 
the curriculum. For example, as far as 
matliematics is concerned, it may be bet- 
ter to spend time throughout the first five 
or six grades in attempting to produce a 
high level of intelligent competenci* in 
computation inrtead of trying to teach 


more advanced topics of different num- 
ber systems. Questions about “readiness" 
are, of course, interesting, both theoreti- 
cally and practically, but the limited an- 
swers which are commonly accepted do 
not automatically determine and define 
curricular content and sequence. Ability 
to learn a certain skill or principle or 
generalization is not necessarily the sole 
criterion to be accepted for inclusion in 
the school curriculum.^ 


EXPERIMENTAL RESEARCH 
PROJECTS 

Since 1955, a number of experimental 
programs have been undertaken with 
the purpose of updating the elementary 
school mathematics program and bring- 
ing it into line with the emerging needs 
of mathematics in modern life. We shall 
review here the main contributions of 
several of these investigations. A con- 
sideration of the outcomes of these 
studies should be of great value to cur- 
riculum-makers in evaluating the math- 
ematics program at all grade levels. 

These projects and the educational 
philosophies on which they are based 
are exerting a far-reaching influence on 
madiematics programs at all levels of 
the lementary school. Some have in- 
vest, gated the contents of a broad pro- 
gram for all grade levels; others have 
developed and experimented with units 
that can be taught at various levels: still 
others have been limited largely to spe- 
cific areas, for example, sets, geometry, 
and algebra. An examination of these 
units should be of value to all elemen- 
tary school teachers, since they suggest 
the kinds of changes that can and should 
be made in the mathematics curriculum 
at all levels. 

"H. T\ Ic'r and W. A. Brownell, Individuuliziufi 
Instructioiu Sixty-first Yearbook of the National 
Socielx for the Study of Education (Chicago: Pni- 
versit> of Chicago J^ress, 1962), p. 322. 
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School mathematics study 
group (SMSG) 

The content of the SMSCi program 
includes: 

1. Extensions in depth and breadth 
of the content now covered in elemen- 
tary mathematics in grades R-6, with 
jjreater emphasis placed on the laws 
and properties of mathematics under- 
lying numbcn* operations. 

2. The introduction of simple con- 
cepts throughout grades K-6 on an in- 
tuitive level b>' methods that are con- 
sistent with later approaches to the 
topics. New topics include intuitive 
geometr> and simple algebraic ideas. 
Discovery is the basis of learning. 

3. An emphasis on precision of math- 
ematical language as an aid to logical 
thinking and on symbols as a means of 
abbreviating language. 

The outlines of the contents for each 
grade level will assist schools in the se- 
lection and gradation of tlie C'ontents of 
the program for each grade level. ^ 

The following chapter headings out- 
line briefly the contents of the courses 
at each grade level. 

Kindergarten A commentar> for the 
teacher, with mathematical background 
and instructional suggestions, contains 
the following chapters: 

^Vclapted Irorii: Edwiiia Dc*ans, Eletnenlanj 
School Matheouitir^- Sew Directions (VVashiiig- 
ton, l).C.: (foveninicnt PriiitiiiK Office, 1963), 
pp. 20-21. (Dr. E C». Bcgle of Stanford University 
is the flirector of this program.) Hobert Ead.s, ed., 
\ew Curricula (\cw York: Ilaiper 6c IJow, Pul> 
lishers, Inc., 1964). Chaps. 2, 3, and 4. VVilliaiii 
Wooten, SA/SG; The Making of a Curriculum 
(New Haven, Conn.: Yale Univer.sit> Pie.ss, 1965). 

''Copies of the SMSC textbooks and teachei 
commentaries for grades K-6 ma>' be obtained 
from .School Mathematics Studs' Croup, Yah 
University Press, 92 Yale Station, .New Haven, 
Conn. 06.520. 


1. Sets 

2. Recognizing Geoinetiic Figures 

3. Comparison of Sets 

4. Subset of a Set 

5. Joining and Removing Sets 

6. Comparison of Sizes and ^Shapes 

7. Ordering Sets 

8. Using Geometric Figures for Di- 
rections and (iames 

9. Using Numbers with Sets 

Book 1 

1. Sets and Numbers 

2. Numerals and the Number Line 

3. Sets of Ten 

4. Introduction to Addition and Sub- 
traction 

5. Recognizing Geometric Figures 

6. Place Value and Numeration 

7. Addition and Subtraction 

8. Arrays and Multiplication 

9. Partitions and Rational Numbers 

10. Linear Measurement 

Book 2 

1. Sets and Numbers: Hevievv 

2. Addition and Subtraction: Review 

3. Sets of Points 

4. Addition and Subtraction: Further 
Facts and Techniques 

5. Linear Measurement 

6. Computing Sums and Differences 

7. Congruence of Angles and Tri- 
angles 

8. Arrays and Multiplication 

9. Division and Rational Numbers 

Book 3 

1. Sets of Points 

2. Addition and Subtraction: Review 
and Extension 

3. Describing Points as Numbers 

4. Arrays and Multiplication 

5. Addition and Subtraction: Shorter 
Forms of Computation 

6. Length and Area 
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7. Multiplication, Quotients, and Di- 
vision 

8. Rational Numbers 

9. Division 

Grade 4 

1. Concepts of Sets 

2. Numeration 

3. Properties and Techniques of Ad- 
dition and Subtraction, I 

4. Properties of Multiplication and 
Division 

5. Sets of Points 

6. Properties and Teehniquf^s of Ad- 
dition and Subtraction, II 

7. Teel 111 i([ues of Multiplication and 
Division 

8. Recognition of Common Geomet- 
ric Figures 

9. Linear Measurement 

10 C>:.Kept of P.itional Numbers 

Grade 5 

1. K\l(Midinji SysU'ins of \nin(*ration 

2. Factoi/> and Prinu's 

3. Extendinj^ Multiplication and Di- 
vision, Part I 

4. Congruence of Common Geomet- 
ric- Fij^ures 

5. Extending Multiplication and Di- 
vision, Part II 

6. Addition and Subtraction of Ra- 
tional Numbers 

7. Measurement of Angles 

8. Area 

9. Ratio 

10. Summary 

Grade 6 

1. Exponc-nts 

2. Multiplication of Rational N nn- 
bers 

3. Side-Angle Relationships of Tri- 
angles 

4. Intrcxlucing the Integers 

5. Cemrdinates 

6. Division of itational Numbers 


7. Volume 

8. Organizing and Describing Data 

9. Summary 

10. Sets and Circles 

Greater Cleveland mathematics 
program (GCMP) 

The GCMl^ was launched in 1959 
with the purpose of improving the math- 
ematics program at all levels. The pro- 
gram sought to develop a curriculum 
that could present to all children in a 
logical, systematic way the basic mathe- 
matical concepts before the introduction 
of ccnnputational schemes or algorisms. 

To accomplish its purpose, the pro- 
gram makes extensive use of the dis- 
covery approach to learning. Problem 
situations are presented to the pupils as 
if they had not already been explored 
by the great minds of the past and ])res- 
ent. Thus students are led to the estab- 
lished symbolism to be mastered. The 
exploration of the logic al structure of 
mathematics stimulates the student’s 
imagination and leads him to appreciate 
mathematics as a dynamic and meaning- 
ful study as he experiences the thrill of 
di*-^ ' .’ering or recreating some mathe- 
mati for himself. The elementary pro- 
gram was begun in the primary grades 
and has progressed upward until it now 
(1968) is nearing completion. Geometry 
is begun in grade 4. 

The content of the GCMI^ draws heav- 
ily i.i'on the principles of mathematics 
to help children learn the underKing 
structure of the materials presented. 
Some of the c*ontent is placed several 
years below the usual placement of 
the topics. In addition to the topics in 
the traditional mathematics program. 
GCMP contains units or exercises on: 

1. Number sc^quenc-es 

2. Factors and multiples 

3. Prime and composite numbers 
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4. Other numeration systems (bases 
other than 10) 

5. An introduction to powers, roots, 
and nej^ative numbers 

6. Physical geometry (nonmetric) 

7. Linear, area, and volume measure- 
ment (metric geometry) 

8. The concept and language of sets 
carried through the topics at all grade 
levels 

9. Simple informal proofs 

10. Mathematical sentences and con- 
ditional statements presented to de- 
scribe the corresponding ideas with 
numbers. 

Schools in all parts of the country co- 
operated in trying out the materials 
prepared by the central committee. On 
the basis of reports submitted by indi- 
vidual teachers, the materials were re- 
vised one or more times before being 
uiade available for general distribu- 
tion.*® 

Stanford projects 

Sets and numbers Patrick Suppes, 
author of Sets and NumherSy Books I 
and II, believes that all mathematics 
can be developed from notions of sets 
and operations on sets." In these two 
volumes he states that his primary ob- 
jective was to develop the elementary 
concepts and laws of arithmetic in a 
manner that is both pedagogically sim- 
ple and mathematically correct. He ex- 
plains that he finds the term “sets’’ use- 
ful in helping children to develop basic 
concepts, and he holds that operations 
on sets are more concrete and compre- 
hensible to young children than abstract 

*"CiCMP textbooks and teaeber coniinenturies 
are distributed l)y Science Research Associates, 
Chicago, Illinois. 

"Professor Suppes, Veterans’ Hall, Sturiford 
University, Stanford, California, has extended l.is 
primary programs to grade 6. His series. Sets and 
Numbers, was published by Random House 
(1965-1966). 


operations on numbers. Emphasis is 
placed on understanding through the 
development of a technical vocabulary 
and by a carefully constructed set nota- 
tion for recording ideas. 

Geometry for the primary grades 
Books I and II by Hawley and Suppes 
are designed for grades 2 and 3.*-* The 
authors believe that an understanding 
of geometry will help ehildren to under- 
stand and analyze the physical world. 
They include systematic work in simple 
intuitive geometry to stimulate and 
challenge the more able learners. Em- 
phasis is placed on correctness in work 
with pencil and on precision in the 
use of the compass and straight edge in 
order that accurate ideas will result 
from constructions. The technical vo- 
cabulaiN necessary' for reading and 
communicating geometric ideas is pre- 
sented as the need arises in construc- 
tion work. 

Hawley and Suppes make clear their 
belief that geometry is not a substi- 
tute for arithmetic, which also must be 
taught as an essential branch of math- 
ematics. 

The Madison project 

The content of the Madison Project 
for grades 2-9 is intended for enricli- 
ment and draws heavily upon intuitive 
algebraic and geometric ideas.*'* The 
first lessons develop the concepts of 
equations, the open sentence, the truth 
set, and inequality. Set symbolism and 
language provide an orderly arrange- 
ment for recording the results of think- 
ing. Negative numbers as well as opera- 
tions with them are introduced through 

‘^Profc.ssor Newton S. Hawley, Dc^partmeiit of 
Mathematics, Stanford University, Stanford, Cali- 
fornia, is the director of the project. 

‘•’See Robert B. Davis, Discovery in Mathe- 
mat ics— Madison Project (Reading, Mass.: Addi- 
son-Wesley Publishing Company, 1964). 
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a variety of games and experiences. It 
is evident that this material is not to re- 
place the conventional program in ele- 
mentary school mathematics. 

Several other centers are at work on 
the development of new types of cur- 
riculum content in elementary school 
mathematics, including the Minnesota 
Elementary Curriculum Project and the 
University of Illinois Arithmetic Pro- 
ject. 

Th(‘ following articles contain critical 
discussions of the new mathematics 
programs: 

David P. Ausiibel, “Some Psychologi- 
cal and Educational Limitations of 
Learning by Discovery,” The Arith- 
metic Teacher, \hxy 1 966, 11:290-302. 
John R. Clark, “Perspective in Pro- 
grams of Elementary Mathematics,” 
The Arithmetic \eacher, March 1965, 
12:604-611. 

C. G. Corle, “'fhe New Mathematics,” 
Tiie Arith*u( tic Teacher, April 1964, 
11:241-247. 

fl. F. Fchr, “Sense and Nonsense in a 
Modern Mathematics Program,” The 
Arithmetic Teacher, February 1966, 
13:83-92. 

, “Modern Mathematics and ^^hkI 

Pedagogy,” The Arithmetic Teacher, 
March 1963, 10:402-411. 

|. L. Marks, “The Uneven Progress of 
the Revolution in Elementary School 
Mathematics,” The Arithmetic Teach- 
er, December 1963, 10:474-478. 

D. Rappaport, “Mathematics — Logical, 
Psychological, Pedagogical,” The 
Arithmetic Teacher, February 1962, 
9:67-70. 

An appraisal of 
experimental programs 

A few years ago the National Council 
of Teachers of Mathematics appointed 
a committee to evaluate different ex- 


perimental programs.'^ This committee 
evaluated the programs in light of the 
following eight criteria: 

1. Social applications. How much 
emphasis does the program give to so- 
cial applications of mathematics? 

2. Placement. At what grade level is 
a given topic presented? 

3. Structure. What emphasis does a 
program give to structure to enable a 
pupil to understand mathematics? 

4. Vocabulary. Is the vocabulary 
adapted to grade level and is the vocab- 
ulary part of accepted mathematical 
language? 

5. Methods. What methods are used 
in presenting the material? 

6. Concepts or skills. What is the re- 
lationship between the development of 
concepts and skills? When should each 
be developed? 

7. Proof. At what level should proofs 
be introduced and how rigorous should 
they be? 

8. Ex'aluation. Are there available 
measures that the teacher can apply to 
determine the effectiveness of a given 
program? 

According to the report, most of the 
programs give a limited amount of con- 
siUc 'tion to the social applications of 
iium er and lack adequate means of 
twaluation. On the other hand, these 
programs seem to meet the other criteria 
described. 

A significant point of view 
on goals for school mathematics 

One of the most important examina- 
tions of j;oals in mathematics that has 
appeared in recent years is the bulletin 
Goals for School Mathematics, The Re- 
Port of the Cambridge Conference on 

'*Ah Anahjsus of \cw Mathematics Profirams 
(Washington, D.C.: The Couneil, 1963), p. 68. 
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School Mathematics.^^' This report was 
prepared by a representative ^roiip of 
professional inathematieians and public 
school educators and reflects the view 
of this group on what the future role of 
mathematics at all levels of the elemen- 
tary school is likely to be. It contains a 
detailed analysis of goals for elementary 
school mathematics, grade K-2 and 
grades 3-6, that embodies many of the 
ideas that have been presented in the 
preceding pages as well as more ad- 
vanced ideas. 

Stone has summarized the point of 
view of the Cambridge Report as fol- 
lows: 


In discussing the Cambridge Report, 
Allendoerfer pointed out that the re- 
port deals primarily with mathematics 
for students in the upper third of the 
class and he emphasized the necessity 
for a new formulation of the curriculum 
for students in the lower third.*” How- 
ever, he made no specific recommenda- 
tions as to what the content should be. 
Much experimentation is needed along 
this line. 


ALGEBRA AND GEOMETRY IN THE 
ELEMENTARY SCHOOL PROGRAM 


Tilt* grand goal proposed by the Com- 
mittee Report is to compress the matht*- 
matieal program so that what is now 
taught in twelve years of school plus 
three of college’ can he completed by the 
end of high school; that is, in twelve 
years. How do the authors propcjse to 
achieve this goal? The means proposed 
are essentially those which have been 
put forward by ev(‘r>'one who has sc’en 
the need tor this kind of comprc.’ssion: 
the introduction of a great deal more 
mathematics into the elementary school 


Algebra and arithmetic 

Until recent years the mathematics 
curriculum in grades 1-6 in American 
schools has devoted very little liiiu* to 
algebraic concepts, while European 
schools have iiRroduced some of the 
basic ideas in this area as early as grades 
4 and 5, especially in classes for the 
more able learners. 

The modern approach is to teach 
mathematics as a whole rather than to 


program; better use of the opportunities 
for moving ahead in grades 7 and 8; a 
more or less drastic reevaluation of topics 
to be included in the curriculum; a more 
tightly and skillfully organized presenta- 
tion of the essential elements of school 
mathematics; and finally, more stimulat- 
ing and efficacious pedagogical naHhods, . 
aimed at developing important insights' 
into the structure of mathematic^ 4 ^\yeli 
as basic manipulative skills.*^ f! ^ / 


'"Fuhlished for Educational Servic»^^A- hy 
Houghton MifHin Company, Bostem, 
also a r«‘cent critical discussion In Irvii78^^oll^,j 
“The Camliridgc Conference Heporl: Blueri^^ 
or Fantasy,” The Afithmetic Teache r. .March l |[lB?r 
13:179*186. (Adler sees values aiKl li^fatumA'iii 
the report. He points out that tnanyffl»tH4rlttthges 
the report proposes have already heen tried slic- 
cessfiiUy.) / 

; *"See especially Section 5 of the report. 1 


lUies prescitt the subject in separate branches 
’ . as arithmetic, algebra, and geometrv. It 

more become increasingly difficult to de- 

enta- termine when the pupil is dealing with 

•hool algebra as opposed to arithmetic, lie 

ulat- that number sentences or ('fpia- 

ittifs' — 2+3=5 and 2 + 3 

'vyoli 3^present the subject matter of 

, On the other hand, when he 
^<\A\^arns\^tnthe equation a + /; = b + a 
^ isr numbers, he is learning 

etic and algebra. In many 


all Stone*, “Review of the (fouIs of 
'"^fatheniatics: The Report of the ("ainhridge Con- 

i ’iii -fereriee on School Mathematics,” The Mathe- 

rs matics Teacher, \\n\\ 1965, 58:353-360. 

It- ^'‘Carl B. Allendotjrfer, “The Second Revolu- 

liofi in Mathematics,” The Mathematics Teacher, 
l)cceiiil)cr UJ65, 5IL6m=m5. 
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instances it is impossible to separate 
the subject matter of algebra from that 
of arithmetic; indeed, no effort should 
be made to separate the two. A distinc- 
tive feature in the beginning chapters of 
the ninth-year algebra prepared by the 
SMSC was the limited number of equa- 
tions of the type n — 5 = 8. To the tra- 
ditional t(‘acher the introductory work 
appeared to involve more arithmetic 
than algel)ra. 

From a modern point of view, both 
arithmetic and algebra involve the study 
of numbers systems and their proper- 
ties. Algebra is more conceriied with 
examining thes(‘ pro]^crties through the 
use of expressions and sentences in- 
volving variables, such as — {/- and 
3 jc + 2 = 7x - I. 

A nuinlx'r sentence of the tvpt* □ + 1 
= 5 or a + 2 = (i is called an open- 
number sentence. Open-number sen- 
tences are an integral part of inatlu*- 
matics in the elementary sc'hool. These 
sentences aio <iot introduced merely as 
preparation for future work in algebra 
but rather as more eflective ways of 
learning important ideas at every level 
of instruction. Open sentences are given 
throughout this text and provide a num- 
ber of benefits: 

1. Open sentences pro- 
vide* a fitting balance be- ? 
tween xertical and horizon- JlI 
tal patterns \u arithmetic. ^ 
Number statements in tra- 
ditional arithmetic w('re almost entircK' 
in vertical form, as shown at tlie right. 
This practice creatt*d an unnecessary 
and artificial barrier in the transition/ 
from arithmetic to alg(*bra, since. ninn- 
ber statenients in traditional algv bra 
were nearly always expressed horizon- 
tally. The use of number senteiux's 
throughout the elementarx program 
should help break down the barrier be- 
tween arithmetic and algebra. 


2. Early introduction to the solution 
of open sentences provides useful addi- 
tional variety in activities necessary to 
fix the basic facts. 

3. The use of open sentences can 
help pupils learn important jxitterns on 
a nonxerbal I(*v^el more effectively than 
the old rule niethod (see p. 53). 

4. Open sentences provide a, major 
breakthrough in the treatment of ver- 
bal problems (see Chapter 17). 

3'he work with formulas is an excel- 
lent illustration of the use of algebra in 
problem soKdng. Some of the sim])ler 
formulas with which children in the 
intermediate grades should become 
familiar are the followiijg; 

1. Ca)st = number of items X price 
of one, or c = np. 

2. Distance = rate X time, or d = rt. 

3. Perimeter of a square == 4 X length 
of one sidt*, or P = 4.s. 

4. Perimeter of a rectangle* = 2 
X length + 2 X width, or P = 2/ + 2w. 

5. Perimeter of an eeiuilateral triangle 
= 3 X length of one side, or P = 3.s*. 

b. Arc'a of a rectangle = length 
X width, or A = /it*. 

In the elementary school the study 
of signed or diiected numbers should 
be li gely limited to the number line 
and the thermometer. As will be shown, 
th*^ number line can be used to dem- 
onstrate the meaning of positive and 
negative integers. T'he use of negative 
numbers in c'quations and in problem 
solving should be delax ed until the 
upper grades. 

Incorporating algebra and 
geometry into the elementary 
program 

There are several ways of incorporat- 
ing algebra and geometry into the ele- 
mentary sc'hool mathematics program. 
One plan is to introduce elements of 
this subject matter into the x\n)rk in 
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arithmetic whenever it seems feasible 
to do so. This procedure would result 
in the isolated, piecemeal treatment of 
the content of these two aspects of math- 
ematics.*” Another method is to intro- 
duce special units of algebra and geom- 
etry into the curric’uluni sequentially 
arranged and alternating with arith- 
metic units. This seems to be the S\ISC 
plan. However, the units can be intro- 
duced at such times as the teacher may 
see fit. Hiis plan is excellent for mon‘ 
capable learners. Another way is the 
general European plan, a i^arallel track 
plan. In some schools that follow this 
plan one class period a week is devoted 
to algebra and one to geometry. In 
Cireece, geometry is taught as such for 
three hours a week in grades 4, 5, and 
6.^® Systematic arithmetic is taught dur- 
ing the remaining periods of the week. 
This plan practicalh amounts to having 
two or three separate courses in mathe- 
matics above the third grade. 

American schools have been experi- 
menting with these and various other 
plans with more or less satisfactory 
results. The goal shoidd be a well- 

'“l. H. Brimc', “Some K-ti (.icomotn," The 
Arithmetic Teacher, October 1067, ]4:441-4-l7< (L 
Fclitli Hobinsoii. “The Role ol (reonietry in El<*- 
inentar\ School Malheniatics,” The Arithmetic 
Teacher, jannar> 1066, I3:'3-10. 

II. Miller, “(ieom('tr> in the Eleimnitary 
C ruc.lt s A C'oniparativc Stiub ot (beck Mathe- 
matic.s Education,” The Arithmftic Teacher, 
EchriiaiA 1964, 1 1 -85-88. 


1 . Why is the scope of the^ elementary 
mathematics program being extended 
today? 

2. Why should mathematics be taught in 
connection with its applications? 

3. How are the mathematics programs of 


integrated program that provides a com- 
prehensive, rounded, systematic organ- 
ization of all aspects of mathematics 
from the kindergarten through the sec- 
ondary school and beyond. A detailed 
analysis of the topics in geometry in- 
cluded in experimental courses of study 
is presented in (Chapter 18. 

Tlie following references are helpful 
on the subject of the role of algebra in 
the elementary school: 

W. L. Bradfield, “Algebraic Concepts 
for Elementary wSchool,’* The Arith- 
metic Teacher, March J965, 12:183 
-186. 

Edwina C. Deans, “Algebniic Ap- 
proaches to Developmental Work 
with the Operations,'' The Arithme- 
tic Teacher, April 1964, 1 1:266-267. 
Elizabeth King, “Cheater Flexibility in 
Abstract Thinking through Frame 
Arithmetic,” The Arithmetic Teacher, 
.April 1963, 10:183-187. 

Rachael A. La Roe, “Algebraic CJon- 
cepts in the Elementary School,” 
The Arithmetic Teacher, March 1965, 
12:181-183. 

Lc^la B. May, “Three Problems of Using 
Eciuations in Elementary Arithmetic 
Programs,” The Arithmetic Teacher, 
March 1964, 10:166-168. 

David Page, Nitmber Lines, Functions, 
and Fundamental Topics. Nc^w York: 
(a'ovvell-Ca)llier and Macmillan, Inc., 
1964. 


EXERCISES 

your local elementary schools being 
modified to meet present trends? 

4. Do you regard the principles of subiect- 
matter selection on pages 9-11 as 
valid? 

5. How should the grade placement of 
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the content of the elementary mathe- 
matics program be determined? 

6. What is the significance for instruction 
of the data in Table 2.1 concerning the 
difficulty of selected types of examples? 

7. What are the contributions to curricu- 
lum-making of the various experimental 
programs discussed in this chapter? 

8. At what grade level should algebraic 
concepts be introduced? How should 
this be done? 


An Analysis of New Mathematics Programs. 
Washington, D.C.: The National Council 
of Teachers of Mathematics, 1963. A 68- 
page report. 

The Changing American School, Sixty-fifth 
Yearbook of the National Society for the 
Study of Education. Part II. Chicago: Uni- 
versity of Chicago Press, 1966. Chapters 
2 and 11. 

Child Deve'jpment and the Curriculum, 
Thirty-eighth Yearbook of the National 
Society for the Study of Education. 
Bloomington, III,: Public School Pub- 
lishing Company, 1939. Chapters 15 and 
16. 

Goals for School Mathematics: The Hcport 
of the Cambridge Conference on School 
Mathematics. Boston: Houghton Mifflin 
Company. 1963. 


9. What topics in geometry do you think 
should be Included in the work at the 
various grade levels? 

10. The reference cited on page 19 deals 
with the evaluation of experimental pro- 
grams. Have a member of the class re- 
port on the evaluation of one of these 
programs, such as SMSG. 


SELECTED READINGS 

Hogben, L. Mathematics in the Making. 
New York: Doubleday & Company, Inc., 
1960. 

Instruction in Arithmetic, Twenty-fifth Year- 
book of the National Council of Teachers 
of Mathematics. Washington, D.C.: The 
Council, 1960. Chapters 2 and 12. 

Kline, Morris Mathematics — A Cultural 
Approach. Reading, Mass.: Addlson-Wes- 
ley Publishing Company, Inc.. 1962. 

, Mathematics in Western Culture. 

New York: Oxford University Press, 1953. 

Lee, J. Murray and Doris M., The Child and 
His Curriculum. New York: Appleton- 
Century-Crofts. 1960. Chapter 11. 

Say >r, G. G., and W. Alexander, Curricu- 
lum Planning in Modern Schools. New 
York: Holt, Rinehart and Winston, Inc., 
1965. Chapter 9. 



PRINCIPLES OF TEACHING 
AND LEARNING 
MATHEMATICS 


The eleiMeiitary school niathcniiitics pro- 
y:rani encompasses three int('rcle])en(l- 
ent asiH*cts of the subject — arithmetic, 
algebra, and geometry. The teacher 
faces the problem of presenting these 
areas in such a way that the interrela- 
tionships among them become increas- 
ingly evident to students as they pro- 
gress through school. A number of b ‘sic 
ideas and concepts are common to all 
these areas, for example, sets, place 
value, and the properties underlying 
operational procedures. The relation- 
ships systematically developed and 
utilized among these properties will 


give meaning, and unity to the whole 
program. In the traditional drill program 
the tendency was to teach masses of iso- 
lated number facts and computational 
steps as discrete, unrelated elements. 
With this approach students acquired 
a body of learning that lacked the basic 
coherence that the modern mathematics 
program seeks to build into the subject. 

This t hapler will eonsiclcr tlu* fol- 
lowing lo])i(s: lhr(‘e aspects of aii\ 
learning situation: inocler!i prineiph's 
of teaching nnithcMnatics; api)lieation 
of modern principles; unit t(*aehing in 
matluanatics. 
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THREE ASPECTS OF ANY 
LEARNING SITUATION 

Tliere are three closely knit, inter- 
related aspects of any learning experi- 
ence that should he considered by the 
teacher: 

1. What is to be learned 

2. The search for structure (pattern) 

3. The application of elements of 
structure in new situations. 

What is to be learned 

In mathematics (here are liiany kinds 
of inlormation, meanings, mathematical 
pioc(Mliires, understandings, apprecia- 
tions, and interests that students shoidd 
acciuire. Some* of them are accpiircd in 
the home before the child enters school, 
for example*, counting. The* simpler ele- 
ments of some id(*as that function in all 
number operations are introduced in 
the i)rimar\ grades, such as the regroup- 
ing ])rocefhirt* us(*d in addition of whole 
numbers. This procedure is encountered 
again and again in a s])iral fashion in 
operations with rational numbers (frac- 
tions, 7 or .5) and m(*asures. 'The idea of 
r('gron])ing is thus one of many means 
of devi'loping inc*r(*ased matin *• itical 
power and insight. If the teacher ig- 
norc's such basic relationshi])s, learning 
is not ()rgani/(*d as it should be to insure 
und(*rstanding. 

The search for structure 

The mere acquisition of knowledge 
is not sufficient lor effective learning in 
mathematics. The pupil must be helped 
to see how the new material presentt*d 
is structured, or how it fits into i sub- 
ject as a whole. There are many patterns 
in mathematics. Taken together, they 
form the structure of the subject. When 
the student discovers a pattern, it gives 
organization and structure to the new 


learnings. He can then apply th<* pattern 
he has discovered to further his learn- 
ing. 

To illustrate the discovery of patterns, 
let us consider the sets A and B. 

A B 

4 -h - 5 -- 9 1 t 0 - 0 f 1 - 1 

5 + 4-9 2 + 0 - 0 + 2-2 

9-5-4 3+0 -0+3-3 

9-4-5 4 +0-0 +4 =^4 

The teacher lists the four related facts 
given under set A and asks the children 
to discuss what they notice about them. 
The class will fpiickly discov(‘r that the 
four facts arc related to the set of three 
numbers {4, 5, 9}. To extend tfiis no- 
tion, tiu* teac her then writes the* set 
{3, 2, 5} on the chalkboard and asks, 
“What number facts does this set of 
numbers suggest?'’ Thus the children 
cpiickly learn that a set of related num- 
bers suggests a group of four related 
facts, an important pattern of tl)inking. 

In a similar wa\, using set B, the pu- 
pils can discover the addition fact that 
when wc add a number to 0 or 0 to a 
nuinb(*r the* sum is the same as the num- 
bc*r. This generalization api)lies to all 
such zero number facts in addition, and 
it h*ads direc^lv to the discovery of the 
i(' itit\ eleme nt for addition. There arc 
hundreds of suc*h patterns in mathe- 
matics. A pattern at a high(*r lev el is the 
coiK’cpt undcrlving rcgrou])ing in a 
])lace in addition. T'he i)attcrn when 
once understood can be api^licd to addi- 
tion of anv kind of niiml)c*r. 'The idea ot 
regn^ui^ing thus sc*rves as a strand that 
reconstruc‘ts at higher lev'cds the process 
of addition. 

The important role of structure in 
learning has been well expressed bv 
Bruner as follows: 

The cinTiculuin of a subject should be 
cU*ti*rniiued by the most fundamental un- 
derstanding that can be achieved of the 
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underlying principles that ^ive struetnre 
to the subject. Teaehinji specific topics 
or skills without making c lear tht*ir con- 
text in the broad iundaincnital strueturt' 
of a fic‘ld of knowleclKo is uneconomical 
in several deep senses. In the first place, 
suc'h teaching inakcvs it difficult for the 
student to genc*ralize from what he has 
learned to what he* will encounter later. 
In tlu‘ second place, Ic'arning that has 
fallen I short of the grasp of general pri]i- 
ciples has little* reward in terms of intel- 
le*e*tnal excitement. The best wa\- to cre*ate 
interest in a subject is to render it worth 
knowing, which me*iins to make* the 
knowledge gaine*d usable* in one*’s tln’nk- 
ing be*\()nd the* situation in which the 
learning was se*curcd. Third, know'le*dge* 
has bet‘n acc|uire*d without sufFic*ie*nt 
structure to tie* it together. Knowledge is 
likeK to be* forgotten as an nnconne*c*ted 
set of facts has a pitiably short half-life in 
me*mory. Organizing facts in lerins of 
principles and ide*as from w'hich the*y 
ma\ be infe*rred is the* only known wav 
of re*ducing the* <iuick rate of loss of hu- 
man memor>. Designing curricula in a 
wa\ that reflects the basic structure of a 
field of knowledge re*<iuires the* me)st 
fundamental understanding in that field. 
It is a task that cannot be carrie*d out with- 
out the active particii)ation of the ablest 
scholars and scie*ntists.* 

The application of eiements 
of structure in new situations 

The third aspect e)f a learning situa- 
tion that must be eonsider(*d is the* 
api)lieati»)ii of the pattern to new situ- 
ations. The addition generalization 
growing out of set A can readib be ap- 
plied to other such sets of related num- 
bers. In a modified form, tlie addition 
generalization ai)plies to a set of four 
multiplication and division facts based 
on such a related set of numbers as 
{3, 5, 15}. The identity elements /or 
multiplication can also be develoi^ed 
in a wa> similar to the procedures used 

'Jerome S. Rriiiicr. The Process f[f Educaiiun 
(Cambridge, Mass.: Harvard l'm\crMf\ Picss, 
1961), i)p. .'31-32. 


with set B. Problem solving consists in 
searching for elements in a nev\^ situa- 
tion that may be similar or identical to 
elements with which the pupil is already 
fainiliar. 

It should be pointed out that the three 
aspects of a learning situation discussed 
abovt* an* not separate ])hases of a les- 
son. Rather, they merge and are inter- 
related, although it is not ])ossible to tell 
just when one particular aspec‘t merges 
w ith another. One learner may suddenly 
and intuitively discover an idea w'hiU* 
the other students do not. Slow er learn- 
ers can be led to see a generalization by 
a skillful teacher, although they may not 
be able to e.xpress the idea in words, 
since verbalizing an idea r(*])resents a 
high level of thinking. The* teacher may 
be unaware of these three* as])ecls of a 
learning situation and mav assume that 
children make discoveries of proce- 
dures instinctively and also apply new 
!(*arning to n(*w situations. This ])oint 
of view is faulty and leads to incom- 
plete and meaningh'ss learning. When 
an un(l(*rstanding of structure is care*- 
fullv d(*veloped, retention of what is 
learned usually is assnre'd. 

MODERN PRINCIPLES 
OF TEACHING MATHEMATICS 

Contrasting theories of iearning 

There was a time when the mind was 
regarded as a rt*servoir into which 
knowledge could be poured. 'Fhis view 
has generally been discardtKl. Another 
theory saw the mind as a muscle that 
could be developed and strengthened 
by exercising it through the study of 
difficult, uninteresting facts and skills. 
This theory is also out of line with cur- 
rent thinking. A third theory, the so- 
called associationist i)oint of view, look 
the position that the best way to assure 
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the learning of coiiipiitational proce- 
dures was through lonj^ periods of in- 
tensive, repetitive drill. Little if any 
consideration was j^ivtui to whether or 
not the drill was ineaninj^fiil to the* 
learner or whether he iindtn stood what 
he was practicing. Unfortunately the 
diill theory still deterniines practices 
in many classrooms. 

The authors hclievc' that the v hild 
should understand what he is learning, 
that what he* is h'arninj^ should he math- 
ematically m(‘aninj.?fnl to him, and that 
the process of learning is even more im- 
portant than the end ])roduct. The struc- 
ture of mathematics should he empha- 
sized at all levels of the sc’hool, and no 
child should Ix' assigned rcpc^titive 
practici' to develop (‘fficicncy in c(jini)u- 
tational skills until the teacher is sure 
that lu’ understands the o[)(Mations to 
he practicerl. 


APPUCA^iON OF 
MODERN PRINCIPLES 

The i^rocedurcs used h\ the teacher 
in tlu* followinj^ descrii)tion of a new 
topic in addition (\\cmplif>' the prin- 
ciples of ItMrninjj; that the authois (m- 
dors(\ Tlu'se priiiciph’s will he pre- 
sented laU*r in this chaphu*. 

An illustrative iesson 

The t(‘achci\ j^ual was to ha\e tlu' 
class learn how to deal cflectivcly with 
two addends in which the 
sum in ones’ place must he ^ 
n'^^roupc'd, as in tlu* exami:)lc 
at the rij^ht. The three as- 
pects of any learning situation des..ribed 
before can he illustrated !)> demon- 
strati i^g how the* t(*acher led the class to 
discover tlu* pattern of the procedure 
for solving an example of this type. The 
luimhers name-’ re]uesent the number 


of tickets sold by the hoys and the girls 
of the class for a school play. The prob- 
lem was to find the number of tickets 
sold by both groups. The teacher capi- 
talized on this situation to introduce ad- 
dition involving r(*grouping in the sum. 
First tlu* teacher provided a quick re- 
view of three addition exanq^les in 
which no regrouping in ones’ pjacc was 
necessary. 'Fhc Ic'sson then ])rocccded 
as follows: 

Teacher 

1. What is the sum in the 
ones’ place in the example? 34 

2. What was the greatest ^ 
sum in ones’ place* in tlu* 
three e\ampl(*s we added b(*forc? 

3. \ow we must learn to deal with a 
sum when the sum in ones’ place is 10 
or more. Wt* can say that the ones’ place 
in the example is overloaded. Someone 
suggest a wa\ to find the sum of 34 and 
48. 

Ptipils 

1. W'c can use our markers to repre- 
sent the* numbers and then find tlu* sum. 

2. WV can think: 18 + 10 = 58; 
58 + 10 = 08: 08 + 10 = 78; 78 + 4 
= 82. 

3. W'c can fiFul the* sum b\ using a 
n d)t*r ra\ 

0 10 20 30 40 50 60 70 80 90 

4. W'c c‘an add tlu* tens, then add the 
ones, and tlu*n add the two sums: 
34 + 4S (30 + 40) + (4 + 8) = 70 
+ 12 = 82. 

Teacher 

I. let us use our sciiiares and strips 
to find tlu* sum. 

-"I'lu* usii.il n.mic is ‘‘niiiul)ci liiu'.” lint 
IS iiKin* inreisf and is a Irnn tlu* pnpil lu'ccls to 
know. \ innnluT ra\ luis on<‘ riKlpoint. lint ;i nnni- 
lu‘i- line has no t'lidpoints. 
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Each pupil found the sum by using 
his materials, as shown in Figure 3.1. 

2. There are how many ones in ones’ 
place? 

3. How do we regroup the cards in 
ones’ place? Tell why? 

4. Let us use our place-value chart to 
find the sum (see Fig. 3.2). The teacher 
had a pupil place the cards in the re- 
spective pockets as the class described 
the steps to follow. 



Figure 3.2 

Which place in the sum is overloaded? 
How do we regroup the markers in 
ones* place in the sum in (A)? 

5. Let us write the numerals in ex- 
panded form and then add. 

34 = 30 +4 
+48 = 40 + 6 

70 + 12 = 70 + (10 +2) 

- (70 + 10) + 2 = 82 


6. The class added the 
ones and then the tens. The 
teacher wrote each sum as 34 
shown. The class then added +48 
the two sums, as no regroup- 

ing was involved. The pro- 
cedure in this solution 
stressed the place value of 
the numerals. 

7. In the situation at the 

right written on the chalk- 
board the teacher had the f48 

class tell what to think. 82 

“First, the sum in ones’ 
place is 12 ones, which is 

the same as 1 ten and 2 ones.” The 
teacher wrote tlie 2 ones in ones’ j)laec^ 
and then wrote the 1 ten in tens’ place 
as shown and added tlie tens. A few 
lessons later when dealing with re- 
grouping the sum, tiu! teacher directed 
the class to find the sum without writing 
the I ten. 

The pupil who understands the work 
just outlined should learn to do the 
following problem much mori* readily. 

3 r 3 + \ 

+ 2 ^ 2 + ; 

5 T --- 5 f (1 4- ’.) 

- (5 t 1) -r : 

- 6 \ 


The teacher wrote the numerals on ^he 
chalkboard, but the class gave the se- 
quence of steps. The class first stated 
that 34 = 30 + 4 and then gave each 
succeeding step as shown. The class 
identified the use of the associative 
property in the grouping 70 + (10 + 2). 


8. Now the teacher wished to stress 
the new element in the learning situa- 
tion. This new learning pertained to 
the regrouping of a number in a differ- 
ent overloaded place in the sum. 

When is the sum in ones’ place over- 
loaded? 
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When this place is overloaded, what 
do we do with the number named? 

l^et us add in the example I shall 
write on the chalkboard. 

What is the sum in ones’ 
place? Is this place over- 
loaded? 

What is the sum in the , 
tens’ place? Is this place 
overloaded? How can you ^ 
tell? What must we do with 
this number of tens? 

What is the sum in the 
hundreds* place? Is this 
place overloaded? 

9. Finally, the teacher had the class 
turn to the pa^e in the textbook that pre- 
sented the work dealing with regroup- 
ing in omvs’ place in the sum. The pu- 
pils now had the necessary background 
to vk and und^'rstand the formal text- 
book ])r(\s( ntalion. Tlu‘ prelextbook a(‘- 
livities W(*re direct('d at giving experi- 
ences that assured an understanding of 
the prinP d i>age. Hie class tium copied 
a set of lour examples involving re- 
grouping in work from the textbook and 
found the sums. Hie teacher (luickly 
looked ov(‘r the written work to locate 
and c orrect possible errors. 

The abov e h\sson illustrates the three 
aspects of a new learning situation. 
First, the pupils acciuircd the new 
knowledge' in the situation. In this case 
it pcu’tained to a ditticulty that arises 
when a place is overloaded in the sum. 
Second, with the help of the teacher the 
pupils discovt'red a wa>' to deal with an 
overloaded place in the sum. Ihe pat- 
tern to follow is to rt'group in one ’ place 
in the two-place numeral. In this illus- 
tration, the regroiiiied numeral 12 is 
named as 1 ten and 2 ones. We write 
the ones in ones’ place and add the 1 ten 
to the number ot tens in tens’ place. 
Finally, the tea' her had the class applv 


this pattern in a new situation, as in re- 
grouping in tens’ place when the sum is 
greater than 10. Some teachers may 
wish to postpone the last activity until 
a later lesson because of time limita- 
tions. Regardless when it is presented, 
the same plan as described should be 
followed when regrouping is in tens’ 
place. As soon as a pupil disenrvers the 
pattern for regrouping when a place in 
the sum is overloaded, he understands 
and actually knows how to add any two 
whole numbers regardless of the num- 
ber of places in the numeral. The teach- 
er was interested in having the pupil 
understand the pattern for regrouping 
rather than in having him learn a spe- 
cific technique for “carrying one” to the 
next column. The latter technique typi- 
fies rote learning in dealing with two 
addends. It adds little know^ledge of the 
structure of mathematics to what is be- 
ing learned. 

Principles of learning implicit 
in the lesson 

Ortain principles of learning under- 
lie the teaching situation described in 
the illustrative lesson. We shall identify 
discuss six of these principles, as 
f(. iws: 

1 . Learning should be purposeful and 
ioal centered. The need for learning the 
new step in addition arose in a realistic 
situation. The class wanted to know 
how many tickets in all the two groups 
sold. The probh'in situation created the 
social setting for the new learning. The 
problem p('r se was not the important 
element in the lesson. The class could 
find th^ answer to the problem in a vari- 
etv' of wav s, but not by the use of the 
conventional algorism ol addition al- 
ready known. The teacher skillfully led 
the class to see that the ones’ place in 
the sum was overloaded. Therefore, the 
new learning consisted in finding a way 



30 


TRENDS IN ELEMENTARY SCHOOL MATHEMATICS 


to use the algorism for addition when a 
place in the sum is overloaded. The ob- 
jective was clear to both teacher and 
ptipiL The specific activities could be 
performed to deal with the new learn- 
ing involved in the given problem. 

2. The discovery of facts, meanings, 
and procedures leads to insi^l}t and 
understanding so that the learner can 
generalize about a particular situation 
or set. Every new learning presents a 
situation in which self-discover\ is pos- 
sible. The teacher could have told the 
class how to deal with a place that is 
overloaded and then given practice in 
applying that technique or procediirt*. 
But when the pupil discovers for him- 
self, as the class did, he solves th(‘ ])rob- 
leni encountered because he under- 
stands what he is doing. He draws upon 
his background to interpret the new 
situation. Disc()ver\ should not be con- 
fused with creativeness. In the given 
lesson th(* pupil discovers how to re- 
group, but most certainK he does not 
invent or create the technique of re- 
grouping. The pupil should discover 
how the numeration svstem operates. 

After the i)unil discovers how to re- 
group in a place in a numeral, he should 
b(' able to make a statement about the 
])rocednre to follow. We call such a 
statemc‘’it a generalization. A gcmeral- 
ization ;s a statement that ‘s true for 
every elemtmt ol a S(‘t. 

In case of a place in a sum, that place 
is (W(‘rloaded 'vhen the number named 
in that place cannot be expressed by 
one of the ten digits in our system of nu- 
meration. The numeral in a place that 
is overloaded must be regroiq^ed. !n 
the given lesson, the 12 ones were re- 
grouped as 1 ten and 2 ones. 

Kerch described two different teach- 
ing procedures in the use of disco\« j> 
in learning.*^ One involves having the 
teacher give hints conct^rning the new 


learning. The teacher supplies instruc- 
tions that lead to answer giving. In the 
other plan the teacher does not give 
hints concerning the new' principle or 
generalization involved, but instead 
suggests alternativ e plans of procedure. 
The pupil then seh^cts the plan (hat 
seems best suited to the situation. Tlu* 
first plan is effectiv (' for teaching a spe- 
cific principle or generalization, while 
the second is uselul lor tc*aching a tech- 
nique for idcMitilv ing i)rinciplcs or gtm- 
eralizations. The second procedure is 
preferable because the pupil learns to 
distovtu- a pattern for identifxiiig prin- 
ciples. 

3. ’Hie use of a wide variety of learn- 
ing experienees and instructional ma- 
terials adapted to the learner\s level 
of development extends and enriches 
meanings and backfj'round. I .earning 
tak(\s ])lace most readil> and effectively 
when what is lK*ing learned is (‘\ptui- 
enced in vivid, realistic, and meaning- 
ful situations. Tiu* h^arning (.*\p(‘ri(‘nct*s 
us(‘d in the lesson on addition varied in 
degree of c‘oncrcteness. The class usihI 
strips and squart^s of oaktagto rt‘])res(‘nl 
terns and ones, markers in a place-valiit* 
chart to reprtvsent numbers, nnnu'rals 
expressed in differemt notations, and 
finally the written e\i)lanation give n in 
the textbook. Each new kind ol inaterial 
useel represented a elifferemt h've'l of 
abstraetion. The* use* of such a wide 
varie*t\ ol l(*arning c*xperience*s e*nal)l('el 
the teacher to aelapt instruction to dif- 
terenees in the wavs anel rates at whie h 
the class learne*el. Emphasis was eli- 
re'ct(*el to one particular new elt*m(*nt in 
the learning situation, name*ly, how te) 
eleal with a place that is e)verle)aeleel. Tlie 

y. Kf'rc h, “I .r.irnin^ In Discoverv . In- 
stnictional StratcKics,” The Arithmetic Teacher, 
OctofxT 1965, 12.41 i-4J7. See also Kriicst H. 
Raiiiicci, “DiscoverN in Matlifiiiahcs," The Arith- 
meiU 7V«t7irr, Janiian 1965, 12:14-18. 
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different activities that the class per- 
formed all emphasized and clarified the 
new learning. 

4. Learning is a growth process from 
an immature level of dealing with num- 
bers to ati adult level of operation with 
them. A pupil frequently can learn im- 
portant patterns on a nonverbal basis 
and apply tliein effectively before bei ig 
able to state or understand them on a 
verbal basis. 

Piaget has identified five stages of 
learning. They vary from individual to 
individual, and the stages gradually 
mergt' with inerc'asing age. Th(*y may 
be (U'scribed brielly as follows; 

a. The stage when “sensory motor 
intelligence*’ appears, from birth to two 
years. Th(» child performs motor actions 
and expt'rienc(‘S through which he 
I c‘ar! ^ s Lan guage appears . 

I). The perioo of “j)reconceptuar’ 
thoughts, from two to four years, during 
which stag(* the child reasons from the 
])articnlar *0 'he particular but does not 
gcnerali/( . 

c. From four to seven years there fol- 
lows a period of “intuitive” thought, 
when thought is not fretul Irom percep- 
tion. Intuitive thought ma> come to the 
child sudd(‘nly. Ih^ cannot v ' plain 
how he arrived at tiu* thought and is not 
abh* to verbalize it. He cannot derive' 
any geiu'ral princiiiles. 

d. hhoin seven to elevei >ears llie 
])eriod is one of “concp^h' operations, ' 
during which the reasoning processes 
are logical but are not altogether dis- 
sociated from t’ e concri'te data. The 
eai)acit> for complete conceptual gen- 
('ralitv has not vet been obtained. 

e. In the final period, from ek 'ii to 
fifteen years and bev'ond, the stage of 
“the propositional or formal operations” 
is reached. The child attains complete 
eoneeptual generalitv and achieves the 
capacity for hv oothetic-deductive rea- 


soning. As Piaget says, “Instead of just 
coordinating facts about the actual 
world, hypothetical-deductive reason- 
ing draws out the implications of pos- 
sible statements and thus gives rise to a 
unique synthesis of the possible and 
the necessary.” ‘ In a word, the child^can 
readily generalize and sense relation- 
ships. 

Piaget points out that the transition 
from one stage of learning to the next 
can be accelerated or retiirded by the 
kind of teaching w^e do. 

Lt'arning as a growth process is elosel v 
n'lated to learning that results from a 
varietv’ of experiences. There are differ- 
ent levels of abstraction in learning a 
process. In tlu' lesson on addition, the 
teaelu'r arranged a series of exploratorv 
('xperienct's that provided a meaningful 
background for the new learning. The 
gradual s('(|uence of activities through 
the use of exploratorv and visual aids 
made it certain that even the slowest 
learners w^ould understand the w^ork. It 
is (piite ijrobable that the more able 
learners would have understood the 
new step vvdthout the use of some of the 
concTcte materials in the sequeiic*e of 
ac'tivities, but c'ven in their case, ri(‘h- 
iK' of meanings resulted from the vari- 
ctv f experiences. 

A distinction should be made be- 
twx'cn the process of learning and the 
end product. The process of learning a 
basic operation, such as addition, in- 
volves a developmental sequence of be- 
hav ior in which more mature methods 
of reacting re]^lace less mature methods, 
thus gradually leading to increased un- 
derstamiings and proficiency in dealing 

‘li’iiii I’lauft, Lo^ic and Psyrlinhtfiy c\<‘w York: 
Basic Books. 1957), p 19. See also PiaUft’s “Ilow' 
(^iildron Form Matlu'inatical Concepts,” in R. C. 
.Andt*rson and D. .Ansiihel, Headings in the Cstj- 
('Iwlomt of Cognition (\cvs' York. Holt, Rinehart, 
and W inston, Inc., I9H5), p. 409. 
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with that operation. The steps leading 
to complete mastery of the addition 
operation involved a wide variety of 
experiences. The mastery of the opera- 
tion may be regarded as the end product 
in the learning situation. Through these 
experiences the pupil gradually learns 
the basic facts in addition, the meaning 
of the operation, the basic properties 
that govern addition, as well as the abil- 
ity to add with skill and competence. 
Understanding of the properties of addi- 
tion and skill in computation should 
increase from grade to grade. 

In a drill program that stresses skill 
in computation as the end product, 
teaching procedures are quite different 
from those described in the model les- 
son. In a drill program the initial teach- 
ing of a topic presents the mature men- 
tal processes that are used at the adult 
level of operation. Usually the teacher 
employs the telling technique in pre- 
senting a new step, hence rote learning 
is emphasized and the pupil often does 
not understand the work. Practice of 
the operations results in mechanical 
skill involving the given operation or 
procedure. 

5. The new learning should he striic- • 
tiired so that it serves as a pattern use- 
ful for further learnings. Structure im- 
plies that the material is so arranged 
that it will fit into a recognizable pat- 
tern. When a pupil understands the 
structure of a subject, he learns how the 
diflFerent elements of that subject are 
related. A basic rule or property may 
govern or characterize the new learn- 
ing. Structure does not consist in learn- 
ing a given skill or fact. Inste^ad, it in- 
volves the recognition of a pattern or 
principle that can be applied in similar 
situations. In the model lesson the prin- 
ciple governing regrouping of an over- 
loaded place in ones' place applies to 
regrouping of an overloaded place in 


any place in the sum. The pupil under- 
stands the meaning of regrouping in a 
specific place so that he can transfer 
that technique to all situations of an 
overloaded place in addition. According 
to Bruner, “teaching and learning of 
structure rather than simply the mastery 
of facts and techniques is at the center 
of the classic problem of transfer."® 
Grasping the structure of a subject 
enables the pupil to discover how the 
new learning can become an integral 
part of his background in that subject. 
Discovery, structure, and generalization 
are interrelated in a meaningful learn- 
ing situation. A chain reaction takes 
place in the learner's thinking when he 
applies these catalysts to derive mean- 
ing in a new situation. 

The teacher should bear in mind that 
the essential part of the learning situa- 
tion pertaining to structure consists in 
the pupil's discovery of that structure. 
Piaget made a very insightful remark 
with regard to teaching structure: 

The qu(»stion eoiiuvs up whetlier to teiieh 
the structure, or to i)resent the child with 
situations wIutc he is active and c reates 
the structure himself. . . . The goal in 
education is not to increase the amount 
of knowledge, but to create the possibili- 
ties for a child to inviuit and discover. 
When we teac'h too fast, we keep the* 
child from rnvcuiting and discovering 
himself. . . . Teaching means creating 
situations where structure can he dis- 
covered; it does not mean transmitting 
structure' which may be assimilated at 
nothing other than a verba! level. 

The pupil should discover a pattern 
of procedure before he generalizes 
about it. For example, he should be able 
to find a pattern for renaming fractional 
numerals before he can make a mean- 

®Briiner, p. 12. 

Rediscovered (Ithaca, N.Y.: ('orncll 
Univc'rsity Prc'ss, 1964), p. 3. 
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ingful statement about the proeedure. 
The renatuinK proeedure for 1 is as fol- 
lows: ■' 

32_3x2^6 

4'^2 4x2~8 

3 3_ 3x 3 _ 9 

43-4x3 12 

The pupil can readily discover that 
both terms of the fractional nume'*al ^ 
are inultipled by the same number with- 
out changing the fractional number. 
He can discover this pattern more 
readily than he can verbalize the proce- 
dure. In a program that emphasizes 
drill and not understanding, the pupil 
is given a verbal statement pertaining 
to the procedure to follow in order to 
rename a fraction in higher terms. He* 
then tries to interpret the rule, which 
often results in mere manipulation of 
numerals. 

After the pupil discovers the pattern, 
he shows growth in dealing with the 
process b' recognizing that the rcTuim- 
ing of fractional numbers illustraies an 
application of the identity element of 
multiplication. The identity element of 
I is a basic property of multiplication 
(see p. 81). Therefore there is growth 
in maturitx of dealing with a given topic 
as a ])upirs knowledge progresses from 
the diseovery of a pattern of how num- 
bers behave to the recognition of the 
basic property involved. 

6. Necessary practice to develop con- 
trol and proficiency of skills should not 
he assigned until the learner under- 
stands what he is to practice. Practice 
for the fixation of learning and the acqui- 
sition of skill is an integral part of a 
learning program. The importa. . ele- 
ment is the time and amount of practice. 
In the model lesson the teacher did not 
assign practice exercises to fix the pro- 
cedure for regrouping until the class 
understood th^" procedures involved. 


When the learner understands the re- 
grouping of an overloaded place in a 
sum and how to proceed, we say that 
he understands how to perform the al- 
gorism in addition. However, he must 
practice the step systematically in order 
to develop reasonable skill and profi- 
ciency in that operation. With practice 
and usage, the pupil progresses from 
the slow and cumbersome methods of 
responses that are characteristic of im- 
maturity to smooth, rapid procedures 
and thought patterns approaching those 
used by adults. 

Traditionally the word “drill” has 
been used to identify the repetitive pro- 
cedure used in a program that looks 
upon learning as a mechanical process. 
The term “practice,” however, implies 
a different conception of the nature of 
learning and of the function of repeti- 
tive procedures. Organized practice 
exereises are essential if in addition to 
understanding it is necessary to develop 
structure and a mature level of dealing 
with a given operation. Learning is es- 
sentially complete when the student 
understands the basic principles of what 
he has learned. This is the time to pro- 
vide for systematic practice to develop 
a! icceptable level of performance and 
pnHciency. 

Adler summarized 12 of the guiding 
principles underlying the Cambridge 
Report as follows: 

1. Beginning with the earliest grades 
ilitne should he a parallel and integrated 
development of algebra and geometry. 

2. Teach for understanding, not merely 
for manipulative skill. 

3 The first approach to each topic 
should he intuitive. Use many approaches 
to illuminate the topics from many sides. 
Provide experience in the manipulation 
of pliysical objects as the basis for ab- 
stract learning. 

4. Pay serious attention to the devel- 
opment of suitable problem material. In 
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particular, provide the children with 
problems that give them opportunities 
to explore and make discoveries that are 
within their reach. 

5. Replace drill For drill’s sake by the 
use of past learnings in new, meaningful 
situations. 

6. Use the spiral approach, in which 
th<* same subj(*ct arises at different times 
with incrc'asing degrees of complexity 
and rigor. 

7. Make fuller use of thv historical 
background of a topic to develop an ap- 
pii‘ciation of how it arose and whv it is 
studit*d. 

8. Man> significant mathematical top- 
ics can be approached through c*xciting 
ganu's, tricks or pu/zlcs. Exploit the 
recreational aspc^cts of mathematics, 
especiallx in the lower grades. 

9. Use supplementary pamplilets Ibr 
individual work b\ the student who is 
ready to pursue a topic more broadly 
and deeply. 

10. Show how math(‘niatic s is applied 
in the physical sciences or to other stud- 
ies of tlu' real world. But keep in mind 
that man\ important applications are 
internal, that is, they are applications to 
mathematics itself. . . . 

11. Aim to develop a growing awart'- 
ness of the nature of logical reason- 
ing. ... 

12. In the development of postula- 
tioiial thinking avoid excessive* dc'licacy 
and austerity. If proofs are too long and . 
seem to be only laborious w.i\s of arriv- 
ing at what seems obvious to the student 
the deductiv'e method is not likely to look 
either attractive or powerful." 

Levels of maturity in learning 

In most elementary school mathemat- 
ics classrooms all children in the class 
work on the same topic or concept at 
the same time. Teachers, however, have 
discovered how to make provisions for 
different levels of learning inatujjiy 
among their students. 

Mrv'iiig Adler, “The Cambridge Report: Him 
Print or Faiitasv,” The Arithmetic Teacher, March 
1966, 1 3: J 79- 186. 


The teacher must recognize the fact 
that children do not all learn in the same 
way and that they almost always learn 
on several levels of maturity. For ex- 
ample, some of the more mature learn- 
ers in a class will understand the steps 
in the algorism for the subtraction ex- 
amples shown in wholly symbolic, ab- 
stract form in (a). Others would need 
diagrams or pictures to help them to 
visualize the transformation of 3jto2j. 

a 3:-2‘i 
- 1 ; - 1 1 
1 ; - 1 1 

b 3 - 3 ^ - 2 f 1 I ; 

- 1 ; - 1 h ; 1 -f ; 

- 2 f- l 4 i - 2 -f ■; 

- 1 4 ; 1 -I ! 

1 + : - 1 i 

Some students would need the detaiU*d 
stei)s shown in (b) to see the transforma- 
tion. Still others wliose learning is at a 
low' level of maturity would find it 
neeessar>' to work with exploratorv ma- 
terials such as fractional parts in a frac- 
tion kit l)efore the>' can perceive tiu* 
transformation shown in the example. 

Obviously the first of these three* ])ro- 
cedures represents the great(*.st maturity 
in thinking and indicates ability to oi)er- 
at(* at a high lev(*l of abstract reasoning. 
At a somewhat lower level the* use* of 
visual and inctorial aids is clearly a less 
mature procedure than the first. The 
lowest level of le*arning is character- 
ized by a need for cone rete expe*riences 
with manipulative and exple)ratory ma- 
te^rials. 

Orelinarily in mixed classes all levels 
of learning maturity will be found. For 
this reason the teacher in presenting a 
new step in a process should initially in- 
clude experience*s at each level of l(*arn- 
ing, as was done by the teacher of the 
illustrative lesson in addition. This pro- 
cedure will enrich the learning for all 
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children. After the initial presentation 
the teacher should divide* the childrcni 
into groups according to evident differ- 
ences in levels ol learning and thinking 
and then proceed according to the 
needs of the pupils.” At least two groups 
should be formed, one made up of those 
who can proceed with the abstract work 
and are ready for systematic? practice, 
and the other consisting of those who 
still need help with visual aids. Some 
of the slower children may even need 
further experiences with manipulative 
materials. 

The t(*acher faces the problem of ad- 
justing methods and materials to differ- 
ence's in the learning levels so thatc-ach 
pupil is challenged to procc'cd at his 
highest h'vel of thinking. 

Although a variety of instruc‘tional 
materials is of value for meeting difter- 
ent at)l lilies of the class, the teacher 
should not neglect the nonverbal ap- 
proach. Page 31 pointed out that a pupil 
is able to 'e^ ognizc' a i)altern of proc‘o- 
durc' more* readily than he can \ erbalizc 
it. The teacher must be aware*, however, 
that the pupil's abilitv to recognize and 
reproduce* patterns doc*s not represent 
a mature* level of understanding of a 
topic. 

UNIT TEACHING IN MATHEMATICS 
Kinds of units 

There arc two kinds of units dealing 
with mathematics in the elementary 
school. The firs: type involves areas of 
mathematic-s, such as the addition or 
subtraction of Irac'tional numbers. Most 
modern textbooks handle* this bjcct 
by breaking the topic into subunits, 

'•Harold H. l.oiili, "liitia-ClaNS (ooupiiiii for 
Aritliiiictic Iiistnictioii — (^riticiur and Oitcria. 
The Aritliinctir Tctichcr, Dfccnihor UKSI, 8:404 
-407. 


such as the addition of two fractional 
numbers named by fractions having like 
denominators, as in the example ^ + 
Another subunit in this field may in- 
clude fractional numbers named b> 
fractions in which one denominator is 
a common denominator, as in the ex- 
ample ^ + Finally, there may be an- 
other subunit in which the dt^nomina- 
tors of the fractions have no common 
factor, as in the example f + The 
pupil should discover a jiattern of pro- 
cedure that will enable him to add or 
subtract any two fractional numbers re- 
gardless of the type of denominator. He 
reaches this level of maturitv by first 
learning to add simpler type of frac- 
tional numbers and progressing suc- 
cessively to the more* complex types as 
expressed by their denominators. 

The second type of imi^^ deals with a 
to])ic that is not restricted to mathemat- 
ics. Tin* informational ])hase of a topic 
in mathematics, such as the story of 
measures, provides a good illustration 
of this kind of unit. Many teachers think 
of a unit as a learning experi(*nce that 
is not limited to one subject area. We 
shall designate a unit of this kind as an 
eiM'iched unit of experience*. 

iiriched units of mathematics 

Modern educational theory stresses 
that instruction should be* organized so 
that pupils not onl>' learn subject matler 
and skills of significance but also ac- 
(piin* patterns of thought and effective 
habits of thinking. The core of the math- 
ematics program is the unit of subject 
matter into which the logical sequential 
development of number, number oper- 
ations, and geometi) is organized. The 
structure of mathematics must be sys- 
teinaticall> developed in this program. 
In textbooks this development is paral- 
leled b\ subject matter dealing with the 
applications of these number processes. 
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including problems involving measures, 
groups of word problems involving the 
use of mathematics in other curriculum 
areas, and number situations based on 
the affairs of daily life. In most of this 
work emphasis is placed on the mastery 
of subject matter that may be more or 
less vital and interesting to children. 
In more recent books special attention 
is given to the development of effective 
techniques of thinking, including prob- 
lem solving, the discovery of patterns 
of thinking, the perception of relations 
between the elements given in a prob- 
lem, the development of generaliza- 
tions, and methods of securing, organiz- 
ing, and evaluating information about 
some topic or problem. (See Chapter 17 
for more detailed information). 

Enriched units of experience of the 
greatest value grow out of the coopera- 
tive organization by the teacher and 
pupils of a plan of attack on some prob- 
lem or topic that is of significance to 
the children and that, in the judgment 
of the teacher, is likely to lead to valu- 
able kinds of group and individual 
learning. An enriched unit of work con- 
sists of a series of learning experiences 
that is focused on the achie\emcnt of a* 
common goal which the children have 
accepted as their own. It cuts across 
subject lines and thus makes subject 
matter more meaningful. Such u learn- 
ing experience makes the relationships 
among the various curriculum areas 
more apparent. A wisely chosen unit of 
work offers rich and vital experiences 
in which the children use subject mat- 
ter and skills in a functional way. 

With units dealing with tht\ applica- 
tions of mathematics, such as telling 
time, reading a thermometer, counting 
money, weighing things, figuring taxes, 
and the like, the whole class can work 
together. However, the teacher can ad- 


just the various activities of the class to 
the differences in the ability levels of 
the children. The more able pupils can 
be given special assignments on some 
aspect of the topic that require research 
and tl.f preparation of reports to be 
given to the class as a whole. In this 
way the\ are also gix en training in lead- 
ership and they experience the satis- 
faetion that grows out of worthwhile, 
unselfish contributions to their associ- 
ates, including those at the lower levels 
of ability. 

According to Hagan, the essential fea- 
tures of such group experiences are as 
follows: 

1. Learning tak(*s place through nian> 
t\pes of experiences rather than through 
a single activity such as reading and re- 
citing. 

2. The activities are unified around a 
central theme, problem, or i)urpose. 

3. The unit provides opportunitii*s for 
the socialization of pupils by means of 
cooperative* group planning. 

4. The role of the teaclier is that of a 
leader rather than that of a taskinaste*r.‘* 

The success of a unit of work depends 
in large measure upon the ability of the 
teacher to (I) create an interest in the 
unit, (2) help the pupils to see the sig- 
nificance of the unit, (3) relate the unit 
to past expcricMices of the pupils, (4) 
utilize the resources of the local com- 
munity in orienting the children to the 
problem, and (5) provide a classroom 
environment that stimulates interest 
in the unit. Modern courses of study 
contain many illustrations of enriched 
units found to be of value in the class- 
room. The teacher should utilize these 
units to enrich learning experiences. 

”W. H. Ragan, Modern EletuetUarij Curriculum, 
rev. ed. (New York: Holt, Rinehart and Winston, 
Inc.. 1960), pp. J. 50- 1.51. 
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1. Why should the arithmetic classroom 
be regarded as a learning laboratory? 

2. Under what circumstances is the use 
of concrete materials justified? 

3. Why is the process of learning arith- 
metic so Important? 

4. Illustrate by concrete examples th* six 
principles of learning discussed in ihis 
chapter. You may use some item con- 
tained in the description of the lesson 
(p. 27) or some other example. 

5. How would you apply these same prin- 
ciples to the teaching of the new step in 
subtraction of fractions in the example 
3 - 1 2 ? 
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EXERCISES 

6. Why is an Intensive drill program of the 
traditional type defective? 

7. Discuss the implications for teaching 
of the principles underlying the organi- 
zation of practice (p. 33). 

8. What is meant by levels of maturity in 
learning? 

9. How can a teacher decide when to In- 
troduce enriched units of mathematics 
into the work of the classroom? 

10. Some teachers maintain that enriched 
units of experience are not effective 
for teaching mathematics because of 
the structure of the subject. Evaluate 
this statement. 
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TIr* set concept is one of the most basic 
aiRl universal ideas in mathematics. 
While advanced set theory is curncult 
and complex, basic set ideas are simple 
and may be understood on the most 
elementary level. It is now generally 
rtvognized that these ideas are uselul 
in simplifying and clarify ing many fun- 
damental concepts in arithmetic, alge- 
bra, and geometry. While there is con- 
troversy about how much set language 
and notation should be used at various 
levels, it is generally agreed that many 
set ideas are valuable in the teiRliing 
of elementary mathematics. Elementary 
school teachers sliould therefore be- 
come familiar with the simplest set 
ideas and with the ways in which thes(' 
ideas may be eff ectively used. 


“Sets of books, “ “sets of dishes,” and 
m..My similar pluases occur naturally in 
e\ yday speec h. These examples illus- 
trate that the conversational use of the 
'vord “set” differs little from the use of 
the term in elementary mathematics. 
A set is a collection of things. Things 
that belong to sets are called members 
or (dements of those sets. Members of 
tlK' same set need not have an>' property- 
in common other than belonging to that 
set. A sf‘t may contain the planet Venus, 
the concept ol abstractness, and an ele- 
phant, although suc h a set is not likely 
to have much value or importance. In 
elementary- mathematics the most com- 
mon sets are sets of numbers and sets 
of points. Arithmetic and algebra are 
concerned with sets of numbers and 
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their properties, while geometry is eoii- 
cenied with sets of points and their 
properties. 

T'he definition of key ideas is of fun- 
damental importance in seienee and 
inathematies. Defining every term, how- 
ever, results in eireiilar definitions. To 
avoid eireular definitions, then, a basic 
set of undefined terms is usually chosen. 
“vSet’’ and “element” are usually in- 
cluded in the basic set of undefined 
terms for mathematics. “Collection,” 
“group,” and similar words are fre- 
qnentl> emplo>ed to describe the set 
concept. While such words are helpful 
for descriptixe purposes, they should 
not be confus<‘d with prt'cise tenni- 
nologx . 

T his ch.i]:)tcr discusses lundamenlal 
set coneei)ts .ukI tlu* manner in wlneh 
lliest^ cenc‘e]its can be ns<. (l in the l(Mc-h* 
ing ()l ehnnenlarx scliool inathematies. 
The tollowing topics art' inchuled: basic 
set ide.is, mtiodneing sets in the t'le- 
nuMitarN school; and oj^t'ii smitenci's. 

BASIC SET IDEAS 

One of the first activities associated 
with learning about sets is describing 
and naming them. Sets may bt* de- 
scribed \erball>. A sc't commonlx dc'- 



seribed in this mannt'r is the set of 
whole numbers less than 10 (freciuently 
called single-digit numbers). When this 
method of describing sets, commonly 
called the roster method, is used, the 
names of the members are usually listed 
between braces. Three sets descril)ed 
by the roster method are as follows: 

A 11.2.3.4} C' {blue, red, green} 

B {2.5} 

Sets arc’ often named by ca])ital let- 
ters. Set A has four members or elc‘- 
ments, 1 , 2, 3, and 4; set B has two mem- 
bers; and set C has three members, the 
colors blue, red, and green. 

Set A may be describc’d vc’ibalK as 
the scl c^f the first four natural numbers. 
Set C ma> be clc’scribc’d vcnbalK as ihc' 
sc4 of three primarx colors. 

A third method of describing sc’ts is 
callc‘d the rule or set-huilder notation. 
The set {.v.v = 2n, u an intc’ger} is inter- 
preted as the sc’t of all x such that x is 
txvice an integer (another xvax of clc’- 
scribing the’ set of even numbers). This 
mc’thod of describing sets is not usually 
cmploxed in the elemcmtarx school. 

Textbooks for elc’inentarv schools frc'- 
cpientl) indicate sets of objc’cts bx’ en- 
closing the* objc’cts xvithin circles or 
otlicr c’losc’d cnrx'c’s, a.s in Figure 4.1. 



Set of 3 Triangles 


Figure 4.1 


Set of 4 Polygons 
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Fundamental vocabulary of sets 

The following words are anion^j; tlic 
most basic in tlu* vocahnJary oi sets; 
st't; rlcinenl; iiKMiihcr; eardinal iinin- 
her; infinite set; innptN set; null s<l, 
w(‘ll (lefint'tl, mhvc'vsal sc^t; finiU* st't. 

Since “set " and “element’’ are' nn- 
define^d, they must l)t^ introduced hy 
description and illustration. 

Kv('ry set has a cardinal nmnhcr. The 
nnmher 2 is the* eardinal numher oi a se‘t 
containing a j^air of me*ml)ers. A se*t with 
a single* inemher has a eareliiud miinher 
ol 1. The eardinal nnmher of a set indi- 
c*att*s how many ineinl)c*rs are* in the se*t. 
I’he* eardinal nnmher of {a, h, c, cl, is 
5. This laet is some'times written as fol- 
lows: A'{a, 1), e, d, e*} = 5. I'he letter A 
placc'd before set hraees indie.ites the 
eanlinal iminher of that set. Tlie* nota- 
tioii SkA) or n(A) is freqne*ntlN' nsc'd to 
repre.s(*nt the* eardinal nnmher of set A. 

An cn\i)l\i set is als<i ealh'd a null set. 
Kither wcid s d(*seripti\e and sii^j^esls 
a se*t without an\ nu*mhers or ele'inents. 
The* eardinal nnmher of the* emi)t> set 
is 0. Z(*ro is a nnmher that indicates 
how many me*mh(*rs are* eontameel in 
the* einpt) or nnll set. 

It ma\ seem stian^L^e* to talk ahoni a set 
with no nK*mhers hnt this concept is 
important in mathe*inaties. 'flu* emi)t\ 
se*t may he* ilhistrate*d in many wa> s. The* 
se*t ol whole ninnhers le*ss tiian 0 is an 
e'mpt\ se*t (nsin^ the* ine)>t eonnne)n defi- 
nitie)n e)f whe)le* nninhe*rs). The- se*t of 
artificial sate*llites lannehe*d he'fore 1V)57 
is an e*m])t\ set. Vhe e*mpty eir mill se*t 
is nsefnl m helping to nnelerstand the 
nature* e)f the* ninnhe’r 0, a niimh#'r that 
has eanseel mneh contusion thre)n.:,he)eit 
the* a^e*s, eve*n ame)n^ mathe*matie*ians. 

Twe) symheils in ee)nnne)n use* fe^r the 
em])t> se't are* { } anel (/>. The symbol 
{ } is me)re* e*ommon at the e*le*ine*ntar\ 
level since* it : n^^e*sts a se*t with lU) 
nu*nihe*rs. The* svinhol </j is nst*d almost 


universally in advanced we)rk. It is a 
ee)mme)ri error te) ee)nfnse with the 
symbol for the empty set. The symbol 
{</)} indicates a set with the empty st*t as 
its oidy element. The cardinal number 
of {(/)} is 1. = 1; = 0; .V{ } = 0. 

The* universal set is the sc*t e>f all 
nunnhers that can e*nter inte) a ^iven 
elisenssion. The universal se*t in arith- 
inetie may he the set e)f whole numbers 
or the set nf rational numbers (s(*e pa^f* 
84). 'The universal set in geometry ma\ 
he the set of all the points on a line or 
all the points in a ])lane. It is iin])ortant 
to recognize that the universal set for 
one discussion ma\ he different for an- 
othc*r discussion. It is characteristic of 
^ooel mathematics to he \’er\ sp(*eific in 
desi^natinjii th(* univ’e*rsal set for each 
discussion. 'I’ht* universal set is fre- 
ciuently referred to as the iinivc*rse. 

A finite set has a specific* numher of 
elements, 'fhe cardinal number of a 
finite s(*t is a inemher of the st*t of whole 
numlK*rs. A finite s(*t ina\ he \'er> lar^e. 
The set of all grains of sand in the world 
is a finite* S(‘t t‘\'en thoujrh it is vc*r>’ 
larj^e. 'The* set {.v, i/, is a finite set 
with three memhers (cardinal numher 
of 

1 infinite set is not finite. An infinite 
set has an unlimited numher of ele- 
*uents. The set of whole numbers is an 
infinite* se't. The roster method for indi- 
catinj^ the infinite set of whole* numbers 
is {l, 2, 3, I, • • •}. The leaders indicate 
that the* set continuc*s indefiniteK and 
therefore* is infinite. 4"his method of in- 
dicating infinite sets is e*fFeH*tive when 
there is a c lear ])attein to the set (as in 
the e'\ .i;i)le or for such sets as even 
numbers and odd numl)ers). 

K\’er> mathematical set is formed 
from some universe*. It is rc'Ciuired that 
sets he formed from a universe in which 
there exists no doubt as to whether a 
member belongs to a set. The “set” of 
tall men is not a set in this respect, since 
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it is not clear whether some men are or 
are not tall. For this reason it is desir- 
able to refer to the collection of tall men. 
Members that clearly do or do not be- 
long to a set are called well defined. 

Relations between sets 

In the previous section, the basic 
vocabulary of sets was introduced. This 
section considers the words that de- 
scribe the relationship between sets. 
These words include: equal si’ts; sub- 
sets; disjoint sets; oNcrlappiug sets; 
t'quivalent sets. 

Equal sets have exactly the same 
members. In Example 1, set C is equal 
to set D because both sets contain the 
same members, 2, 4, and 6. Members of 
a set ma\ be listed in any order, but sets 
of numbers are usually listed in order 
of size, as in the example, with the ex- 
ception of set D. The statement that two 
sets are equal, as C = D, indicates that 
there is one set with two different sym- 
bols, C and D, just as the statement 
1+1=2 indicates that there is one 
number with two different nimu'rals, 
1 + 1 and 2. 

A {0.1. 2.3, 4,5. 6. 7} 

B. {1.3,5} 

C; {2.4.6} 

D {6.4.2} 

E. {} 

F: {1.2.3} 

The set of even numbers may be de- 
fined as the set of multiples of two. This 
definition indicates that the set of even 
numbers is equal to the set of multiples 
of two. In a similar manner, every good 
definition must contain two equal sets, 
the set designated by the woi:d being 
defined and the set designated by tlie 
definition. If these two sets are not 
equal, the definition is faulty. 

In the example above, set B is a sub- 
set of set A because every member of 
set B is also a member of set A. Subsets 


are sometimes described as sets within 
sets or as parts of sets.* Set F is not a 
subset of set B, since the member 2 in 
set F is not contained in set B. Every 
set in Example 1 is a subset of set A. 
The empty set is defined to be a subset 
of every set. This definition cannot lead 
to a contradiction, since it is not pos- 
sible to show that the empty set has an 
element not contained in another set. 

In Figure 4.2, the set of triangles is 
a subset of the set of polygons. 



Figure 4.2 

Disjoint sets have no members in 
common. In the previous example, sets 
B and C are disjoint. The sets of even 
and odd numbers are disjoint. In Figure 
4.3, the set of circles and the set of 
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o 
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Figure 4.3 

'Set A is a subset ol* itself’ by the defiiiitioii 
given above, siiiee every member of set A is eon- 
tained in .set A. By the same argument, every set 
is a sul»set of itself. Set A is defined to be an im- 
proper subset of itself. By this definition, if set A 
is an improper subset of set B, th«»n A = B. Some 
authors also refer to the empty set as an impropt;r 
subset, but this praetice is not universal. The syrn- 
bolie .statement for “A is a subset of B’* is A C B. 
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squares are disjoint. The set of red 
checkers and the set of black checkers 
are disjoint. 

Two sets are overlapping if they are 
not disjoint and neither is a subset of 
the other. Figure 4.4 illustrates why set 
B and set F, Iroin Example I, are over- 
lapping. Th(‘y are not disjoint because 
they have the members 1 and 3 in com- 
mon. Set B is not a subset of set F be- 
cause 5 is a member of set B and m t of 
set F. Set F is not a subset of set B be- 
cause set F has 2 as a member and set B 
does not. 


with exactly one member of the other 
set. When two sets are paired in this 
manner they are said to be in one-to-one 
correspondence. Figure 4.5 illustrates 
several ways in which sets B and C in 
Example I may be put into one-to-one 
correspondence with each other. 


1 1. 3. 5 1 ! 1. 3, 5 ; 1 1, 3, 5 

,ltt, ,tH, .HH 


2 . 4, 6 


2 , 4, 6 


2, 4, 6 


Figure 4.5 



Figure 4.4 


The set of isosceles triangles and the 
set of right triangles are overlapping. 
A right triangle with three uncciual 
sides is not isosceles, so the' set of right 
triangles is not a subset of th<' set of 
isosceles triangles. Some isosceh:. tri- 
angles art' not right triangles, so the set 
of isosceles triangles is not a subsc't of 
the set of right triangles. Since a right 
isosceles triangle belongs to both sets, 
they are not disjoint and the two sets 
are overlapping. In the same way, the 
set of red objects and the set of all books 
is overlapping. A red car is not a mem- 
ber of the set of books and a green book 
is not a member ol the set ol red objects, 
so neither set is a subset of the » .her. 
A red book belongs to both sets, so the 
two sets are not disjoint and are there- 
fore overlapping. 

Equivalent sets are sets in which 
each member of one set can be paired 


The manner in which the one-to-one 
pairing is achieved is unimportant. It is 
important, however, to know whether 
such pairing can be done. It should be 
clear that any set can be placed into 
one-to-one correspondence with itself. 
Therefore equal sets are equivalent but 
equivalent sets are not necessarily 
equal. 

The most important fact about eejuiva- 
lent sets is that the\ have the' same car- 
dinal number. It follows that if the car- 
dinal numbers of two sets arc not equal, 
the sets are not equivalent. On the ele- 
mentary level equivalent sets are fre- 
qi: itly called matching sets. The activ- 
ity .n pairing members of different sets 
is also described as the matching of sets. 
In Figure 4.6 the set of triangles is 
equivalent (or matches) to the set of 
circles. The set of circles does not match 
the set of squares because one square 
is without a partner or mate. 



Figure 4.6 
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It is a universally accepted convention 
that a member of a set is not listed more 
than once. Therefore the set of letters 
required to spell the word “need" is 
{n, d, e}. Which of the following sets is 
sufficient to spell the word “noon"? 

A: {a,b,n} C: {n,o} 

B: {n} D: {r.n.t} 

4; {2,3,4} C; {5,6} £.{1,2} 

e.- {1,2,3} D; {2,3,4} 

Use these sets to choose the following: 
(a) A pair of equal sets; (b) a set and its 
proper subset; (c) a pair of disjoint sets; 
(d) a pair of overlapping sets; (e) a pair 
of unequal equivalent sets. 


EXERCISES 

3. How is the set of even numbers related 
to the set of whole numbers? 

4. How is the set of triangles related to the 
set of rectangles? 

5. How is the set of squares related to the 
set of rectangles? 

6. Which of the following is an infinite set? 
A: {1,2, 3, 4, 5, 6, 7, 8} 

B: {1,2,3,4,5, - -} 

7. Which of the following statements are 
correct? 

a. {2. 3. 4} C {2.3} 

b. (2, 3} C {2,3,4} 

c. {1}C{1,2.3.4.5,6} 

d. {1.2.3} 


Set diagrams 

Rt-lations betwccMi sets are olten illus- 
trated l)\ set diagrams, called \"(*un or 
Euler diajiranis.- These diaj^raius art* 
illustrated in Figure 4.7. The rectangles 
are not rt*(iuired hut are desirahh* to 
stress the necessity of a universal set 
(universe). 

Figure 4.S illustrates that the set of 
squares is a sul)sc*t of the set of rt^e- 
tangles. The diagram shows that every 
stiuare is a rectangle hut not every rec- 
tangle is a square. 

Figiirt* 4.9 indicates that the set of 
right triangles and the set of seaU*ne 
triangh's (no sides equal) are overlap- 
ping. .A right triangle with no sides 
equal (scalene riglit triangle) belongs 
to botli sets (tlie\ are not di.sjoint). No 
set and subset relation exists^ becai se 
some right triangles are not scalene 

“^The Utius “X'cmiii diagram’' and “Euler dia- 
Krain” arc- iisiiallv used irit(*rchaii}4eal>ly in the 
literature. X’eiiii lived more than KKI vears aiU i 
Euler and used diagrams tiiat were sonu?wtiat 
more specialized and more sophi.^tieated than 
tho.se of Euler (proiiouneed “oih-r”). 


(they might be isosceles) and some sca- 
lene triangles art* not right trianglt*s. 

Figure -t.lO illustratt*s that the* set of 
reetangl(*s and tlu* set of triangles art* 
disjoint. A triangle is not a rt*etangl(‘ 
and a reetangit* is not a triangle. Both 
are polygons. 

It is elt*ar from Figure 4.1 I that tlu* 
set of odd numliers is t*qual to tlu* set 
of numbers obtained b\ adding out* to 
each even number. Tlu'refore a good 
delinition for the set of odd numbers is 
that it is the set obtained b\ adding one 
to (*aeh even numl)er. 

F'igure 4.12 sliows how lour ,s(*ts art* 
relatetl. It shows that A and B as well 
as D and B are pairs of overlapping st*ts. 
It also shows that D is a j)ropt*r subset 
of A and that C is a proper subst*t of /i, 
as well as that C is disjoint with rt*speet 
to both A and /). 

Test your understanding of set rela- 
tions by drawing Venn diagrams to 
show how the following sets are related: 

a. {1,2, 3, 4} and {5,6,7} 

b. {2, 3, 4, 5} and {4,5,6} 

e. {l,2, 3}and{(), 1,2, 3, 4} 
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'O' 

Equal Set 
A = B 


o 6 # -cm 


Proper Set and Subset 
ACB 

Figure 4.7 


Disjoint Sets 


Overlapping Sets 




Figure 4.8 


Figure 4.9 



Figure 4.12 


Operations on sets 

OpcMatioiis in;i\ In* iipplic'd to pairs 
of nmnlx^rs to obtain a mmibtM'. Simi- 
larly, operations ina> be applied to 
pairs of s'ets to obtain a set. In tins sec- 
tion the lollowinji st.‘t operations are 
discussed: union; nitei s('elion, ncI dil- 


Imener. -rt piodiu'l, partition. 

WlxMi the operation of addition is 
appli(‘d to two minibers, the result is a 
single number. Addition is a binary 
operation because it is applied to ex- 
actl\ two numbers at a time. When the 
binar> set operation of union is applied 
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to two sets, the result is a single set con- 
taining all the members of the first set 
or the second set or of both sets.'* 

The symbol U indicates the set oper- 
ation of union, as illustrated below: 

{3,4.5}-{l.2.3.4.5} 

{2.3}lj {4. 5} --{2. 3. 4. 5} 
fa. b, c. d} u [b, c} — fa. b. c, d} 


the definition of union is “or/* while 
the key word in the definition of inter- 
section is “and.” The symbol fl indi- 
cates the binary set operation of inter- 
section, as illustrated below: 

fl.2.3}n {3,4.5}-{3} 
fa. b, c, d,e}n {b. c. d. e, f. g} {b, c. d, e} 
{l.2.3}n {4.5,6}--{}orc/, 


Applying the set operation of union 
to two sets is frequently described as 
combining the sets. When tw'O disjoint 
sets are combined into a single set, the 
number (cardinal number) of the final 
set is the sum of the number of the first 
set and the number of the second set. 
Early work with addition is illustrated 
by combining pairs of disjoint sets of 
objects. Figure 4.13 illustrates the union 
of two disjoint sets and indicates that 
the cardinal number of the union is the 
sum of the numbers of the original sets. 


A 


A aDDD 


□ C 

s □ 

□ 

A u e = c 

n(A)-h n(8) = n(C).or 

2 + 3=5 

Figure 4.13 

The intersection of two sets is a set 
that contains all members belonging |to 
both the first and the second set. It may 
be helpful to note that the key word in 

phrase “or of both sets” is not neeessaiy, 
since the mathematical use ol “or” iriclucies the 
possihilit>' of both. However, it is probably de- 
sirable to use it in elementary work. 



The intersection of the set of whole 
numbers less than 10 and the set of 
whole numbers greater than 5 is the set 
of whole numbers between 5 and 10, or 
{6, 7, 8, 9}. The intersection of the set 
of teenagers and the set of car owners 
is the set of teenage car owners. The 
intersection of the set of even numbers 
and the set of odd numbers is the empty 
set. Figure 4.14 illustrates that the inter- 
section of the set of right triangles and 
the set of isosceles triangles is the set 
of right isosceles triangles. 

The set difference of set A with re- 
spect to set B is the set of all nunnhers 
of set A that are not inemlx^rs of set B. 
The symbol used to indicate the opera- 
tion of set difference is — as shown 
below: 

{1. 2.3,4} ~ {4.5,6} -{1,2,3} 

{4. 5, 6}- {1.2, 3. 4} --{5.6} 
{l.2,3}-{4.5}- {1.2.3} 

{a,b}-~ {a,b.c}~ { } 

It is desirable to read A — B as 
not fi/* even though “A iniinis /i” is 
correct. The former is more descriptive. 

One scheme for determining the set 
A — B is to list all the members of si*t A 
and then cross out those that belong to 
set B. The set of remaining members is 
the set A — B. If A represents the set of 
whole numbers and B the set of odd 
numbers, then A — B represents the s(‘l 
of even numbers. 

'‘Some texts use* the symbol — to indicate the 
operation ol s<*t difference, but the symbol for 
subtraction is more common. 
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Right Isosceles Triangles 

Figure 4.14 


The symbol (2, 3) represents an or- 
dered pair of llie numbers 2 and 3. The 
ordered pair (2, 3) is a different ordered 
pair than (3, 2). The ordered pair (a, h) 
is the sam<' as (ecpial to) the ordered 
pair {c\ d) if and only if a = c and h = d. 
In tht' ordered pair (2, 3), the number 2 
is ealled the /irst element or component 
au'l 3 )S called 'lie second element or 
component. 

The cross or set product" ol two sets 
is the set of all ordered pairs obtained 
b\ ehoosinu; tlu‘ first ehunent the 
ordered pair from the first set and the 
second element from the second set. 
3lie set prochiet of sets A and B is repre- 
sentc'd by the* s> inbol A X B. 

If set A = {l, 2}, set B = {.r, u\, and 
set C = { 1 , 2, 3}, the following set prod- 
ucts ma> be writtem: 

A - 8 ■ {1.2} ■ {x,y\ 

{(1.x).(1.y).(2.x).i2.y)} 

B V A {x.y} {1.2} 

- {(X. 1),(x. 2).(y, 1).(y.2)} 

A V C - {1.2} ■ {1.2 3} 

- {(1. 1).(1.2).(1 3), ;2. 1).(2.2).(2.3)} 

Tlie produc t A X B is different from 
the produc't B X because^ the endered 
pair (1, .v) is different from the orc.ered 


■TIk sft i)r()(liitt IS callfd thr Cair- 

U'siaii product in litnidi ol tiu* l‘rciicli iiiatht'Oia- 
ticiaii Hciic Descartes. The set product is a basic 
concept in anabtic j^eonietrv iii\<Mited b> JVs 
cartc's. 


pair (jc, 1). A X B and B X A contain the 
same pairs but have different ordered 
pairs. 

Some people find it helpful to write 
the set product in a table, as in Tablc^ 
4.1. 


TABLE 4-1 
The Set Product 


Axe 

X y 

1 I (1,x) (1,y) X 

2 I (2.x) (2.y) y 


BxA 
1 2 

(x,1) (x,2) 

{y,^) (y.2) 


The sc‘t prochict may be used to define 
multiplication of whole numbers with- 
cu* cference to addition. If A X C = D, 
the roduct of the cardinal number of A 
and the cardinal number of C is the car- 
cniial number of D. In the example 
above, 

/1(A) ^ r7(C) --2\ 3--6 

-- n{A - C). or /7(D) 

To partition a set is to separate it into 
disjoint subsets such that the union of 
these subsets is the original set. Parti- 
tioning .. set may be described as break- 
ing up the set without losing any of its 
members. The set of whole numbers 
may be partitioned into the set of even 
numbers and the set of odd numbers. A 
set of c-heckers may be partioned into 
the set of red checkers and the set of 
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black checkers. Figure 4.15 illu.stratt\s 
the partitioning of a set of geometric 
figures into a set of circles, a set of 
squares, and a set of triangles. 

Combining (union of) sets is associ- 
ated with addition. Separating (partition 
of) sets is associated with subtraction. 
The simplest partition of a set breaks it 
into two disjoint subsets. When a set of 
2 apples is removed from a set of 3 
apples, tlu' original set of 3 apples is 
partitioned into a set of 1 apple and a set 
of 2 apples. Set diffenmet* is also some- 
times used as a basis for introducing 
subtraction. 



Figure 4.15 


EXERCISES 


Use the following sets to perform the 


operations indicated: 


Universe: {0, 1 . 2, 3, 4, 5. 6, 7, 8, 9} 

A: {1,2, 3. 4} 

D: {3,4} 

B: {3,4,5} 

£; {0} 

C: {5,6,7} 

F; { }or 

1. Perform the following operations 

a. AU B 

f. 0 X C 

b. AUC 

g. D X £ 

c. D U C 

h. A- B 

6. AU F 

i. C-D 

e. £ U F 

j. /4 X F 


2. Partition set A into two sets, one of which 
is {1.2}. 

3. Partition the universe into two sets, one 
of which contains all the numbers greater 
than 3. 

4. Describe verbally the union of the set of 
things that are green and the set of hats. 

5. Describe verbally the Intersection of the 
two sets described in problem 5. 

6. Perform the following operations: 

a. (A U 8) n C c. (A U 8) n (A U C) 

b. (A U C) - 8 d. (8 n C) U (D U E) 


INTRODUCING SETS IN THE 
ELEMENTARY SCHOOL 

The following acti\itics arc natural 
and important in the earlic'st stages of 
the elementary school: 

1. Recognizing the cardinal number 
of a set 

2. Pairing elements of sets (matching 
sets) to determine whether the. sets are 
equivalent. 

Identifying the cardinal number of a 
set has always been a major activity in 
the earl> elementary grades. When a 
pupil says that there are two animals in 
the picture, he is identifying the car- 


dinal number of a set of animals. It is 
not neeessaiA to us(* the* word “set’’ in 
all such activities but the* word should 
be used frequently and naturally to hiAp 
pupils think in terms of collections of 
things. 

The matching of sets has not In'cn a 
common activity on tlu* elementar> 
level but it is useful in teaching facts 
about numbers and relations among 
them. Sets that match (art* equivalent) 
have the same cardinal numbt*r. For 
classroom purposes it is acceptable* to 
say that such sets have the same num- 
ber. If an attemi)t to match one set with 
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another shows that the first set has one 
or more mernhers without a partner or 
mate in the seeond, th(‘ two sets do not 
mateh and have different niiml^ers or 
eardinality. Sonu' aetivities involvinj=( 
matehinjj; of sets are as follows: 

1 . Cil loose a set of objects in tlie class- 
room and have the [inpils identify the 
number of this set (such as 3). Help the 
c'lass find as many sets as possible dial 
match the original set. Help the pupils 
diseov(‘r that each set whi( h matches 
the original set also has a cardinal niim- 
l)er 3. Dse sets of books, sets of chairs, 
sets ol ptmeils, and so on. The j^^reater 
the variety in the t> pes of (dements 
list'd, the less lik(*l\ i)upils are to associ- 
ate tlu' conce pt of number with a partic- 
ular t\ pe ol objt'ct. 

2. Cdioost' a set as in llu* previous ae- 
tivitv and have' th(‘ class idt'utify the 
numbei (as 4). (au)ose another set and 
id(Mitif\- its number (as b). Havt' the class 
attc'inpt to match the two s('ts and recog- 
nize that th(' second set has members 
that do not have* mates in tin* first set; 
record that fact as b is grt'ater than 4, or 
b > 4; 4 is less than b, or 4 < b. 

When it is rt'cognized that there are 
(‘\acll> two members in the sci ond set 
without a mate in tlu* first set, tl.i. fact 
can b(‘ rt'corded: 4 + 2 — b. 

Both the' int'(jualit\ 4 < b and the 
etpialion 4 + 2 = b ar<' ealli'd }Utnihcr 
srtitrnn^s or snitcnicrs. 

3. Talk about the set rl cookies in an 
(*mpt\ box. 4'alk about the st't ol living 
p(*oj)l(‘ more than 200 years old. Ask 
for the numbt'r »( llu* s(*t ol stmh'iits 
usualK in the classroom at three o clock 
in tlu* morning. Help tlu* class to ivcog- 
nize the emptv set and that the m. ib(.'r 
of the c'lnph sc‘t is 0. Ask the class tor 
suggestions for d(*scriptions ol the 
empty set. Hepc'at this t> pc* of work un- 
til the pupils r(*adil\ rec’ognize that 0 is 
the number of tl'c empt> st't. 


4. Flave the pupils attempt to mateh 
a set with two members with the empty 
set as an extension of the activity de- 
scribed above. These sentences should 
result: 0 < 2: 2 X); 0 + 2 = 2. 

Appropriate repetition of this activity 
in early \'cars will provide readiness for 
recognition of 0 as the identity element 
for addition (see p. 8). 

5. Choose a set and identify its num- 
ber (as 3). Choose a sc^eond set and iden- 
tify its number (as 4). Combine these 
two sets and ich'utify tlu* number of the 
single set that results (7). The result of 
combining tiu'se two disjoint sets into 
a single set can be described by the 
sentence 3 +4 = 7. Of course, this 
activity must be repeated many times 
with a large variety of sets and should 
not be uncommon in traditional arith- 
nu'tic, bc'canse the* distinction between 
tlu* set and its number is not always 
clear to ])upils. It is important to shess 
the distinc tion between combining sets 
and adding the numbers associated 
with si*ts (see p. 4(S). 

1’lu* combining of disjoint sets is de- 
scribed b\ adding the* cardinal numbers 
associatc'd with each set. (Chairs are not 
added to chairs, but a S('t of chairs is 
CO )inecl with another set of chairs and 
this action is deserilu'd b> adding the 
numbers assoeiati'd with tlu* sets of 
chairs.*^ 

(S. C^hcmsi' a sc't and identify its num- 
ber, as 6. Ih'inove a subset of two mem- 

’■it iuis tixqiKMith l)c«*n saiil in Ir.iclitional 
in.ithiMn.itK's tliat oiiK hkt' ninnlK'vs can be addt'd. 
'rin.s statement i.s not sensible in liijht o! the cur- 
rent diseii'^sion. OiiK nunibeis ean Ix' addeil. not 
cliaiis or 'Ol))!' A s(*t of -I elepluiiits combined 
with a set of 3 ]>ins is a st*l of 7 tliinj^s. 'I'be .> and 
1 are added as iMsib in this ease as the> are ii tin* 
sets contain onl\ elc'phants or onl> j>ins. Tin* 
difficults in the case of ti s<'t of elephants com- 
bined with a set of pins is interpietinji the niean- 
inii of the 7 obtained b> adding the 3 and 4. It is 
neither 7 elephants nor 7 pins, but ma\ be called 
7 things 
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bers. This activity may be described in 
two ways: 

a. A set ol 6 members is partitioned 
into a set of 2 members and a set of 4 
members. The sentence (equation) as- 
sociated with this action is 6 = 2 + 4. 

b. A subset of 2 members is removed 
from a set of 6 members. A subset of 4 
members remains. The sentence used 
to describe this action is 6 — 2 = 4. 

These and similar activities should be 
repeated often to lay a sound foundation 
for understanding the close relation be- 
tween the sentences 6=2+4 and 
6-2=4 (see p. 121). 

Similar set activities can be used to 
help the pupils understand the nature 
of multiplication and division (see p. 
158). 

Recognizing subsets 

A subset may be described as a set 
within a set. The set of even numbers 
is a subset of the set of whole numbers. 
The set of circles is a subset of the set 
of geometric figures. The set of West 
Coast states is a subset of the 50 states. 
The set of railroad engineers is a subset 
of the set of transportation workers. The 
set of policemen is a subset of the set of 
law officers. 

The above examples help to illustrate 
that sets and subsets exist in a wide 
variety of areas. Recognizing sets and 
subsets is a worthwhile activity in sub- 
jects other than mathematics. 

The following activities may be intro- 
duced in the early elementary grades: 

1. Have the class identify the subset 
of red books in a set of books. 

2. Have pupils identify the subset of 
the first five letters in the alphabet. 

3. Ask the class to identify the subset 
of round objects in a group of objects. 
Be certain that there is no confusion in 
what is meant by round objects. 

4. Ask a pupil to give a subset of the 


set of the first five whole numbers (there 
are many such subsets). 

5. Help the class to recognize that 
the set of numbers less than 5 is a sub- 
set of the set of whole numbers. 

6. Ask the class to write the set of 
fractional numerals with a denominator 
of 5 and a numerator that is less than 
the denominator. 

Beginning examples should utilize 
familiar concrete objects, for example, 
books, blocks, and similar materials. 
Examples involving numbers and other 
ideas should be introduced gradually. 
Good definitions frequently place the 
term being defined in a familiar set as 
a subset. Additional information is then 
given to distinguish between the term 
being defined and other members of 
the parent set. Some examples of this 
procedure are: 

A square is a rectangle with equal 
sides. 

A triangle is a polygon with three 
sides. 

A prime numb(M- is a whole number 
greater than I that is exactly divisible 
only by itself and 1. 

OPEN SENTENCES 

Sentences, for example, 5 < 7 and 
1 +3 = 4, are either true or false. All 
the number sentences in column (a) 
below are true; those in column (b) 
are false. 

a. b. 

1 1 - - 2 1 -t 4 -- 6 

6-5-1 4-6--2 

2,- 3 - 6 3 • 5 -10 

11.-5 6-8 

4-20 13-5 

. Some sentences, for example, n + 3 
= J2 or □ — 4 = 7, are neither true 
nor false and are called open sentences. 
An open sentence contains a symbol that 
represents an unspecified number. This 
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symbol may be a letter (n as shown) or a 
frame (□ as shown). When this letter or 
frame is replaced by the name of a num- 
ber (numeral), the sentenee then be- 
comes true or false. The symbol, such 
as the letter or frame illustrated above, 
that holds a place for a numeral in an 
open sentence is called a place holder 
or variable. It is not usually desirable 
to refer to a variable by name on the 
elementary level. It is sufficient to ‘.ay 
that the letter or frame is replaced by 
whatever numeral is involved. Frames 
occur in a variety of shapes, as illus- 
trated in the following: 

F3 --7 ,'- 4 7 3 ■ ' 6 -2^8 

Frames are used almost (exclusively 
in early elementary work. As pupils 
mature frames are gradually replaced 
by lettt‘rs. 

Tiit'U' am two s<‘ts associated with 
every open sentence. The first set is the 
set of all numbers that Jiiay come under 
consideration (the universal set). In 
beginning elementary work the univer- 
sal set is usually the set of whole num- 
bers. By the middle elementary grades 
the universal s('t becomes the set of 
numbers represented by fractional nu- 
merals (but no negative numbe. ) It 
will rarelv be necessary to refer to the 
universal set on tht* elementary level. 
The second set associated with an open 
sentence is the solution set. The solu- 
tion set of an open sentence is the set 
of numbers that makes the sentence 
true. Again it is not necessary to men- 
tion specifically ihr solution set as such 
on an eleinentar\ level. Finding the 
solution set of an equation (or inequal- 
ity) is usually referred to as solvin, the 
equation (or inequality). The teacher 
should understand the relation between 
the universal set (universe) and the 
solution set of an open sentence and 
should us(‘ this information as a guide 


for discussing the work with pupils in 
less technical language. (For a discus- 
sion of various levels of solving open 
sentfMices, see p. 134.) 

Open sentences are introduced in the 
grade 1 in modern mathematics pro- 
grams. Once pupils can work effectively 
with simple open sentences, some of 
the work with sets outlined earlier can 
be modified as follows; 

1. Choose a set and identify its num- 
ber (such as 4). Choose another set and 
designate its number by the frame □. 
Have the class attempt to match the 
second set with the first. When it is de- 
termined that the second set has 5 mem- 
bers without partners, the pupil should 
be able to write an open sentence that 
describes the situation 4 + 5 = □. 

2. Combine a set of 3 members with 
a set of 7 members and help the pupils 
recognize that this activity can be de- 
scribed by the sentence 3 + 7 = A. 

3. Partition a set of 6 members into 
a set of 4 members and a set of 2 mem- 
bers. Write the open sentence 6 = A 
+ □ and ask the pupils to write nu- 
merals in the frames that describe the 
result of the partition. 

4 Remove a set of 4 members from 
a s' of 10 members and help the pupils 
recc,;nizc that this activity can be de- 
scribed by the sentence 10 — 4 = □. 
It is iisefid to recognize that this ac- 
tivity can also be described as partition- 
ing a set of 10 members into two sets, 
one of which has 4 members. This hutcr 
intcipretation leads to the equation 
10 = 4 + □, which illustrates the rela- 
tion between addition and subtraction. 

5. Wrhe the equation A + □ = 8 
and ask the pupils which pairs of num- 
bers make the sentence true. Help them 
recognize that both the pairs (3, 5) and 
(1, 4) make the sentence true. At this 
early stage it is probabh' not necessarx 
to use the term “ordered pair/’ although 
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the teacher ma>' exercise judgment in 
terms of the experience and ability of 
the class. 

6. Write the equation 0+0=8 
and help the pupils to recognize that 
the pair (4, 4) makes the sentence true 
but the pair (3, 5) does not apply, since 
both variables must represent the same 
number because tliey have the same 
shape. It is important that ])upils recog- 
nize the different shaped frames (as 
in item 5) may represent the same or 
different numbers, but frames of the 
same shape must represent the same 
number when they occur in the same 
sentence. 

7. Write on the c'halkboard the open 
sentence A + 2 = V. Ask the class to 
find two sets whose numbers will make 
the above sentence true. At least several 
sets with different numbers should be 
found. Help the pupils to recognize that 
an\ pair of sets will work if the matching 
attempt produces two members in one 
set without partners or mates in the 
other. 

8. On a day when there are three' 
empty chairs in the classroom assign 
the frame □ to represent the number of 
chairs (not counting the teacher’s chaii+ 


1. Find pairs of sets that match (are equiv- 
alent) among the following: 

A: {x,z} D: {x,y.z} 

S; {1,2,3} £. {0,1} 

C; {w,x,y,z} 

2. Use the sets listed in problem 1 to per- 
form the following operations: 

a. A U B d. A n B 

b. B U E e. B X E 

c. A n D f . C n D 

3. Give the (cardinal) number of each set 
listed in problem 1. ' 


Assign the frame V to represent the 
number of pupils in the classroom. 
Write an open sentence to show how 
the number of chairs is related to the 
number of pupils (V + 3 = □). 

9. Write the sentence A +3 = 8 on 
the chalkboard. Ask the class to find a 
set whose number will make the sen- 
tence true. Ask for a set situation that 
can be described by the true sentence. 
(Combining a set of 5 members with a 
set of 3 members gives a set of 8 mem- 
bers, or attempting to match a set of 5 
members with a set of 8 members leaves 
3 members of the latter st*t without 
partners.) 

10. Write the sentence □ + V = 1 1 
on \\\e c+alkboard. Have the class find 
pairs of sets that will make the above 
open sentence triu'. Discuss the set 
situations that can be described by tlu' 
resulting true simtences (combining or 
matching sets). 

Activities similar to those above art* 
most valuable when pupils are learrhug 
to identify numbers of sets and basic 
number facts on a manipulative level. 
Such aclivitit'S help to provide some of 
the variety desirable in the learning 
process. 


EXERCISES . 

4. Draw set diagrams to show how the 
following pairs of sets are related: 

a. A and B c. B and E 

b. C and D d. A and C 

5. Identify the number sentences among 
the following: 

a. 2 + 3 d. 1 + 1 = 3 

b. 1<2 e. 7-4 = 3 

c. 10-4 f. 2 X 3 

6. Which of the sentences in problem 5 
are true sentences? 

7. Which of the following open sentences 
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have solution sets that are not empty If 
the universal set is the set of whole 
numbers? 

a. □ + A = 1 c. 3n = 12 

b. r7-3 = 5 d. 5xU = 7 

8. Describe the role of the variable in the 
sentence n 3 = 7. 

9. Which of the following has more than 
one number in its solution set If the 
universe is the set of whole number-? 
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a. n -f 11 = 17 c. n < 3 

b. n - 8 = 3 d. 3n = 15 

10. What universal set is necessary in order 
that the solution set of each of the fol- 
lowing open sentences not be empty? 

a. 2 r 7 = 3 c. 4r7 =6 

b. 5x 0 = 3 d. 10n = 13 

11. Illustrate how combining two disjoint 
sets may be used to provide gnder- 
standing of addition situations. 
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CHARACTERISTICS OF 
NUMERATION SYSTEMS 


One of the goals of space exploration is 
to make a landing on Mars. Indeed, the 
directors of our space agency anticipate 
that this objectiv^e will be attained be- 
fore the end of this century. If the planet 
is inhabited, it is highly probable that 
the Martians have some means of deal- 
ing with quantities. A knowledge of 
numeration systems, then, would aid 
space explorers in deciphering the 
methods of dealing with numbers oji 
Mars if the latter are encountered there. 

This cha])tcr deals with the charac- 
teristics of numeration systems. Th*‘ 
topics treated include the following: 
systems of numeration; the decimal s>s- 


teih, cliffercnl imniber l)asc•^, eh.mginu 
trom base h to bast* ten anti vice \(‘isa; 
addition and subtraction in bast* I). 

Martians may follow the two proce- 
dures for dealing with quantities used 
by the inhabitants of our planet. Our 
ancestors made a record of the number 
of their possessions by 1) tallying or 
matching or by 2) a system of numer- 
ation, 

A matching between two sets repre- 
sents the lowest level of dealing with 
•numbers. Precivilized man kept a 
record of his flock of sheep by using 
pebbles. The set of pebbles matched 
the set of sheep in the fl(K*k: For each 
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pebble there had to be one and only 
one sheep. Similarly, for each sheep 
there had to be one and only one peb- 
ble. In that way there was a one-to-one 
correspondence between the two sets. 

The elements of the set of matching? 
objects were not restricted to pebbles; 
tally marks, sticks, drawings, or other 
objects were also used. 

If the Martians have not progres'^ed 
beyond the level of our early tribesnu n 
in dealing with (piantities, today’s space 
explorers could readily discover the 
pattern used. On the other hand, if they 
do use a system of numeration, it is al- 
most certain that it is different from the 
one we use. Space travelers could then 
try to decipher that system in light of 
their knowledge of systems of numera- 
tion. We may speculate on the nature 
of this system from the diflerent systems 
developed on oui own planet. The his- 
tory of various civilizations records a 
variety of numeration systems. 

SYSTEMS OF NUMERATION 

Jt is necessary to have symbols to 
name numbers in a system of numera- 
tion. One of the most commonlv used 
symbols is a stroke or a tally marl; to 
re])resent the number 1 and three 
strokes to represent the niunber 3. In 
the same way, five strokes, as Hill, would 
represent the number 5. To facilitate 
recognition of the number of strokes in 
a group, we often unite or combine 


them, as mj, to designate a given group- 
ing, such as five. It would be unwieldy 
and impractical to represent large num- 
bers by repeating the same symbol; 
therefore other symbols are used to 
name different numbers. 

Basically two distinct procedures are 
employed for representing numbers. 
First, a new symbol is used to represent 
a group that is greater than that repre- 
sented by the preceding group. Second, 
a place in a numeral has a given value, 
known as place value. The value a sym- 
bol represents depends upon the posi- 
tion of that symbol in a numeral. 

The choice of symbols used to repre- 
sent a new groui) and the number in 
that group is arbitrary, but a study of 
most ancient numeration systems re- 
veals that the number of fingers on one 
or both hands determined the number 
ill a group. In our numeration system 
there are 10 ones in 1 ten and 10 tens 
in 1 hundred. In the same way, 10 of a 
group make one of the next greater 
group. This relationship between suc- 
cessive groups or places in a numeral 
is the haac of that system of numeration. 
T"he base of our numeration system is 
the»'efore 10. 

Egyptian system of numeration 

The ancient Egyptian system of nu- 
meration illustrates the use of a new 
symbol to represent the next greater 
group, 'fable 5.1 gives the diffeient 


TABLE 5.1 

Egyptian Symbols and Their Values 


1 10 100 1.000 10.000 100,000 1 , 000,000 



Stroke Arch Coiled Lotus Pointed Tadpole Astonished 
Rope Flower Finger Man 
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symbols and their eorvespoiiding values 
in our s> stem of numeration. 

Table 5. 1 shows that 10 stokes would 
have the same value as 1 areh. In the 
same wa\', each succeeding new s\in- 
bol rei)resents a number ten times as 
great as the preceding s\'mbol. The 
number represented by a minuMal is 
the sum of the numbers represented by 
its various symbols. We may illustrate 
the procedure by considering the lui- 
nieral for 14,375: 

^ nnn 

(iiii 

The iminbt'r rcpr(\sent('(l b\ the nu- 
nu'ral using Eg>ptian sMiibols is the 
sum of I (),()()(), 4000, 300, 70, and 5, or 
14,375. 

The s\mbols in the numeral sliown 
are arranged in sequence of value. The 
symbol of greatest value is on the left 
and the symbol of least value is on the 
right. The sequence of the symbols 
could have been in the reverse order or 
in a random order. Therefore, the posi- 
tion or place that a symbol occupied in 
a numeral did not affect the value of that 
symbol. The Egyptian system of numer- 
ation used neither order nor place value. 

The Eg^ ptian numeral for 1 4,375 con- 
tains 20 sN'inbols while in our numera- 
tion system the number is represented 
b\’ 5 symbols. Since an Eg\'ptian s>’m- 
bol may be repeated in a given place 
ill a numeral, there could be 9 symbols 
in each place compared with 1 symbol 
used in each place in our system. 

Roman system of numeration 

Th(‘ Roman system of numeration 
also illustrates the principle of intro- 
ducing a new symbol for each succeed- 


ing greater group. I he different sym- 
bols used in the Roman notation are as 
follows: 

I V X L C D M 

1 5 10 50 100 500 1000 

A bar pl ued above a numeral miilli- 
plit's the value of the nmnber repre- 
sentetl by lOOO. Thus reprt'sents 
1()(),()()() instead of 100. 

The plan of counting by five, as in 
tallying votes, offers an explanation for 
the usage of the symbols 1, \\ and X in 
Roman notation. Four vertical strokes 
and one cross stroke suggest \' to repre- 
sent five. The representation for the* 
numbers 5-10 would be as lollows: 

Tally TfU mil mj II 1HI III mj III! TRl mi 
Numeral V VI VII VIII Vllll X 

A cross diagonal suggests .\ to reincvscmt 
10. According to Irwin,' the* Romans 
used Etruscan s\ml)ols to r(*prc\sent 
larger niiml)c*rs, such as 50, 100, and 
1000. I3u* letters to reprt‘sent tluvsc* 
numbcMs were not includc'd in tlu* Latin 
alphabet. Wc* are not cerlain wh\ L was 
selcctt*d to represent 50. In the ease* of 
C to represent 1 00 and M to rc*present 
lOOO, the first letter of the* words rnitutn 
(hnndred) and inillc (thousand) se*emed 
apijropriate. An old Roman symbol for 
1000 was Cl 0 . Ry splitting this s\ inbol 
in half and using the half to the right, 
we have a s\ inbol that is similar to 1), 
the present symbol to represe'ut 500, or 
half of 1000. 

Value represented by 
Roman numerals 

The Roman syste*m of notation is a 
combination of a system of tens and a 
^system ol lives. The value of a number 

'Ke'ith a. Jrwiii, The IXoinanrc oj Writing (.\cw 
York: The V'ikiiiK l*rr.ss, tnc., 19.55), pp. J -if)- 1.37. 
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rei)rcscMite(i by Roman numerals usu- 
ally is the Slim of the numbers ri'pre- 
sented by eac li numeral, as in the fol- 
lowing: 

MMM CCCC XX V II 

- 3000 -f 400 -f- 20 4 5 I 2 

-3427 

Mulliplieation is also usimI in fimlin^j; 
llu‘ value of a numeral when that nu- 
meral is eappi'cl by a verlieal bar, as X, 
to represent 10, 000. Subtraetion is used 
under certain conditions to find the 
valiK' ol a mniKMal. In case a symbol of 
lesser value prec(‘des a svmbol of 
^ri'atcr value, the number represented 
is the diflertmce between the two valiu's 
providc'd that diffmence is divisible by 
I'ithm' 4 or 0. Thus, the number repre- 
seiit(*(l by the numeral CdX is equal to 
100 + (10 - l),or 109. Similarl>,XIJV 
is (‘queu U) iii) — lO) + (5 — 1), or 41. 
Addition is larj^el> used to find tin* 
\aliu* of a number represimted b\ Ro- 
man nniiH'rals Tlie Hom<m s\st('m has 
till’ propiMC. ()( order but not of plaee 
\aliie as we use the latter. The Roman 
system is llierefori’ superior to the 
Kjiyptian s>stem, which contained 
ni’itliiM' of thi’se tiaits. 

'I’here is no relationsliij) betwei e the 
s\ mbol usi’d to represent a smaller 
.Uroiij:) and thi’ niwt creatin' monp in 
both th(‘ Roman and R^N ptian s\ steins 
of notation, riu’ii’ is no discernible re- 
lationship belwi'en \ and L, L and C], 
C’ and I), n and ^ ^ and i , or i and 

r . If a ]MTsnn lori^ets the number rep- 
resented that |)re edes a new sMiibol, 
th I’re is no wa\ to find that number from 
tlu’ j^iven numi’rals. 

Same symbol -different values 

The second way to construct a sy s- 
tem of nuini’ration is to use the same set 
of symbols but assijjjn different values 


to a symbol. The value of a symbol 
would also depend upon the ])lace of 
that symbol in a numeral. We can illus- 
trate the princ’iple of assij^ning a differ- 
ent value to a symbol by the use of 
pebbles in numeration. Instead of the 
svmbols that we use to re])resent num- 
bers, primitive man used objects, such 
as pebbles. A chieftain in Madagascar 
determiiK’d the number of men in his 
command by having each soldier pass 
throiij^h an arch. As a soldier passed 
thv chieftain would drop a pebble. 
When a pile c’ontained 10 pebbles, an 
aide would j^ather it up and put one 
pebble in a diffment ])lace to form a ni’w 
l)ile. For each 10 jii'bbles in the first 
l)ile the enumerator ])laced one pebble 
in the second pile. He repeated the 
process until the second pile contained 
10 pebbles, and then he formed a third 
l)ile at a different [ilace. In a similar 
manner, the enumeration continued 
until all of the soldiers were matched 
with ])el)bles. Tlien oni^ pebble twice 
remoxed from the orij^inal j)ile would 
have the same value as 100 ])ebbles in 
that pill’. 

Accoidinji to tlu’ second plain it was 
not necessary to ha\(’ a \ariety of peb- 
ble^ )f difteren* sizes. All pebbles w ere 
appi /X'imately the same size, but their 
value depended upon the position they 
occupied. Howexer, this feature xvas 
the ehiel defect of the plan: There xxas 
no way to identif y the xalue of a position 
represented by a pebble unless the per- 
son usinJ^ tlie method remembered txvo 
things about the pebble. First, he had 
to remember from x\ hich pile a pebble 
xvas taki u, and second, the xalue of a 
pebble in that pile. There xvas no identi- 
lyin^ characteristic of a pebble to indi- 
cate its xalue. Practically all ancient 
peoples solved this problem by usin.ii 
the rods on an abacus to hold places in 
a numeral. 
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The abacus 

The invention of the abacus made it 
possible to assign a fixed value to a 
group of pebbles. The counting board 
was the forerunner of the abacus. The 
counting board usually consisted of an 
area on sand marked with grooves to 
correspond to the places in a numeral. 
The principle of the counting board can 
be represented by making grooves in a 
board and assigning values to these 
grooves. Pebbles or markers may be in- 
serted in a groove to represent the digit 
in a given place in a numeral. The 
counting board in Figure 5.1 shows the 
numeral 403. The 4 pebbles in the hun- 
dreds’ place represent 400. The 3 peb- 
bles in ones’ place represent 3 ones. 
There are no pebbles in tens* place be- 
cause there are no tens in tens’ plac*e in 
the numeral 403. A groove would be 
overloaded if it confciined more than 9 
pebbles. Thus, if there were 13 pebbles 
in the ones’ groove, these pebbles 
woidd be rearranged to represent 1 ten 
and 3 ones. The abacus operates on the 
.same principle as the counting board. 

Most ancient peoples used a count- 



Flgure 5.1 


ing board or an abacus for computation. 
This invention made it possible to per- 
form computations that could not be 
done otherwise. Multiplication with 
Roman numerals was very diflficult, but 
the operation was made practical by 
using a counting board. The product 
could be recorded in Roman numerals, 
but the computation was performed on 
a counting board by repeated addition. 

THE DECIMAL SYSTEM 

Our system of notation for numbers 
is called the Hindu-Arabic system in 
honor of the people from whom we re- 
ceived it. The system is a decimal sys- 
tem and has the characteristic of place 
value. The Hindus invented the system 
and the Arabs were instrumental in in- 
troducing it into Western civilization. 
Although Hindu-Arabic numerals were 
introduced into Western Europe before 
the beginning of the eleventh century, 
it was not until the beginning of the 
thirteenth century that a European au- 
thor wrote a comprehensive discussion 
of them. 

The Egyptian and Roman systems of 
nofcition had one or more of the follow- 
• ing deficiencies: 

1. A new symbol was used to repre- 
.seiit successively greater groups. 

2. A numeral contiiined duplicates of 
the .same value. 

3. There was no fixed order to the 
symbols in a numeral in the Egyptian 
system. 

4. Supplementiry aids were used to 
hold a place in a numeral. 

The Hindu-Arabic system of notation, 
however, overcame all of these short- 
comings. This system uses only 10 
digits, no duplicates of symbols of the 
.‘♦ame value occur in a numeral, a digit’s 
value depends upon the place the digit 
occupies in a numeral, and no supple- 
mentary aids are necessary to have com- 
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plete place value to represent whole 
numbers. We may enumerate the char- 
acteristics of the decimal system of nu- 
meration for whole numbers as follows: 

1. The base of the system is 10. 

2. The digits used are in the set 
{1,2, 3, 4, 5, 6, 7, 8, 9,0}. 

3. Each digit in a numeral performs 
two functions: it holds a place and it 
shows the frequency of that place. 

4. Each digit in a two-or-more-plac e 
numeral that names a whole number 
has three values: (1) its cardinal value, 
sometimes called its face value; (2) its 
positional value; and (3) its total value. 
The positional value is the value of the 
place the digit holds in a numeral. This 
value is a power of the base. The power 
is the same as the number of places the 
digit is to the left of ones’ place. The 
total value is the product of the cardinal 
and the positional values. In the nu- 
meral 247, the values of each digit are 
as follows: 2 has a cardinal value of 2, 
a positional vilue of 100 (10-), and a 
total value of 200 (2 X 100); 4 has a car- 
dinal value of 4, a positional value of 10, 
and a total value of 40; 7 has a cardinal 
value of 7, a positional value of 1, and a 
total value of 7. The cardinal and the 
total values of a digit are the sai.:» for 
every digit in ones’ place. These two 
values are also the same for the digit 0 
because tht* product of 0 and a number 
is 0. 

5. The number named by a numeral 
is the sum of the total values of the 
digits in the different places. 

6. Moving a dJgit to the left in a 
whole number multiplies its place value 
by a power of 10. If 3 is moved two 
places to the left, the value of the has 
been multiplied by 10“. We read the 
numeral 10^ as, “ten to the second pow- 
er’’ or “ten square.’* 

7. Moving a digit to the right divides 
its place value bv a power of 10. Since 


dividing by 10 is the same as multiply- 
ing by moving a digit to the right in 
a numeral multipliers the value of that 
digit by a power of To- The power is the 
same as the number of places the digit 
is moved. 

8. Every two-or-more-place numeral 
can be expressed in expanded notation 
to show the total value of each, digit. 
Thus we may express 349 in expanded 
form as in (a) and (b). 

a 349 - 300 -f- 40 f 9 

b 349 ^3 V (10)‘ f 4 ^ (10)’ -f 9'^ (lO)” 

The expanded numeral in (b) is ex- 
pressed in polynomial form. The value 
of each digit in a whole number is the 
indicated product of that digit and a 
power of 10. The power is equal to the 
number of places a digit is removed 
from ones’ place. The value of any 
number (except 0) to the zero power is 
one, as (10)*' = 1. Therefore, the 9 in 
349 may be expressed as 9 X (10)^\ The 
numeral 9 X (10)” names the same num- 
ber as 9 X 1, or 9. The produet of a 
number and 10” will always be that 
number. 

Complete place value without the 
use of a supplementar> aid is the dis- 
tii 4 ' ishing characteristic of the Hindu- 
Arai c numeration system. This fea- 
ture was made possible by using 0, 
wliich was introduced into this numera- 
tion system in about A.D. 600.^ Although 
0 was first introduced into our numera- 
tion system about 1300 years ago, its 
efiective use as a digit dates back less 
than a thousand years. 

The introduction of 0 ranks as one of 
man’s gT«‘at intellectual achievements. 
Why did the invention of 0 take so long? 
There are tv/o plausible reasons. First, 
man eould not conceive of the need of 

-Vera Santord, “Hindu .Arabii* Numerals,” The 
.Arithmetic Teacher. December 1955, 2:115. 
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a symbol or to represent the ab- 

sence of a quantity. It is lojjical to have 
one stroke to represent I. When there 
is no quantity to be represented, it is 
equally loj^ical to disrejjard this fact. 
Second, the use of an abacus served most 
of the functions of 0 as a place holder. 
It should be remembered that st*veral 
thousand years ago man had a limited 
use for number. Priests and scribes per- 
lormed most of the nc'eded com)nita- 
tions, and this restricted group was able 
to deal with number. In addition, until 
the fifteenth century jnanting was un- 
known and lumce it was seldom iU‘C‘es- 
sar\' for most pcoj^le citlu'r to read or 
write numerals. It was not ncc*essary 
then to have the digit 0 to hold a vacant 
place in a numeral and to show tht* fre- 
ciuencN of that plact*. 

Essentials of a numeration 
system 

\\ c have disc ussed the characteristics 
of the Hindu-Arabie system of numera- 
tion and (‘valuat<*d the systems used 1)> 
the ancic*nt Eg\i)tians and Romans. In 
the light of these discussions, we should 
be able to list the essential elements of 
an t‘ffective numeration s\stem. First, 
the system must have the property of 
completciu\ss. This means that the sys- 
tem must function without the use of 
suppleniimtar\ aids. A s\stem of this 
kind must have (1) a base; (2) symbols; 
(.3) a fi.xed value for a i)laee; (4) 0; and 
(5) a decimal pc'mt. 


Man invented all five ol thc‘se items 
in order to dc^al effeetiveh with num- 
bers. 

Ten is the base of the decimal system, 
hence there are 10 symbols needed. 
The number of digits used in any sys- 
tem of numeration is the same as the 
base. Most anciemt numeration s\’st(mis 
had a base* that is a multiple* of five, as 
5, 10, or 20. The Babxlonian numera- 
tion system used a base of si\t>. We 
measure time on that scale toda\ . 

A symbol as used in a nimu'ration 
system must have a name, as well as 
(lesion or form. The names of the digits, 
which var\ in different languages, arc* 
used in emmu*ration. Table .5.2 gi\'es 
the niiiiiber nanu*s of the* first 10 count- 
ing numbers in three* elifferent lan- 
guages. 

Although the* name's for the* digits are 
different in the different languages of 
Western culture's, the svinbe)! useel te) 
re'])rcse*Jit a lUimbeT is the* same* e*\ee‘[)t 
feu* 7. The s\ml)ol for “seve'u’' in Eng- 
lish-speaking c e)untrie's is 7, but in main 
European c‘e)untrie*s it is 7. 

The third anel fourth ele'me*nts e)f the* 
se.*t e)l e'ssentials ol a s\ ste*m of nume*ra- 
tion are ele*signate*el place value* and 0, 
respe'etiv e‘l\ , whieh v\'e* have* alre*ael\ 
de*Neril)e*d. The lifth eleme*nt is a point, 
such as the* decimal ]K)int in the* cie*e i- 
mal s\ste*m use*d to le)cate‘ one*s’ place*. 
The use ol a ele*cimal point e*\te‘nds 
place value to the right of one s' place 
in the* decimal svste*m. .Anv digit, c*\- 
cept 0, written to tiu' right of that ]K)int 


TABLE 5.2 

Number Names in Different Languages 


English; 

one 

two 

three 

four 

five 

six 

seven 

eight 

nine 

ten 

German: 

ein 

zwei 

drei 

vier 

funf 

sex 

siben 

acht 

neun 

zehn 

Spanish: 

una 

dos 

tres 

cuatro 

cinco 

seis 

siete 

octo 

nueve 

diez 
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TABLE 5.3 

Use of Periods in Grouping Numerais 


Billions Millioiis Thousands Units 

Hundreds-Tens-Ones Hundreds-Tens-Ones Hundreds-Tens-Ones Hundreds-Tens-Ones 


has a total v^aliic l<‘ss Hum 1 hut j^ix^atcr 
tlum 0. 

Periods in numerals 

It is (liHicailt to R*a(l iho numeral 
371495 wlu'ii writton in tin* form shown. 
In order to facilitate the rt'adin^ of lart^e 
numerals, we use ptniods. He^inninj^ 
on the ri^ht, thr(‘<' eonsi'entive plac'es 
constitute a period. A comma is us(‘d to 
separate periods in numerals containin]L^ 
five or more dijiiiits. A comma m:i\ he 
us(*d in a four-place numeral pro\ id(‘d 
that numeral does not represent a date 
or a p(aiod ol lime. Hie first ])eriod in 
onr wa> of ^roupinjj; imiiK-rals is d(\sij4- 
nal('d units. This jieriod and each suc- 
ce^alin.u lull p(*riod to tin* left conl,iin 
lhre(* i)lac(^s, dt*sinnat('d oiu's, lens, and 
himdixals. I’ahh* 5.3 lists the first four 
jieriods in ifroupin^ nninerals. Faich 
p(‘riod to lh(' left has a value 1000 times 
the value of the period to the i-i^^l.t. 
T here are 1000 thousands in a million 
and 1000 millions in a hillion. It is pos- 
sible*, ther(*fore, to re])resi*nt a imllion 
as 1000 thousands. SimilarK, lOOO mil- 
lions reprt*sents a hillion. 

Tlu* vahu* of a hillion is not tlu* same 
in all c‘onnlri('s. In our c*ountr> a hillion 
is eciiial to 1000 mi'lions, while in Kn.u- 
land a hillion is ecpial to a million mil- 
lions. A hillion of this value is 1000 
tinu's as lari^c* as onr hillion. 

T’here are otlu'r ptniod names that 
may lx* used to desij^nate a period to 
the left of th(‘ hillions’ j^roiip. For a 
numeral to . represent a value j^reater 
than a numeral in the hillions’ period. 


that nunu*ral imist have at lea,st 13 
places. 

Scientific notation 

In ordi*r to facilitate the reading of 
nnnn^rals that name cith(*r very lar^^e or 
v(*ry small numhers, we frequenth use 
scientific notation. Sci(*ntifie notation 
is anotht*]* wa> ol iiamin^ numh(*rs. It 
eliminates the use of manv diflerent 
])eriods that are iu*('ded to express hil- 
lions or other larj^e numh(‘rs. To express 
a nuinher in scientific notation, place a 
dc‘i imal point immediately aft(‘r the first 
non/t‘ro dij^it on the left and tht*n indi- 
cate a multiplic ation h\ the* appropriate 
])ow(*r of 10. In a whole* numher, the 
l^ower of 10 is the same* as the* numher 
of places in the ^i^xm numeral to the 
le‘ft of on(*s' place. For example, the 
numeral 3,215,000,000 ma>’ he e\- 
l)resM'd in sci(*ntific notation as 3.245 
X Similar!), the nnmhe‘r named h\ 
2,9 X 10" ma\ he cx]^rc*ss(‘d in om nu- 
meration s\slc*m as 29,000,000. W’e use* 
nc'^atixe e*xpon(*nts to e*\prcss \cr\ 
small numhers in scientific notation. 
The* numeral 2.5 X LO is another name 
for .000000025. 

DIFFERENT NUMBER BASES 

The deeimal system is the most 
wide!) used and best understood of all 
s\ stems of numeration. Other numera- 
tion s>'stems are used under cc*rtain 
conditions. Man> electronic computers 
use the hinarij sijstetn of numeration, in 
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which numbers are expressed as powers 
of two. A study of different number 
bases is important for two reasons. First, 
electronic computers use systems of nu- 
meration with bases other than base ten, 
hence a knowledge of these systems has 
a practical application. Second, knowl- 
edge of several different systems of nu- 
meration should increase the pupil’s 
understanding of the decimal systenn. 
This is the chief reason for devoting 
some time in the elementary school to 
different systems. Modern elementary 
mathematics textbooks include work 
with bases other than base ten in grades 
5 and/or 6. The teacher should under- 
stand and know how to present subject 
matter of this kind, as explained in the 
following pages. 

Base five 

The teacher should have the class re- 
view the equivalence of certain coins 
in our coinage system. The i)upils know 
that 5 pennies have the same v^alue as 
1 nickel and that 5 nickels have the 
same v^alue as 1 quarter dollar. If our 
coinage system had one coin with the 
same value as 5 quarter dollars, that 
coin would further illustrate how five 
of one group are equal to one of the 
next greater group. 

The teacher can show the meaning 
of a number base by having the class 
package or group cards or markers of 
some kind. If the number of cards in a 
group is 5, then the base of the system 
of numeration will be five. As soon as 
a pupil has 5 cards in a group, he makes 
one group of 5. In a numeration system, 
the 5 ones overload the ones’ place, so 
he changes the 5 ones to 1 five, whicn 
is the next greater group than the ones. 
The class readily understands how cards 
can be grouped into bundles according 
to a given base. The part of the opera- 
tion that causes the difficulty is the sym- 


bolic representation of the grouping. A 
rt'view of the procedure in the decimal 
base should be helpful. A pupil counts 
10 cards to form a group. If he repre- 
sents a card by a bead on an abacus, the 
10th bead on the ones’ rod overloads 
that place and the 10 ones make 1 ten 
on the next rod to the left, as shown in 
(A) and (B) of Figure 5.2. We record the 
number as 10, which is the first two- 
place numeral in the decimal system. 
In the same way, the number needed 
to form a group in any base overloads 
a place, just as 5 ones overloads the 
ones’ place in base five. This numeral 
is written as lOr,. The subscript indi- 
cates the base. 



Figure 5.2 

We say that “5 ones make 1 five’’ and 
. we write this fact as 10.-,. Wc read this 
numeral as ‘T, 0, base five.” There arc 
thrt e steps in the procedure forexpress- 
ing a number in a base different from 
the decimal base. Thev' are; 

1. Statiiifi the fact: We give the deci- 
mal equivalent of the quantitative situ- 
ation. 

2. Writing, the nunieral: We write 
the numeral for expressing the number 
in the given base. 

3. Reading the numeral: We read 
the nuini ral in the new base. 

We used an abacus to show how to 
represent numbers in base ten. An aba- 
cus may also be used to represent num- 
bers in any base, as base five. Five 
beads on a rod overload the place that 
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rod represents. From right to left, the 
first place is ones' place. Then fives’ 
place, twenty-fives’ place, and succes- 
sively higher powers of five. A modified 
abacus may be used to represent the 
grouping of cards in base five. As soon 
as the 5th bead is indicated on a rod, 
that place is overloaded. The 5 beads 
on the ones’ rod are exchanged for 1 
bead on the fives’ rod as in (C) and (D) 
of Figure 5.3. 



To read a numeral expressed in a 
base other than base ten, give each digit 
its cardinal value. Read 32r, as, “3, 2, 
base five.” There is no standard way to 
name tlie values of the places held by 
the digits in numerals written in a base 
other than base ten. The base is some- 
times indic ated by a word; for example, 
10 k may be written as 10,.iKhi- Neither 
“8” nor “eight” is a numeral in base 
eight. It is easier to use IOh than to write 
the form 10,.mhi- The choice of a symbol 
to use should depend upon the ease of 
usage. The authors will use a subscript 
to designate a base other than base ten. 
Numerals in base ten will have no sub- 
scripts. 


D C 



Figure 5.3 

After a pupil forms 5 bundles or pack- 
ages of 5 cards (\ieh, lie forms a new 
pilc‘. He then makes the eorrespoiiuiiig 
representation on an abacus. The fixes’ 
rod contains 5 beads, hejiee it is over- 
loaded. These 5 beads are exchanged 
for 1 bead on the twenty-fives’ rod, as 
in (E) and (F) of Figure 5.3. Now the 
interpretation of the* representation is 
patterned along the three steps men- 
tioned. We say: “5 fives make 1 twenty- 
five.” We write*: “lOO.-,.” We rt*ad; “1, 0, 
0, base five*.” 

In a similar manner, other groups are 
formed. When a pile contains 5 bundles 
of 25 each, a new pile is formed. The 
pupil states tliat 5 twentx -fives are the 
same as 125 and writes this fact as 
lOOOr,. 


Same number- different numerals 
and bases 

Figure 5.4 illustrates the* use of four 
different bases to represent the number 
18. Although the numerals are different 
in each base, they represent the same 
number (p. 64). 

In row (a) there are 18 tally marks 
to be grouiK'd. In row (b) lliese marks 
are gre)ui)ed by tens. There is 1 group of 
ten and 8 ones, hence the base is ten. 
The numeral in base ten is 18. In ex- 
pan d form 18 is eepial to 1 X JO' +8. 

Row (e) shows how to represent 18 
in base e*ight. There* are 2 groups of 
eight and 2 ones, losing the threefold 
plan of eleseril)ing the aetivitx of group- 
ing, we have the follewing: We sax: 
‘Tn 18 there* are 2 groups of eight and 
2 ones.” We* xvrite: “22 k.” \\e read: 
“2, 2, base eight.” 

I 22 -- 2 N 10s T 2 

II 22, -- 2 ^ 8 -t 2 

Eepiation (I) shows the expanded no- 
tation for 22 h. Eejuation (II) uses nu- 
merals in base ten to show the eepiix a- 
lent of ee]uation (I). Digits that name a 
number less than 8 are the same in both 
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bases. The numeral IOk names the same 
number as 8 in base ten. 

Row (d) shows tlie 18 tally marks 
jirouped as fives. We say: “In eighteen 
there are 3 fives and 3 ones. ’ We write: 
“33,.“ We rt‘ad: “3, 3, base (ivt^“ 

I 33 - 3 10, 4 3 

II 33 -- 3 ' 5 4 3 

Equation (1) sl)ows tlie expanded no- 
tation for 33,. Equation (ID uses nu- 
merals in base ten to show the ecpii va- 
lent of equation (T). Tin* numeral 10, 
names the same number as 5 in base 
ten. 

Fi.i^ure 5.4 shows that we ean e\]m‘ss 
18 as a two-plaee numeral in a base that 
is five and less than ei.^htecm. A two- 
plaee numeral will not express this 
number whim the base is less than five. 
Just as 3 ones makes a i^roup of 1 thrt'e 
and is t\\press(‘d as lO,, so 3 groups of 
threes mak(*s 1 poup (4 3 X 3, or 9, and 
is expressed as KK^. In base ten the 
numeral is 3“: in base* three* the numeral 
is ]()“,. Eaeh plaee value in bast* ten 
mav be expressed as a pow'er often. In 
the saint* wav, eaeh piaee value in base 
three mav be expresst'd as a power of 
three, rherelore. 10./* r(.‘])res(mts the 
same number as 3“ in the de amal base. 


Row 

Tally marks 

Base 

Numeral 

a. 


■■ ;/// 



b. 



T^n 

18 

10 


8 

c. 

LhJ 

Li 

Eight 

22- 

10. 


10. 2. 

d. _ 
10 

' '//, 

10-. 

ill] Ir 

10 3. 

Five 

33, 


e. lL! lU Uj 'll' id — Tnrer 200 

10, 10. 10 10. 10 10. 

100 100 

Figure 5.4 


Refer to row (e) of Fi^^iire 5.4 and pro- 
ceed as follows: We read: “In 18 th(*re 
are 6 ^j:ronps of threes, but 3 j^roups of 
thret*s makt*s 1 j^roup of 3 X 3, or 9, 
henee there must be 2 ^^roiiixs of nines.” 
We write: “20():,.“ W'e read: “2, 0, 0, 
bast* three.” 

I 200.- 2 ^ (10), + 0 ^ 10 10 
II. 200 j - 2 \ 3 f-0 \ 3 + 0. or 2 V 3" 

Etiuation (I) re])resenis the expand(*d 
notation for 200,. Etiuation (II) uses 
num(*ra1s in base ten to show tin* 
(*(iuivalent of (‘qnation (!)■ "hhe num(*ral 
10, naint*s the same nimibt*!' as 3 in 
base tt‘n. 

The (‘oliiinn on the ri^ht in l«'it^nr(* 5.4 
shows four different numerals lor the 
nmnbt‘r 18. Thev arc* 18, 22 h, 33,, and 
200,. Tht* ^roiipini^s in eaeh ol tiu* rows 
shtnv that tin* first two-plaee nuin(*ral 
in any base is 10. Similarlv, tlu* first 
ihree-plaet* nnnu'itil in anv base is 100. 

The number of tlij^its in a svslt'in of 
Lumeration that has eompl(*t(* ]daei* 
valut* is tlu* same as ihe base. I'lms, in 
bast* five thmt* must be 5 dij^its. rht‘V 
ean be 0, I, 2, 3, and 4. Table* 5.4 ^\\vs 
the numerals from I to 100 in bast* five*. 
The munt*rals from 1 to 100 in anv bast* 
ean be written in t‘(iual rows and eol- 
unms so as to form an (trnnj that is a 
stjuare. The j^attern shown in the table 
api)lies to the setiuenee of the numerals 
from 1 to 100 in an> base. 3’he r(*adt‘r 
ean detennim* if lu* has diseovered tlu* 
pattern bv iisin.i^ the dibits 0, 1, 2, and 
3 to write* the* nume*rals from 1 to 100 in 
base four. 

TABLE 5.4 

Numerals from 1-100 in Base Five 


1 

2 

3 

4 

10 

11 

12 

13 

14 

20 

21 

22 

23 

24 

30 

31 

32 

33 

34 

40 

41 

42 

43 

44 

100 
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Duodecimal base 

It is reasoiKihlc to assiinic* that the 
base* of our mmieraliou systcMu would 
In* duodecimal (twelve) iuslead of deei- 
mal if luan liad 12 Hubers instead of 10. 
A duodeeiiual I)as(‘ would hav(‘ some 
advantages ov(*r a deeiiual base. It 
would b<* tMsier to exprc'ss some frae- 
tious as deeimals in base twelve* than 
in base* ten beeause 12 has more factors 
than 10. Tlu‘ only faete)rs of 10 (exelihi- 
inji the* number itse*If auel 1) aie* 2 and 
5, but the faelors of 12 ((*\eludin^ 12 
and 1) are 2, 3, 4, and 0. Many fraetions 
in the* ele*eimal base* tluit are* nonte*nni- 
natiii^, sueb as would be l(*rminatin^ 
in base* twelve*. 'Flms tbe* value of the 
traeliou yr in base* twelve* ee)ulel be* ex* 
])re*sse*d as .1. Manv units e)f eeitain 
familiar me*asure's, sueb as fe)()t. ele)/e*n, 
and un^ntbs in a ve‘ar ee)idd alse) be* e*\- 
])ressi*el in tin* elue)ele'(.imal svstem as 10 
inebe*s in a fe)e)t, 10 tbin.iis in a ele)/e*in 
and 10 me)ntbs in a v e*ar. 

In orde*r to b ive* a elue)de*eimal svste'in 
e)f nume*ralie)F), 12 svmbe)ls are n(*ede*d. 
'rbe*se woulel ineluele tbe 10 dibits used 
in tbe ele'eimal svstem plus twe) meire 
svmbe)ls. 'fbe* twe) aelelilie)nal svmbols 
eould be* re*pre*st*n(e*el by T and K, tbe 
first le*tte*rs e)fwe)rds “te’u’’ anel “ele*ven.” 

Binary base 

A uumeratie)n sv ste*m that 
use*s e)nlv twe) dii^its, 0 and i 10 

b is ealled a b/z/e////, e)r base* n lOO 

twe), svste*m. Tbe* arrav at tin* 


rij^bt sbe)ws tbe numerals frezm 1 te) 100 
written in base two so as to form a 
seinare. Tlie l)iiiar> sc ale for represent- 
ing numbers bas ^^rc*at prae-tieal appliea- 
tie)n in e*e*rtain tv pe*s e)f e*lee‘tronic- eom- 
puters. 

Table 5.5 ^^ives tbe place values of 
tbe* first six places in tbe binarv' scale*. 
rbe*se values are e*xpresse*d in. be)tb 
base* two and in tbe de*eimal base. It is 
clear from tbe table that it reejuires more 
places to represe*nt all numbers exc'ept 
1 ill base* two than in tbe dee-imal base*. 

Since* 0 and I are tbe only two vdijdts 
ns(*el in tbe binarv scale, it is possible* 
to represc'ut anv whole* uumbe*r in this 
scale* bv use of eleetrie* bulbs arranged 
in a row. Figure 5.5 shows bow these* 
bulbs mav be* arranj^ed. 



Figure 5.5 

*’aeb bulb bolds a place in a circuit 
vviivd to re*pre’se‘nt a numbe'r in base* 
two. \ eolor(*d bulb shows that a I is 
re*i)re’se’nte*d on that place. A elt*ar bulb 
indie ‘tes that a 1 is not repre*sente‘d. 


TABLE 5.5 

Place Values in Binary Scale 


two^ 

two'‘ 

tWO“^ 

two" 

two' 

one 

Binary place value 

10/ 

10/ 

10.^ 

10,’ 

10/ 

1 

1 

jBinary notation 

1 00000 o 

10000, 

1000, 

100, 

10, 

2'’ 

2’ 

2-1 

2" 

2’ 

1 

ioecimal value 

32 

16 

8 

4 

2 

1 

1 
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hence 0 holds that place in the binary 
numeral. The miineral in the binary 
scale represented b\ the lijjhted bulbs 
is lOlOOlg. The decimal value of the 
number represented by this binary nu- 
meral is the sum of the indicated values 
of the places held b> the lighted bulbs. 
The value of these places is 32 + 8 + I, 
or 41. Therefore, 10100 L, and 41 an' 
different names for the same number. 

Numerals in different bases 

Alter dealing with different bases, 
the pupil should discover the jjattern 
for writing the numerals in any base, 
'fable 5.4 gives the numerals for the 
first 25 numbers (‘xpressed in base five. 
Table 5.6 gives the numerals for the 
first 20 numbers in base ten expressed 
in bases two, four, six, t'ight, nine, and 
twelve. 


In Table 5.6 the numerals in each row 
except the first are different, but the 
number represented in any row is the 
same, 'fhe reader who does not discover 
the i)attern of the sequence of the nu- 
merals for a given base can readily find 
the correct numeral by making a tally 
diagram, as in Figure 5.4. 

From the ])receding discussion of dif- 
ferent number bases it is clear that the 
numeration sN stem in each base is pat- 
terned aftt'i* the decimal system. Kach 
numeration system must have a base, 
and the number of symbols or digits 
used must be the same as the base. In 
order to have comph'tem'ss for exprt'ss- 
ing whole nmnbms, one of the digits 
must be 0. Regardless of the base, ('very 
numeral may be written in ex])anded 
notation. Thus the numeral 402.-, maybe 
written in ('xpanded form as 4 X 100,-, 
+ 0 X 10.-, + 2. Tins numeral may be 


TABLE 5.6 

Numerals in Different Bases 


Tt'it 

Two 

Four 

Six 

Eifiht 

\iur 

Ttvcivc 

1 

1 

1 

1 • 

1 

1 

1 

2 

10 

2 

2 

2 

2 

2 

3 

11 

3 

3 

3 

3 

3 

4 

100 

10 

4 

4 

4 

4 

5 

101 

11 

5 

5 

5 

5 

6 

110 

12 

10 

6 

6 

6 

7 

111 

13 

11 

7 

7 

7 

8 

1000 

20 

12 

10 

8 

8 

9 

1001 

21 

13 

11 

10 

9 

10 

1010 

22 

14 

12 

11 

T 

11 

1011 

23 

15 

13 

12 

E 

12 

1100 

30 

20 

14 

13 

10 

13 

1101 

31 

21 

15 

14 

11 

14 

1110 

32 

no 

16 

15 

12 

15 

1111 

33 

23 

17 

16 

13 

16 

10000 

100 

24 

20 

17 

14 

17 

10001 

101 

25 

21 

18 

15 

18 

10010 

102 

30 

22 

20 

16 

19 

10011 

103 

31 

23 

21 

17 

20 

10100 

110 

32 

24 

22 

18 


CHARACTERISTICS OF NUMERATION SYSTEMS 


69 


written by iisin^ powers of tlie base. 
The numeral would then be 4 X 
+ 0 X lOft* + 2, or in shorter form, 
4X 105^+2. 

CHANGING FROM BASE b 
TO BASE TEN 

It is possiI)Ie to express a numbtu* iiij 
any base, for example, base h, provided 
the base is a whole numbei greater th-ni 

1. The i)upil should know how to ex- 
press a number in base b in the decimal 
scale in order to enrich his understand- 
ing ol a base. 1’he teacher should have 
the pupil discover the procedure for 
changing from a given bas(‘ to a d(‘ciinal 
base. It is vcr\ easy to show a pupil how 
to make the change, but then computa- 
tion may be the major achicvcmcnf in 
tlK‘ learning situation. 'The three steps 
in learning to change from bast* b to a 
decimal base are as follows: 

1. Understand that the decimal value 
of 10,; is b, 

2. Write a niimcral in an\ bast* in e\- 
pand(‘d notation in tlu* polvnomial form. 

3. Replace t*ach sNinbol in bast* b 
with the t‘orrt*ct sNiiibol in base ten. In 
base twelve, replaet* T and E with 10 
and I I, respectivt*ly. 

First, the teacher should review tlu* 
mi*aning of lorming a group in i*stab- 
lishing a base. 1'lu* pupil learned from 
grouping cards or markt'is that 5 t)nes 
are t*(|ual to I five, e\pr(*ss(*vl as lO.-,. 
Tlu* deeimal t*(|ui\alent of lO.-, is 5. Simi- 
larly, 8 ones are etiiial I eight, expressed 
as 10k, with tlu* decimal etiuiv alt'nt as 8. 
Other illustrations should be given until 
the pupil discovers that ihe decimal 
<*quivalcnt of 10,, is b. The pupil should 
generalize that the subscri])t of the u- 
nK*ral indicating the base is the deci- 
mal value of tlu* given base. If neces- 
sary, have the class form groups with 
markers and then make a vvritt(*n record 
of the experience. 


Second, to be sure that all pupils un- 
derstand the i)rocedure of writing nu- 
merals in expanded form in base ten, 
have the class write a numeral, such as 
248, in expanded notation without the 
use of exponents and then with expo- 
follows: 

2^*- 2 ■ 100 + 4 . 10 8 

-2 • 10 - h 4 ^ 10 -^8 

The sanu* pattern applies to numerals 
ex])ressed in any base. I'hus, 21 5, ^ may 
be written in expanded notation as 
follows: 

215. - 2 100. I 1 - 10, 5 

- 2 > 10 -t- 1 < 10, 1-5 

I( a numeral includes one* or more 
zeros, use the long form, as in (a) below, 
until the pupil discovers that the prod- 
uct of 0 and a number is 0 and that the 
sum of 0 and a number is that number. 
He should then use the form shown in 
(b). 

a 405- -- 4 ' 10. 0 • 10 ' -r 5 

b 405 -4 10; 4-5 

The third stt*]) in transforming froin 
base* I) to base ten consists in replacing 
l()„ » ih its d(*cimal ecpial, /?, and then 
perl(. ning the* indicated computations. 
Since lOs in base eight names the same* 
miiiiber as 8 in base ten, replace IOk 
with its decimal eeiuivalent and then 
perform the indicated computations as 
shown f(-r the numeral 25 (Sk. 

256, “■ 2 • 10,. -* 5 ' 10,T -^-6 

- 2 8 ^ 5 ■ 8 -h 6 

_ 2 • 64 • 40 -4 6 or T 74 

I'he re* ‘ h'r can test his understanding 
r)f the proc(*dure for changing from base 
1) to a decimal base by expressing each 
of the following in base ten: 

a 305, 6 2TE 

b 456 o 4003 

c 10011. f 3312. 
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CHANGING FROM BASE TEN 
TO BASE b 

The |)iipils have learnt^cl how lo 
ehanjLje a iiiiinher evpressed in base h 
to a cleeinial seale. Nc'xt it is xahiable 
lor them to learn to ehani^e a number 
exi)ressecl in base ten to l)ase h. 1’he 
pupil should understand that lor t'xery 
operation with nn miners tlune is always 
an undoinj^ or in\'ers(‘ operation. The 
teaeher should be sure to point ont that 
the inverst' relationship betwet'ii chanji- 
in^ trom Inise ten to bast' b and vice 
versa is the same as the addition- 
subtraction and midti]dication-division 
relationships. 

The teacher should review the fol- 
lowinj^ characteristics of numerals that 
express numbers in different bases; 

1. 1’he number of digits used is tin* 
same as tlie base, and one of these digits 
must be 0. 

2. I’he digit of greatest value is out* 
less than the base. 

o. plact' is overloadt'd il its fre- 
([nenex is etpial to or more than tlie 
base. 

(dianging from a decimal base to bast' 
h inxolves torming groups ol h and e\- 
prt'ssing the number of groiij^s xx ith tht' 
digits in that bast*. 1’o be sun* that tlic' 
class understands the i)rocednre, tht* 
teaeher sliould have eacli pu])il i)artici- 
pate in the following thrt'e activities 
in the sequence given: 

1. (Grouping ot markers 

2. (hou]nng b> subtraction 

3. (honinng bx division. 

.As a pupil forms groups, he must 
knoxv hoxv to record that activity. The 
first group formed in bas'e h is recorded 
as !()/„ and each succeeding ])laee in a 
numeral is recorded as the next ])oxxa r 
of !()/,. If a place is overloaded, the* num- 
ber expressed in that place is regrouped 


as the* next poxver of the base. Note the 
])attern in tht* folloxving: 

Decimal base 
10 - 10 10 .on V 10' 

10 ^ 10 - 10 . or 1 \ 10' 

Base four 

4 1 J,’ — 10, , or 1 \ 10, 

4 . 10, - 10, \ or 1 - 10,’ 

Base b 

b ■ 10; - 10,, or 1 ■ 10„ 

b V 10,;* -- 10,," or 1 V 10,.'- ' 

'fhe teacht'r has the class group mark- 
ers in base I). 3’o illustrate, ('ach pu])il 
has 14 markt'rs and forms groups of 
fours. The folloxving tallx diagram illus- 
trates grouping xvith markers. The pupil 
('X])resses the rt'snlt in bas(* tour as 
shoxvn: 

14 -- 11)1 nil lill li 

3-412 (Decimal representation) 

■ 3 • 10. I 2, or 32 

xNext, select a number, such as named 
bv 23, so that the (‘orresponding nu- 
nu'ral in base* /;, as base four, will con- 
tain more than two places. 'l1u' pupil 
forms 5 groups of 4 markers, with 3 
markt'rs remaining, as shoxvn in the 
tallx diagram. The fours' plact* is t)xcr- 
•loadctl, so the 5 fours are rt'grouped as 
I group of Ib anti I grt)npt)f 4. The xvrit- 
t(*n rt'cord t)f tht' xvt)rk is as lollt)xvs: 

23 - ' nil iiii nil nil ini iii 

b • 4 I 3 (Decimal representation) 

5-10. ! 3 

(4 i I) - 10 * 3 (Rename 5 as 4 + 1) 

- 4 - 10 ^ 1 ' 10.' t 3 

-1-10, t 1 - 10, -I 3 

- 100; MO: 3 or 113, 

The i)upils separate markers intt) dif- 
ferent base groups until they disetwer 
that the same result can bt' achieved by 
subtraction. Instead of grouping cards 
or st)me other kind ol marker to exprt'ss 
a number in a different base, as 37 in 
bast? five, the pupil should see that he 
can makt* repeated subtractions of fives. 
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In 37, there will be 7 ^r()U])s ol fives 
and 2 ones reinaininj^. The 2 ones rep- 
resent the number of ones in ones’ plaee 
in the new numeral. The fiv(‘s’ plaee is 
overloaded, so th<‘ pupil subtraets 5 
fives from 7 fiv(\s to form 1 «rou]) of 25 
and 2 fives. The writttm reeord of th<* 
aetivity is as follows: 


ond qiioti(*nt shows the number of 
twenty-fives. In the same way, each 
succeeding quotient shows the number 
of j^rouj^s of the next power of the di- 
visor. 

We shall givt* another illustration of 
the division method !)> expressing? 48 
in base three. 


-7 ,> b I 

- 7 « 10 

- (5 -f 2) 

2 

-1-2 

’ 10 

1 2 

(Rename 7 as 5 + 2' 

-5 - 10. 

f 2 

^ 10 1 

2 

-1-10 

-i 2 

- 10 ’ i 

2 

- 100 !• 20 1 

2,ot 122 


The el ass should easily discover that 
division may be used instead of sub- 
Iraetion to find the number of groups of 
base* I) in a number in the decimal scale*. 
The pupil lc*arned that division is a 
(piiek way of perfonninj? repeated sub- 
traction, hence* division provides a 
epiieker wav to ehaiijuie* from a decimal 
se*ale to base* h than ^ubtrae•tion. We 
mav illustrate the use* of division by 
e\pre*ssin^ 47 in base* five. 


3 ]^ 

3 ) 16r0 

3) 5 r1 I 

3L W' ] I 

2 10. - 47 

Chock 1210, - 1 > 10 ’ t-2 ■ 10. M - 10 
- 1 ■ 3 h 2 ■ 3' ^ 3, or 48 

It is im]K)rtant te) indicate a remaindt*r 
e)f 0 in a division, such as 48 3 == 16 

r 0. The* 0 shows the* number of ones in 
one*s’ place in base three for the* given 
numeral. Hie pupil should che*ek each 
answer b\ ])erfonning the inverse oper- 
ation, as shown in expressing 48 in base 
three. 


9 r 2 The remainder 2 represents the 
a number of ones in ones' place in 

base five. The 9 shows that fives' 
place IS overloaded 

1 r 4 The quotient 1 shows the number 

b br~9 of twenty-fives The remainuor 4 

shows the number of fives in 
fives' place. 

rh(’ ri’cord ol the di\ ision is as follows: 

47 9 . b f 2 

(5 ‘ 4) ■ b ' ? (Renar.ie 9 as 5 14) 
b *4-5 ‘2 

1 10 } 4 ■ 10 • 2 or 142, 

Hic* w^ork in (a) and d>^ can be shorleii<*d 
as follows: 

I 1 

">L ^1 } 1 

1 r4» ^ 4 2 - 47 


11ie quotient of the first division 
sliows the numlier of fiv es and the si*e- 


ADDfTION AND SUBTRACTION 
IN BASE b 

Till* four operations are performed in 
basf .' in the sann* manner as in base 
ten. li plaee in tin* sum in l)as(* ten is 
overloaded, the number in that place* is 
regionped. 'The* same situation applies 
in base /;. 


Regrouping in addition 


Base ten 

Expanded notation 

Conventional 

algorism 

46 

40 t 6 

46 

^ 18 

10 ^ 8 

-1 18 


50 ^14 - 64 

64 

Base five 

Expanded notation 

Conventional 

algorism 

24 

- 20 t 4 

24 

-f 13. 

- 10 3 

f 13. 


30 -H 12 - 42 

42 
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The thought pattern used to find the 
sum in base five in the example at the 
right above is as follows: “4 + 3 = 12 
in base five. Write 2 in ones’ place. The 
1 five added to the other 3 fives (2 + 1) 
is 4 fives. Write 4 in fives’ place. The 
sum is 425 .” 

The reader should be able to supply 
the missing numerals in the following: 


a. 4 5a 

b. 

5 0 4 „ 

-f 1 6 a 


+ 3 2 4„ 

3b 


: . ■ 2. 

c 3 0 1 1 

d 

1010 

4 13 34 


-M 1 1 1 

1 1 .. 


, ■ 0. 


To be sure that each sum is correct, ex- 
press the numbers named in expanded 
notation and then add. 

The pattern for regrouping in sub- 
traction in base ten applies in base h. 

Conventional 

Base ten Expanded notation algorism 


42 

-=■ 

40 -t 2 

^30 + 12 

42 

- 17 

-= 

10+7 

-- 10 + 7 

- 17 




20+5 

25 


---- 25 


1. What are the two basic plans for sys- 
tems of numeration? Evaluate each. 

2. Express the following in both the 
Egyptian and Roman numeration sys- 
tems. Use the symbols of each system. 

a. 38 c. 54 

b. 207 d. 136 

3. What were the deficiencies in the an- 
cient numeration systems that the 
Hindu-Arabic system overcame? 

4. Give the names of the first six number 
periods in a numeral. 


Conventional 

Base five Expanded notation algorism 

32, -- 30, +2 =^20, + 12, 32-, 

-14, - 10, 4 4-^10, -f 4 -14, 

IO 5 3 13, 

-13, 

The thought pattern for subtracting 
in base five in the example at the right 
above is as follows: “Since 4 ones are 
greater than 2 ones, change 1 five to 5 
ones to make 7 ones and then subtract 
4 ones. Write 3 ones in ones’ place. Now 
subtract 1 five from 2 fives. Write 1 five 
in fives’ place.” 

The reader should apply the pattern 
shown and supply the missing numerals 
in the following examples: 

a 7 2n b 4 0. 

-2 6 „ - 13 . 

: 4, 2t , 

c 43 2, d 42 O 5 

- 1 2 5. - 1 3 2 , 

■ . 3 . 2 ' , 

Check the solutions by expressing each 
number named in expanded notation 
.and then subtract. 


EXERCISES 

5. Write 725 billion in scientific notation. 

6 . What are the essentials for a system of 
numeration to be self-contained? 

7. Express the following in the base in- 
dicated: 

a. 37 in base four 

b. 245 in base eight 
• c. 560 in base five 

8 ,. Find the decimal numeral that ex- 
presses the same number as: 

a. 3216 c. IIOII 2 

b. 40563 cl. 3107 i2 
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9. Use the following symbols as digits for 
a system of numeration: 

a. 0 = 0 d. A = 3 

b. I = 1 e. □ = 4 

c. A = 2 

Write the decimal numeral that repre- 
sents the same number as the following : 

a. AD c. A AOO 

b. I AO d. A 


Bell, C., C. Hammond, and R. Herr6ra. Fun- 
damentals of Arithmetic for Teachers. 
New York: John Wiley & Sons. Inc., 1962. 
Chapter 2. 

Dwight, L. A., Modern Mathematics for the 
Elementary Teacher. New York: Holt, 
Rinehart and Winston, Inc., 1966. Pages 
189-243. 

Enrichment in /Wafhemaf/cs, Twenty-seventh 
Yearbook of the National Council of 
Teachers of Mathematics. Washington, 
D.C.: The Council, 1963. Pages 41-63. 
Hogben, L., Mathematics in the Making. 
New York: Doubleday & Company, Inc., 
1960. Chapter 2. 

Johnson, D. A., and W. H. Glenn, Under- 
standing Numeration Systems. St. Louis: 
Webster Publishing Division, McGraw- 
Hill, Inc., 1960. 56 pp. 

Kojima, T., The Japanese Abacus: Its Use 
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10. Perform the operations indicated. 
Check each solution of expressing the 
numbers named in expanded notation. 


a. 

347 

b. 

7448 

c. 458 


+ 457 


+ 56a 

1 

ro 

OB 

d. 

4025 

e. 

1001 2 

f. 40036 


-1235 


-II 2 

-20156 
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NUMBER SYSTEMS 
AND THEIR PROPERTIES 


Chapter 5 dealt with systems ofTiumer- 
ation (sets of s\nibo!s that represent 
numbers). The present chapter is con- 
cerned with sNstems of nuinoers and 
their proi)erties. A number .system is a 
set of numbers and one or more oper- 
ations. 

A number is an idea. A number can- 
not be seen, touched, or erased. The 
numb(?r 2 may be described as^an idea 
common to all pairs and couples. Tin- 
number 2 cannot readily be defined on 
an elementary level. A written numeral, 
on the other hand, has physical proper- 
ties and can be seen, touched, and 
erased. 


"!'h(- topics included in this ch.iptiM 
arc as lollows: number .md nnineral: 
propc-rlies ot numixn s> stems, loiiic al 
de\(-lopment ol mmilx-r s\ stems, ui-- 
netie de\ (•lf)pment ol mimbei s\ stems. 

NUMBER AND NUMERAL 

Traditional arithmetic proj^rams make 
little or no distinction between number 
and numeral. Modt-rn pro^rrams, how- 
ever, giv(‘ mon* emphasis to this dis- 
thietion, although difFer(*nt programs 
vary in the decree of importance they as- 
sign to the topic; indeed, then- is contro- 
versy as to how much attention should 
be ^iven to teaching? the difference be- 
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tween a number and its numeral. Fehr 
asserts that it is nonsense to make a fine 
distinction between number and nu- 
meral.^ A common rule for divisibility 
by 3 states that a number is divisil)le by 
3 if the sum of its dij^its is divisible by 3. 
Dubiscb has pointed out that if strict 
attention is paid to the difference be- 
tween number and numeral, the rule 
for divisibility by 3 must be restated as 
follows: “A number is divisible by 3 if, 
in tiu' decimal numeral representing 
tht? number, the sum of the numbers 
represented by the dibits in that nu- 
meral is divisible l)y 3.”“ 

Probably the most useful way to dis- 
tinguish between nimiber and numeral 
is to help pupils recognize that each 
number has many numerals. Just as the 
same boy may be called Hob and KobenT, 
tlu* numlxM' one half may be named as 
i or .r\ One of the most common activi- 
ties in mathematiis involves replacinj^ 
one numeral !)> another without chan^- 
inj^ the iiumlu r. This proc<‘ss is now 
common 1\' referred to as a 

number. Maii> arithmetic lessons can 
profitabb bej^iii b> asking pu]nls to 
write as inan> numerals (names or s\in- 
bols) as possible for a ^iven number. 
Skillful teacher j^uidance can the » d.j- 
r(‘ct this (effort in (U'sirable directions 
(see p. 12). Another useful wa> to point 
out ihv diffmence between nuinbi r and 
numeral is to ask pupils to consiilei 
several numerals for the vaine numbm*, 
such as .5, and 5()9r for one halt, and 
discuss which symbol is most usi'tul in 
various situations. 

Whmi the pupil recognizes that each 
number has many numerals, he must 

'Howard !•”. In*hr, “Sfiist* and Noik’scicsc in 
Modern Matlu'inatu's Pro.uranis,” The Arithnirtu’ 
Tmrhrr, Kcl)riiar\ l.i:8.i-V)l. 

^Ho> l)id)is('ii, “On Ninnheis and Nninevals,'* 
The Mdfhctnatics Tnirher, Dcuvinher 106:], 
56:647. 
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learn which numeral is best for each 
specific situation. Skill in recognizing 
when to re]^lace one numeral by an- 
other (without changing the number) is 
essential for learning and understand- 
ing computation and fundamental math- 
ematical ideas. 

Language that is overprecise may be 
more confusing than helpful. Teachers 
must learn when the distinction l)e- 
twe(‘n number and numeral helps to 
clarify an idea. For example, the au- 
thors believe that the “inaccurate” ex- 
pressions “one-digit number” and “one- 
place number” are preferable to the 
more precise phrase “number repre- 
sented by a numeral containing a single 
digit” (sec ]). 115). 


PROPERTIES OF NUMBER 
SYSTEMS 

Many rules in traditional arithmetic, 
such as invent and multiply and move 
thi‘ decimal i)oint, involve numerals 
ratlun* than nmnbers. A number cannot 
be inverted. Inverting the numeral will 
not imxliu e the desired result in modu- 
lar arithmetic (see p. 218). Moving the 
deer il point is nnpossible in the Ho- 
man stem because there is no decimal 
l)oint. Modern mathematics programs 
distinguish between properties of num- 
ber s\ steins and properties of numera- 
tion s> stems. A number ])ropert> is in- 
dependent of the set of numerals used. 
A i)rimr nuinbei is inime when repic- 
semted b\ Roman or .\ral)ic numerals. 

The commutative property^ 

A s\ sti*in is conunutatiN e for the oper- 
ation of addition if the sum of any two 
numbrns in the system is the same rc‘- 

■'Tcsls iiuui‘ than 10 \i'ais old iimiuIIn rolci to 
tin- “commiitativ*' law." \lor(' inodorn practice 
IS to list* the Ic iiii “i-oniiniitativo pro]H*rt\ 
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gardless of the order in which they are 
added. This propert\' can be stated more 
concisely with the use of algel:)raic lan- 
guage: For every x and ij in system S, 

X + 1/ = «/ + X. 

Comparison of the two statements 
above shows why properties of number 
systems are frequently stated with the 
help of algebraic symbolism rather than 
in pure verbal form. Modern programs 
use more algebraic language than tradi- 
tional programs, although the ditferenee 
between the newer and older programs 
in this respect is not as apparent at the 
elementary level as at the secondary 
level. 

A system S is commutative with re- 
spect to multiplication if for all x and ij 
in S\ xif = ijx. 

All the number systems of elementary 
mathematics are commutative for addi- 
tion and multiplication but not for sub- 
traction and division. It seems evident 
that whole numbers are commutative 
for addition, but this feature is not easy 
to prove at the elementary levt'l. Com- 
mutativit)’, when it exists, is usually ac- 
cepted as a postulate (assumption) even 
in early college vv'ork. On the other 
hand, it is easy to prove that whole num- 
bers are not commutative foi subtrac- 
tion. A single example which shows that 
3 — 1 is not equal to 1 — 3 is sufficient 
to prove the point. Such an example is 
called a counterexample. Any mathe- 
matical statement can be disproved by 
a single counterexample. 

The commutative property of number 
systems is simple enough to be under- 
stood by pupils in the lower elementary 
grades and important enough to be re- 
ferred to at all levels of inathe’maticf . 
Other imi)ortant properties will be dis- 
cussed in the following sections. 

The associative property 

The associative property of a system 
S for addition and for multiplication 


may be stated as follows: For all x and 
y in S: 

(x + y) -h z = X -f (y + z) Addition 
x(yz) ^ (Ay)z Multiplication 

The associative property is important 
because of the binary nature of addition 
and multiplication. ** 

When more than two numbers are to 
be added, the binary nature of addition 
demands that the operation first be per- 
formed on two numbers. The associa- 
tive property of addition indicates that 
when three numbers are to be added 
the result of adding the sum of the first 
and second numbers to the third num- 
ber is the same as adding the first num- 
ber to die sum of the second and third 
numbers.'* A similar statement may be 
made for multiplication. 

Some useful activities involving the 
associative and (‘ommutative proper- 
ties are the following: 

1. Ask the pupil to rename 2 + 3. A 
response of 5 is natural and correct at 
any grade level, but with te^acher guid- 
ance, the response of 3+2 should be 
eommon as early as grade 1. Pupils 
should be able to rename 7(i + 234 as 
234 + 76 well before they can deter- 

‘Siibtraction and division arc also l)inar\' oper- 
ations hnt do not have tlic associative property, 
as illiistrali'd hv the tollovvin^ comitcic\ainpl(‘s: 
0 - .> 5^ 5 - h 
(H-a)-2 ?4h-(3-2) 
h ^ 2 2 h 

(8 ^4) -^2 5^8 H-(l -r-2) 

•*It is true that (x -f i/) -f- = (x + ij. lint 

this is a cons<‘qncm-c of both the associative and 
eoinmutativc properties bee, nisi' »/ and z occur in 
different order in the two expressions. The asso- 
ciative property indicates that in tlie siini of three 
numbers tlie correct answer will be obtaiiu'd 
when addition is first pi*rfornied on the first and 
second niiinlnM's or on the second and third num- 
bers. The coinliined t;ffect of tlu* associative and 
commutative properties is tliat the correct sum 
will be obtaiiK'd no matter which pair of numbers 
is added first. In a similar manner, it is a conse- 
rpience of the associative* property alone that 
(-3 X 4) X 5 = 3 X (4 X 5), but it is a conseipieiice 
of both the associative and commutative proper- 
ties that ;3 X 4) X 5 = (3 X 5) X 4. 
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mine the sum of 310. Answers of (I + 1) 
+ 3 and 2 + (2 + 1) should also be ob- 
tained by first-grade pupils. Exercises 
of this nature help the pupils learn the 
basic pattern of the commutative prop- 
erty long before a name is attached to 
it. When a pattern is understood, it is 
much easier to attach a name to it. 

2. Ask the class to rename 4 + (6 + 1). 
Again, 4+7 and 1 1 are correct, but ex- 
amples of this type should be given 
often enough so that (4 + 6) + 1 will 
also be given. In a renaming activity, 
any correct answer should be accepted, 
but the pupils should be encouraged to 

^give others until the name or numeral 
desired by the teacher is obtained. If 
the desired answer is not given in a 
reasonable time, the teacher should 
give the answer and then immediately 
give several similar examples to s<‘e if 
th( c lass understands (he idea involved. 
Renaming sessions should be frecpient 
and brief and should usually liave a spe- 
cific goal. 

3. Both of the above* activities can ()e 
repeated with (»xamples such as 3 X 4 
and 4 X (5 X 3) when the multiplication 
concept has been introduced. 

4. When the ]nUterns have been 
named as the commutative and ass(;<.ia- 
ti\ e pro])ertic*s, pupils ma> be asked to 
rename 4+5 with the use of the (*om- 
mutative property or 3 + (7 + 5) with 
the use of the associative* property. 

5. The following exercise iinolves 
pupil recognition of an ecpiation as true 
or false. Th(‘ correct answers are giv(*n 
in parc*ntheses. 


5 3 3 5 (False) 

3 ‘ 5 5 ‘ 3 (True) 

3(4 I 5) 3 ' 4 t 5 (False) 

32 ^ 25 -- 8 ‘ (4 . 25) (True) 

4 - (7 . 25) - M4 ■ 25) ■ ? (True) 

89 H-43 - (89 -r 11) ' 32 (True) 


6. Use example's similar to those 
above and discuss wh>’ they are true' or 
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not true in terms of the properties of 
number systems under discussion. 

The distributive property^ 

The associative and commutative 
properties are defined in terms of a set 
of numbers and one binary operation. 
A system may be commutative with re- 
spect to one binary operation (as addi- 
tion) and i»ot for another (as subtraction). 
The distributive property is defined in 
terms of a set of numbers and two oper- 
ations. The distributive property is the 
only property discussed in this chapter 
defined in terms of two operations. 

A precise definition of the distributive 
propert\' (of multiplication over addi- 
tion) for a system S may be given as 
follows: For all x, y, and z in system S, 
x{y + s) = xy + xz. 

'The distributive property indicates 
that 3(4 + 5) may l)e renamed as 3 X 4 
+ 3 X 5. There are many other names 
for the numbt'i* represented by 3(4 + 5), 
including 3 X 9. The clistril)utive luop- 
ertv indicates that if multiplication is 
to be performed before addition in 
3(4 + 5), the multipliciitwn must he 
distrhtited over hath addends. 

So * of the following activities are 
typica- for helping pu])ils obtain a bet- 
ter unclc^rstanding of the distributive 
propertx’: 

1. Ask pupils to rename 4(5 + 10). 
Ca)ntinue the activity until 4x5+4 
X 10 is obtained. If it is necessary to 
give tile answer, use several other ex- 
ajnplc*s to b(' certain that the basic pat- 
tern is understood. Talk about multi- 
plying c'a' h addend or distributing the 
multiplication over both addc'nds. 

■’"Oislnhutivf properU ” is a coiiiiiionl> ai*- 
c-<‘pt(*cl ahhrc'viation for the loiiner nanu*. ‘*the 
distributive propert> of iiiiiltipl icatioii over [or 
with respect toj addition.” and will be so used in 
this text. 
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2. The activity in (1) ina> he per- 
formed before the pupils know the 
name of the distributive propert>'. After 
pupils lui\e learned this i)roperty by 
name, the followinj^ activity and similar 
ones ina>’ be introduced. Ask the i)upils 
to rename the following usinj^ the' dis- 
tributive property. Corrt'ct answers are 
given in parentheses. 

4(10 -^7) (4 V 10 -r 4 . 7) 

4 • 23 (4 ^ 20 1 4 - 3) Other answers 

possible 

5^8 (5 - 5 r 5 V 3) Other answers 

possible 

3. When pupils learn that multipli- 
cation is also distributix e with respect to 
subtraction, they can r<Miaine 7(30 — 2) 
as 7 X 30 — 7 X 2. This can be ])rofit- 
ably doiH' both before and after the 
pupils liave learned the meaning of the 
word “distributive.” 

4. I^ipils should learn that the ex- 
pression 7(3 + 7) can be evaluated most 
readih as 7 X 10, while for most people 
7(20 — 1) can be ev aluated most readily 
if it is renamed 7 X 20 — 7 X 1. A list 
similar to the tollowing mav' be givxm 
and the pupils asked whether to add 
(subtract) or multiply first. It should be 
recognized that this is a subjectivx' ques- 
tion and the answer may I)e different 
for different pupils in light of their atti- 
tudes and skills. Pupil disagreements 
that provoke discussions should be en- 
couraged. 

10(8 9) Adding first is easier (comparing 

two choices) but multiplying first 
IS not much more difficult. 

17(4 6) Adding first is shorter 

11(40 — 1) Multiplying first is probably easier 
for most pupils 

4. If a = h is a true statement, then 
the renaming concept allows a to be re- 
named as h or h to be renamed as a. 
Therefore, since 3(4 + 5) = 3 X 4+3 
X 5, the left-hand member of the equa- 
tion max' be renamed as 3 X 4 + 3 X 5, 


or the right-hand mem!)er max be re- 
named as 3(4 + 5). The latter renaming 
is much less likely to occur if the pupils 
are not given guidance* in this direction. 
The following situations illuslrate the 
advantage of this renaming; 

12 Rename as 7(12 -f8) 

or 7 X 20 

49 51 Rename as 4 (49 -I- 51) 

or 4 X 100 

The value of this aclixuty cannot be* 
oxerem ph as i zeel. 

The identity property 

'The* identitx pre)perty may be intro- 
due eel bx tables of the type that folleiw; 


a. 1 I 0 

- 1 

b. 1 . 

. 1 

- 1 

2 f 0 

-2 

2 ■ 

. 1 

- 2 

3 1 0 

-3 

3 ■ 

1 

- 3 

4 ^ 0 

- 4 

4 ^ 

1 

- 4 


The table in (a) shoulel enable the 
pupil to see that the^ sum of 0 anel a num- 
ber is that nmiiber. The table in (b) 
should enable him to see that the prod- 
uct of a number anel 1 is that numbe‘r. 
The pattern in (a) shows (hat 0 is the 
idcutitij ('lenient for aelelitie)n. 'Flu* pre*- 
e ise statement of this pr()pe*rtx of 0 is 
given as: For all .v in S’, .v +() = () f .v 
= .Y. In a similar mamie^r, the* mimb(.*r 
1 is the identilij element for multipli- 
cation, whie*h is indicateel in precise* 
mathematical language* as: Fen* all x in 
S, Y • I = 1 • Y = Y. 

Elementary pupils should bexome fa- 
miliar with the identity concept thremgh 
the re*naming process. They should 
learn tei rename 2 as 2 + 0 en* 0+2 and, 
when multiplication has been intro- 
duced, 2x1 and 1 X 2. Renaming 5 as 
5 + 0 can be useful in helping pupils 
te) learn that 4 + 1=5 and 3+2 = 5 
{see p. 165). Renaming 4 as X I is use- 
ful in helping pupils recognize that 
one half and two fourths name the same 
number. 
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The inverse property 

TIk' inverse pro]3erty is probably the 
most complex of thv fimdamental ideas 
under discussion. It can be illustrate^d 
by tlK‘ following patt(‘rjis: 

a. 0 1 - 0 - 0 b 1 1-1 

“1 -F 1 -0 2 ; - 1 

-2 ^2 -0 3 ; 1 

- 3 f 3 ' - 0 4 ; 1 

-4 f 4--0 

The pattern in (a) shows pairs of in 
verse nuwl?er.s lor addition. A pair of 
inverse^ numbers in addition has a sum 
ol 0 (the identity elcnnent for addition). 
Tlie patt(M’n in (b) shows pairs of inverse 
numbers in multiplication. A pair of 
invers(' numbers in multiplication has 
a inoduct of I (the identitx idemcnt for 
multiplication). 

A SNstem is said to have tlu' ijtverse 
properiif for addition if for (‘ver> imnn- 
b(*r X in .S rhert' is a numb<‘r x such 
that 

x-f-y-'x h X— 0 

A sxstcin suid to hav(' th(‘ inverse 
propertij for inniliplication if for (‘ver> ' 
number .v in S there* is a number ^ such 
that 

It is helpful to remember that inve i.>e 
i'l(*nu*nts come* in ])airs and lh.it the 
propt*r op(‘rali()n ]:)(*rformed on such a 
pair i^ives tlu* identit\ el(*mi*nt. Finalh , 
ii a is the inverse* ol /;, then b is the* in- 
V e rse* of a. 

Inverse ele*me*nts are* im]ie)rtant in 
uiielerslandin^ iiive*rse e)i)e*ratie)ns,^ 
The me)st e*IIie ie*nt ,\av tei diviek* bv 

'Some s\st<'m.s, :is .i iminbri lirld, allow is 
an f\c'i'])tioii sHR-r 0 dors not lia\r an inxrrsr 
for nndlipliration (srr j). SI). 

''Division is tlu' nixrisi- opriation of nuiltipli- 
c.itioii hrraii.sr tlivision l)> 2 ran hr nndonr 1)\ 
iiinltipliralion 1)\ 2, and ronvt*isi‘l\ . In tin* saiiir 
W'a\, snhtrarlion is tlir in\(‘is<- opriation ol aeldi- 
tioii (srr 150). 


is probably to multiply by 2 (the inverse 
of ^ lor nudtiplieation).*' 

Subtraction of “2 can be accomplished 
by adding ^2 (see p. 215 ). The pair of 
numbers "2 and ^2 fe)rm a pair of in- 
verse elements fen* addition because 
their sum is 0 (the ielenlity element for 
addition). It is a si^nifie.ant mathemati- 
cal fact that the rules “invert and multi- 
ply'’ and “change tlu* sii^n and add” are 
both examples of the inv erse concept. 

Closure 

The final property to be discussed is 
closuri*. The set of whole numbers is 
closi*d with respect to addition because 
the sum of two whole numbers is always 
a whole nnmlu*!*. The set of whole num- 
bers is not elosed with respect to sub- 
Iraelion becaust* tlu* dilferenci* b — - 8 
is not a whoh* number. 

A s(*t of numbers is closed with re- 
\pect to addition if for all .v and (/ in .S 
the sum .v + tj is also in S. 

A s(*t is closed for nndtipli('ation if 
for all .V and ij in S the product .17/ is also 
in S. 

The si*t of whole numbers is closed 
with respect to multiplication but not 
with **cspcct to division, since 2 -- 3 is 
not a hole number. A sinj^le eounter- 
examp.t* is snifieient to prove that a set 
is not i-losed for a liivt*!! oi)eratiou. 

Hu* elosnri* pro])ertv has verv few 
ilireel ii])plicalions, but an understand- 
iii.ii of this eonc('pt heli)s one ^ain a 
knowledge ol the dc\ (*lopment of num- 
ber svst(*ms, tliseuss(*d later in this 
chapter. 


p.iii i>l iiuinhvis 2 find i li'im *1 Ptiir of in- 
Ncisr clrinonts iR'iaiiso llicii priKliut i.s 1 (the 
identilx eleinrnl loi imilliplieation ). I'liis pnxhut 
is I no niiiltrr wh.it niuiR r.iIs au* iiseil to 
sent 2 .md 4 oiR-hidiim 2 and ..5) It max he hel])- 
lid lor pupils to leeomii/e th.it .5 is not oht.iined 
hx inxertinu2 
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Understanding of the commutative, 
associative, distributive, identity, in- 
verse, and closure properties is the key 
to mastery of arithmetic and algebra. 


1. Identify the property used to rename the 
numbers as indicated: 

a. 3+6 = 6-h3 

b. 4 = 4+0 

c. 5x3 = 3x5 

d. 3 = 3x1 

e. 23 = 3 + 20 

f -3- = ^ V 

g. X + y = y +x 

h. 27 + 4 = 20 + (7 + 4) 

i. 4 X 4=1 

j . 3(30 +2)=3X 30 +3X2 

k. 50 = 10 X 5 

l. ix 17 + : X 23 = 1(17 +23) 

m. 99 + 18 = (99 +1) +17 

n. 28 X 25 = 7(4 x 25) 

o. -3+3 = 0 

p. 3 X 21 = 3 X 20 + 3 X 1 

q. 1 = 2X2 

r. 3(a+5)=3a+3x5 

2. Which of the following sets are not 
closed with respect to addition? sub- 
traction? multiplication? division? (a) 
the set of whole numbers; (b) the set of 

A number field 

A matliematical structure involves un- 
defined terms, definitions, and axioms 
or postulates (assumptions). Logical 
consequences called theorems are then 
develoi)ed from the postulates and defi- 
nitions. No serious treatment of matbf"- 
matics can ignore the nature of a math- 
ematical structure. 

Traditional high school plane geom- 
etry provides the best-known exani]»)r‘ 
of a mathematical structure. CJne of the 
major reasons for the important place 


A more detailed treatment of the man- 
ner in which these concepts contribute 
to the understanding of arithmetic is 
discussed in the next section. 

EXERCISES 

even numbers; (c) the set of odd num- 
bers; (d) the set {0, 1} 

3. Two numbers are inverse elements for 
multiplication. What is the product of 
these two numbers? 

4. What is the sum of two numbers if they 
are inverse elements for addition? 

5. The terms “axiom” and “postulate” are 
used interchangeably in modern mathe- 
matics. Which of the following words is 
the best description for these terms? 
(a) theorem; (b) definition; (c) structure; 
(d) assumption 

6. Undefined terms are essential in mathe- 
matics for which of the following rea- 
sons: (a) to make everything clear; (b) to 
avoid circular reasoning; (c) to be more 
precise 

7. Which of the following sentences uses 
the word “numeral” or “number” cor- 
rectly? Reword the Incorrect statement, 
(a) erase the number on the board; (b) 
write the numeral on your paper; (c) in- 
vert the number 

that geometry has held in the secondary 
eurriculnm for many \ears is the manner 
in which it demonstrates how a large 
body of mathematics can be developed 
from a relatively small set of definitions 
and assmni)tions with the help of logi- 
cal deductions. 

In traditional mathematics, the first 
theorem that a student proved occurred 
in plane geometry. In a modern pro- 
gram, theorems are usually proved in 
early work in algebra. A theorem can- 
not be proved without definitions and 
assumptions. Theorems are proved in 
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TABLE 6.1 

Eleven Postulates in a Number Field 


Addition 


Multiplication 


1. Set S Is commutative for addition. 

2. Set S is associative for addition. 

3. Set S has an identity element for addi- 
tion (the number 0). 

4. Every number in S has an inverse fo^ 
addition (the sum of a number and its 
inverse is 0). 

5. The set S is closed with respect to addi- 
tion. 


6. Set S is commutative for multiplication. 

7. Set S is associative for multiplication. 

8. Set S has an Identity element for mul- 
tiplication (the number 1). 

9. Every number except 0 has an inverse 
for multiplication (the product of a 
number and its inverse Is 1). 

10. The set S Is closed with respect to 
multiplication. 


Addition and Multiplication 

11. Multiplication is distributive over addition in the set S. 


conjunction with a inathcinalical struc- 
ture. The inatlicinatical structure ino.>t 
frequently associated with arithmetic 
and al^('hra is a numher field. A nuinhcr 
field includes the following: 

1. A set of numbers, S 

2. Two binary ()])eratic)ns, addition 

and midtiplicatin'i 

‘3. An eciuals relation which states 
that r/ = h if and only if r/ and /;arcs\ni- 
bols for the same number 

4. Elt‘ven postulates that include 
five for addition, five for multiplication, 
and OIK' for multi])lication with respvvi 
to addition (se(‘ 'Table (i. 1). 

.At the elementary and secondary 
levels, number and the operations of 
addition and multiplication an* unde- 
fined terms. A number field dot's not 
tell what a number is but indicates liow 
numbers behave with resiu'ct to addi- 
tion and multiplication. 

The nnmin'r field is important bt'- 
causi' its postulates and definitions pro- 
vide the basis for proving tundainen vl 
rules of operation in arithmetic and in 
algebra which were acce])ted without 
proof in traditional api)roaches to these 
subjects. The mathematical importance 
of the nuinbt'r fiel4 lies in the fact that 


every correct procedure in arithmetic- 
and algebra can be deduced as a logi- 
cal conse(|uence of its postulates and 
definitions. 

The concept of a number field is less 
than one hundred years old'^^ and it has 
been only recent!)- that educators and 
mathematicians realized that the basic- 
concepts of this structure are simple 
enough to be understood at elementary 
levels and can serv^e as correct and use- 
ful guides in dealing with and nnder- 
stand'ug numbers 

Mu. of the remainder of this text is 
devote^, to demonstrating how to intro- 
duce the ideas of the number field and 
how^ to use them efiectivel) in helping 
pupils to learn and understand elemen- 
tary mathematics (including arithmetic). 
The elementar) school teacher should 
understand that when a pupil uses the 
distributive property as a guide in learn- 
ing a particular topic, he is not onl> 
being help d with that topic but also is 
developing a deeper understanding of 
this property which will be useful in 
future situations. 

“'Tht* co!K*t*pts invtilvccl in the niiinhcM' field, 
.Ls e»)iiniiutative and ashociative, are nuich older. 
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Of course, the elementary pupil is 
not expected to ])rove theorems. How- 
ever, when a pupil discovers that a 
number cannot be divided by 6 bt‘cause 
it does not have a factor of 2, he is per- 
forming the kind of reasoninj^ that is 
the basis for proof. The teacher should 
be alert for opportunities to encourage 
pupils to draw conclusions from known 
or accepted fac*ts. Informal proofs may 
be desirable in tlie uppc*r elementary 
grades (see p. 206). 

LOGICAL DEVELOPMENT 
OF NUMBER SYSTEMS 

Number systems do not si3ring into 
being as full-grown ejitities but evolve 
slowly over a long period of time to 
meet the needs of civilization. Our num- 
ber system is the culmination of thou- 
sands of years of experienc.e. 'V\\c growth 
of our number s\stem ina\ be examined 
from a logical or genetic point of view. 
This sec'tion will deal with the logical 
development of the system and the next 
section with the genetic development. 

A logical development starts with the* 
simplest set of numbers (which must 
he describc‘d mathematicalb ) and then 
proceeds, step by step, to e xtend this 
s> stem into thc' one that wc' now know. 
The natural numbers are usuall> used 
as the foundation for this logical dc‘- 
velopment. Some treatments begin 
with the whole (cardinal) numbers. 

The discussion of the logical devel- 
opment will be carried out in terms ol 
the properties (postulates) of a number 
field and how these properties or tin* 
lack r)f them affect the capabilities f)f 
the system. 

The number fic^ld is defined in tennis 
of two operations. Arithmetic for every- 
day purposes has four operations. I'liis 
apparent contradiction is readily re- 
solved by defining subtraction in terms 


of addition (and inverses for addition) 
and division in terms of multiplication 
and its inverse elements.*' 

The existence of inverse* elements 
(numbers) in a number system deter- 
mines if it is always possible to perform 
the operation of subtraction (closure 
with respect to subtraction). In the set 
of natural numbers (counting numbers) 
in which there are no inverses for addi- 
tion, subtraction may be perforiiK'd for 
9 — 3 but not for 3 —■ 9. Subtraction c*an 
always lx* ])erformed in the set of in- 
Ic^rrs (see p. 83), whtue every number 
has an inv(‘rse for addition. 

The natural numbers 

The natural numbers were the* first 
to be discovered by an\’ civilization and 
are frecpumtlv called the counting num- 
bers.'’^ 

The natural numbcMS are: 

{ I, 2, 3, I, 5, • • •}. A graph of tlu* natural 
numbers is given in Figure* 6.1. 

1 2 3 4 5 6 7 8 


Figure 6.1 

Tin* ] 3 ropi*rties of natural numbt'is 
given in Table* 6.2 indicate that addition 
and multiplication can alwa\s be* per- 
formed with th.c set of natural numbers 

"Siihtraitioii max ht* (Irfinctl in terms ol addi- 
tion vxitliont tlie iisc‘ ol invmses and nmst he in 
s> steins, .IS tlu‘ sel of wfiole nnmIxTs. wlieie m- 
veises do not i*\ist 'I'lu* dilfcTeiu-e a — h ina> he 
defined as a niimlxT r siieli that h r- — ti. 'I’his 
definition is the basis foi eheekiiij' snhtiaetion. 
When inverses do exist, tht* diffeieiiee a — h is 
thmi nsiially defined as the sum ol a and tin* ne 
\erse ol h (niV(‘is(‘ tor addition). Thi* two defini- 
tions do not eonfliet and eithei can he proved Irom 
the othei in a numIxT field. 

Ill the saiiK' way, ti — h ma> he (hdined as a 
miinher r sneh that a — ht\ or if inverses do exist, 
then a b max he defiixHl as a innitiplied h> the 
iiix'erse element of/; (for miiltiplieation). 

'■^Some authors iiiehide 0 as a natural niimher, 
hut historieallx 0 has not iisnallv heen eoiisidcTed 
a natii.'al niiniher. 
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TABLE 6.2 

Properties of the Natural Numbers 


Operation (Josurc A.^.soriativc Identitij Inverse Commutatwe Distributive 


Addition 

Yes 

Yes 

No 

No 

Yes 

Yes (multiplication 
over addition) 

Multiplication 

Yes 

Yes 

Yes 

No 

Yes 



but lluit subtraction and division canin^t 
always be pcM-forincd. Tin' difference 
2 — b and tin* quotic'ut 2^6 do not 
('xist in the* set of natural ninnbers. In 
traditional proj^ranis, pupils were irv- 
cpiently told that it was impossil)l(? to 
'''^subtract 6 from 2. in a modern pro^^rain, 
pupils are told that b cannot bt' sub- 
tracted from 2 in the set of natural num- 
b('rs (or whalt'ver set is involvt'd at the 
time). 

Tlu* natural numbers an' more than 
adecpiide to meet the needs of a primi- 
ti\t* eivili/ation. These numlx'rs t'ven 
suffice for tlu* ever\<la> nec‘ds ol some- 
what advanced eiv ili/ations. The Uo- 
nuui system of numeration is a set of 
nunu'ials repix'si'iitin^ the natural num- 
b(*rs, since 0 is not invoKi'd. "fliis s\s- 
tem met the lu'i'ds of Homan mc'rehants 
(with the help ol an abacus or similar 
device). 

Wlu'u a eivili/ation lu'i'ins to ad\aiK-(' 
in a technical si*nse, the natural num- 
bers (piic*kl\ become ina(le(piat('. W hen 
this staj^e is reaclu*d, a resourei'ltil civil- 
i/ation c*xt('nds tin* number s\st('in. In 
the lojiical devt'lopment, the first ex- 
tension \ields the set ol integers. 


The integers 

T’he set of integers is: 

{•••, -:3, -2, -l, 0, J, 2, 3, •••}. A 
j^raph of the intej^ers is givt'u in Figure 
b.2. The properties of the integers are 
listed in Table b.3. 

4 -3 -2 -1 0 1 2 3 4 


Figure 6.2 

Every integer has an inverse element 
for addition. Hairs of invc'ise numbers 
aie indicated on tlu* graph in Figure b.3. 

The mathematical conse'(iuenc‘(* of 
the existence of inverses for addition is 
that the set of integers is now closed 

-a -3 -2 -1 0 -fl +2 -+"3 -4-4 


2 - 4 - 2 = 0 
-3 i-3 0 

-4 }-4 = 0 

Figure 6.3 


TABLE 6.3 

Properties of the Integers 


Operation Closure Associative hlentitij Inierse Commutative Distributive 


Addition 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes (multiplication 
over addition) 

Multiplication 

Yes 

Yes 

Yes 

No 

Yes 
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TABLE 6.4 

Properties of the Rational Numbers 


Operation 

Closure 

Associative Identity 

Inverse 

Commutative 

Distributive 

Addition 

Yes 

Yes Yes 

Yes 

Yes 

Yes (multiplication 

Multiplication 

Yes 

Yes Yes 

Yes 

Yes 

over addition) 


with respect to subtraction. The differ- 
ence 2—6 ina\’ be translated into the 
sum 2 + “6 or “4. The difference 2—6 
ma> be transformed into the sum 2+6, 
or 8 (see p. 216). 

The integers are not much more use- 
ful for everv'day purposes than the natu- 
ral numbers. Negative numbers have 
relatively few everyday applications. 

From a mathematical point of view, 
the major deficiency of the integers is 
that division cannot always be per- 
formed, since 2 6 is not an integer. 

This fact provides the basis for the next 
extension to the rational numbers. 

The rational numbers 

Typical rational numbers are: 

{ — —• 2 , 0, f, 1, , 203}. A graph of 
the set of rational numbers is given in ' 
Figure 6.4.*-* 

- 2-1012 


-2 1 
3 2 

Figure 6.4 

It is not possible to give definitions 
of the natural numbers or the integers 
suitable for the elementary - level A 
rational number may be defined as the 
quotient of two integers with the divi- 
sor not equal to 0. In everyday language 

*®It is not possible to liibul the points on the 
graph to make clear which numbers do and which 
do not belong to the graph. 


rational numbers arc referred to as 
fractions. 

The set designation given for both 
the natural numbers and the integers 
makes clear which numbers are and 
which are not members of each set. It 
is not possible to do this in the same 
manner with the rationals. In listing 
some typical rational numbers, as above, 
the listing of ^ does not make it clear 
that is also a member of the set. 

The graph of the set of rational num- 
bers is deceptive. It appears to l>e a 
complete line because rational num- 
bers are so “close'* together (dense) that 
the physical points representing these 
numbers merge together to make an 
apparently continuous line. The graph 
of the rational numbers is actually full 
of “holes.” One “hole” is at the V2 . 
The proof that the V2 is not rational 
is now found in many secondary text- 
books as well as in those designed for 
elementary school teachers. *** 

Table 6.4 indicates that the rationals 
form a number field. Every rational 
number except 0 has an inverse for 
multiplication. Therefore the rational 
numbers are closed with respect to divi- 
sion except for division by 0. 

The graph in Figure 6.5 indicates 
some pairs of inverses for multiplica- 
tion. 

**Svv F. E. CfFOSsiiickle, J. Heckzeh, and H. 
Bernhardt, Discoverinfi Structure in Algebra 
(New York: Holt, Rinehart and Winston, Inc., 
1962) p. 478. 
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TABLE 6.5 

Properties of the Real Numbers 


Operation Closure Associative Identity Inverse Commutative Distributive 


Addition 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes (multiplication 
over addition) 

Multiplication 

Yes 

Yes 

Yes 

Yes 

Yes 



“3 


1 I 11 

”3 -2 - 1 “ 2|0 32 1 2 3 



Figure 6.5 

The rational numbers are closed with 
respect to all lour binary operations ex- 
ce])t lur dn ision by 0. This must be true* 
For any set of numbers meetinj^ the con- 
ditions of a number field. 

The rational numbers are adequate 
to meet almost all everyday needs of 
individuals and business in today’s 
complex socieU , but the set does not 
suffice for many scientific and technical 
needs. Since the V2 is not rational, it 
is not possible to find a rational num!,- r 
to describe the length of the hypotenuse 
of a right triangle whose other two sides 
are of length (measure) I, as shown in 
Figure 6.6. This lact leads to the next 
extension, the real numben'. 



1 

Figure 6.6 


The real numbers 

The real jiiimbers include all the 
rational numbers (juid therefore all of 


the integers and natural numbers). A 
real number that is not rational, as the 
V2 , is an irrational number. The real 
numbers are obtained when the set 
operation of union is applied to the set 
of rational numbers and the set of irra- 
tional numbers. The real numbers may 
be partitioned into the set of rational 
numbers and the set of irrational num- 
bers. The rationals and the irrationals 
are disjoint. Typical real numbers are 

{-3, - VI, -io, 1, VI, 7, ’-f}. A 

graph of the set of real numbers is given 
in Figure 6.7. 

— >/3 1 0 1 V2 

Figure 6.7 

As Table 6.5 indicates, the real num- 
btrs also form a number field. There- 
fore t* reals are c losed with respect to 
additio i, subtraction, multiplication, 
and division (except for division by 0). 
The operation of sejuare root is always 
possible for all positive reals while it is 
not always possible for the rationals. 
The V— 2 is not a real number, how- 
ever, .M) some operations are still not 
possible in the reals. 

While the set of real numbers is ade- 
quate* for n. )st technical and industrial 
uf'cds today, it is not for some scientific 
purposes. 

'•'This j;raph is without “holes.” Every point 
corresponds to one real number and every real 
iiuinber corresponds to exactly out* point. 
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The complex numbers 

Typical complex immhers arc: 

{-13, V^, 2 + V^l, 0, VT, -5 
+ V — 13 }. A jtraph of the set of etmi- 
plex numbers is given in Figure b.S. 

Complex numbers are of the form 
a + bi where i = V — 1 and a and h 
are real numbers. The graph of the eom- 
plex numbers eovers tht* entire plane. 
The eomplex numbers inelude the real 
numbers (and therefore the rationals, 
integers, and naturals). 



As Table 6.6 indieati^s, the eomplex 
numbers also form a number field. It is 
possible to find the scpiare root of any 
eomplex number, but inequalities no 
longer always make sense in this sys-' 
tern. It is not possible to decide in a 
consistent manner whether 3 — 2/ is 
more or less than 2 + 3/. 

The complex numbers form the most 
complete system that mankind has been 
able to devise. Mathematicians have 
proved that any further extension of it 
will no longer be a number field. On 


the other hand, t*fforts to extend it have 
led to interesting mathematical dis- 
coveries. 

Set diagrams 

The set of natural numbers is a sub- 
set of the set of whole numbers, and 
the set of whole* numbers is a subset of 
the set of integers. The set of integers 
is a subset of the set of real numbers, 
and the set of real numbers is a subset 
of the set of c omplex numbers. These 
facts can be effectively illnstratt*d in set 
diagrams, frequently called Venn or 
Filler diagrams. 

The s(*t diagram in Figure 6.9(A) 
makes it clear that the* natural numbers 
form a subset of the whole numbers, 
and so on. It is not clear in the diagram 
that rational and irrational niimbcns arc* 
disjoint. It should be noted that the ir- 
rationals are rc'al numbers that are not 
rational and so are in the circle repre*- 
sc*nting reals and outside the circle rep- 
resenting rationals. 

It is clear in Figure 6.9(B) that the 
rationals and irrationals arc* disjoint, 
but shading in the* space* betwc.*c*n the* 
circles reprc*senting rationals and ir- 
rationals is necessary to indicate* that 
no numbers exist that are real but ru*i- 
tiier rational nor irrational. 

GENETIC DEVELOPMENT OF THE 
NUMBER SYSTEM 

The genetic development of the num- 
ber sy stem is diflc*rc*nt from the logical 
devc*lopment bc*cause the former is 


TABLE 6.6 

Properties of Complex Numbers 


0})er(iti(>u 

Closure 

Associutiie 

Iflentitij 

Inverse 

Commutative 

Distributive 

Addition 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes (multiplication 







over addition) 

Multiplication 

Yes 

Yes 

Yes 

Yes 

Yes 
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guided by the everyday needs of society. 

History indicates that developing 
civilizations have a need for fractions 
(rational numbers) long before they 
need negative numbers. The Greeks 
used both rationals and irrationals (posi- 
tive) without using 0. Negative numbers 
were not accepted by all mathemati- 
cians as recently as 1800.’“ 

The genetic approach may be differ- 
ent among different civilizations. The 
tendency seems first to extend the natu- 
ral numbers to obtain the positive ra- 
tionals (fractions) and then the positive 
reals. When the number 0 is annexed 
*'to the system, then these sets become 
nonnegative. The number 0 is neither 
positive nor negative. The annexation 
of 0 to the system is essential if a place 
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system of numeration is to be used. 
Zero was used by Hindu mathemati- 
cians about 600 years after the birth of 
Christ, making possible the formation 
of the numeration system that traveled 
from India through Arabia to Europe in 
the Middle Ages. The extension from 
nonnegative reals to the entire set of 
real numbers occurs in the latter stages 
of a genetic development. The final ex- 
tension to the set of complex numbers 
takes place only when a society be- 
comes sophisticated in its scientific and 
mathematical needs. 

The development of systems of num- 
bers for pupils moving from the kinder- 
garten to the senior high school follows 
the genetic development much more 
than the logical one. The following list 



'**J. L ki*ll>, Intwihictiou to Modern Alfiehru 
(Priiicfton, \.J.'. 1). Viin Ni>sti’.iiul Cloinptiii> , liu*.. 
1960), p. 51, footnote. 


indii'utes ti e approximate grade levels 
at which the various number systems 
predominate, although it must be clear 
that there is much variation from pro- 
gram to program as well as within any 
single program where attention is paid 
to individual differences. 
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TABLE 6.7 

Properties of Number Systems 



Closure 

Addition 

Associati ve I detit it tj 

Inverse 

Cotiimutative 

Natural numbers 

Yes 

Yes 

No 

No 

Yes 

Whole numbers 

Yes 

Yes 

Yes 

No 

Yes 

Integers 

Yes 

Yes 

Yes 

Yes 

Yes 

Rational numbers 

Yes 

Yes 

Yes 

Yes 

Yes 

Real numbers 

Yes 

Yes 

Yes 

Yes 

Yes 

Complex numbers 

Yes 

Yes 

Yes 

Yes 

Yes 


"Distributive properU of multiplieation over addition. 


Kindergarten 

Grades 1. 2, 3 
Grades 4, 5, 6 
Grades 7. 8 
Grades 9 10 
Grades 11,12 


Natural numbers 

Whole numbers 
Nonnegative rationale'' 
Integers and positive reals 
Real numbers 
Complex numbers 


‘'The noiiiie^ative reals include all real iiiiiii- 
bers that are not negative and therefore inelude 
0, which is neither positive nor negative. This set 
is sonietiines called the numbers of arithmetic, 
since it is this set of numbers that traditional 
arithmetic has been coiu-eriied with tor hundreds 
of years. 

'"The complex numbers will be used as the uni- 
verse mostlv in courses designed lor college- 
bound students. 


It must also be recognized that even 
though a given set of numbers may pre- 
dominate at a given stage, much readi- 
ness activity for the next extension may 
be taking place. 

Table 6.7 summarizes the properties 
of the number systems under discus- 
sion. The last three sets in the table* 
form number fields. 

A modern approach to learning arith- 
metic and algebra demands a thorough 
knowledge of number systems and their 
properties. 


1. What are the two basic operations for 
dealing with numbers? 

2. Enumerate the basic properties of s’'s- 
terns of numbers. 

3. Give several applications for the identity 
property for multiplication. 

4. Which subset of the real numbers is 
closed for all four operations (except 
division by 0). 


EXERCISES 

5. What is the intersection of the set of 
natural numbers and the set of whole 
numbers? the set of rational numbers 
and the set of integers? 

6. If W = whole numbers, Ra = rational 
numbers, and Ir = irrationals, name the 
following sets: 

A: Ra U Ir C: Ir fi Ra 
B: R-lr D: W n R 
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Closure 

M ultiplication 

Assoc inti vc Iclen tilij In verse 

Commutative 

Distributive" Field 

Yes 

Yes 

Yes 

No 

Yes 

Yes 

No 

Yes 

Yes 

Yes 

No 

Yes 

Yes 

No 

Yes 

Yes 

Yes 

No 

Yes 

Yes 

No 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes 

•Yes 

Yes 

Yes 

Yes 

Yu> 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes 




7. Which sets of numbers form a number 
field? 

8 Give a precise statement that the sys- 
tem S has the inverse property for addi- 
tion. 

9. What conclusion can be drawn when it 
is known that a number system does 
not have the inverse property for multi- 
plication? 


Bell, C., C. Hammond, and R. Herrera, Fun- 
damentals of Arithmetic for Teachers. 
New York: John Wiley & Sons, Inc., 1962. 
Chapter 2. 

Dwight, L. A., Modern Mathematics for the 
Elementary Teacher. New York: Holt, 
Rinehart and Winston, Inc., 1966. Pages 
189-243. 

Heddens, J. W.. Today’s Mathematics. Chi- 
cago: Science Research Associates. Inc., 
1964. Pages 133-149. 

Hog ben, L., Mathematics in the Making. 
New York:. Doubleday & Company, Inc., 
1960. Chapter 2. 


10. Which set of numbers has all the prop- 
erties for a number field except one? 

11. Which number property is defined In 
terms of two operations? 

12. Which of the following are binary oper- 
ations: 

a. Addition c. Squaring 

b. Square root d. Multiplication 
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MATHEMATICS IN THE 
KINDERGARTEN AND 
PRIMARY GRADES' 


A number of changes are taking place 
at the present time in the mathematics 
curriculum of the kindergarten and pri- 
mary grades. These changes reflect in 
large measure the pressures that are 
being placed on the elementary school 
by the secondary schools and colleges. 
Perhaps the chief reason for ^ these 
changes is the realization that the work 
in the primary grades must prepare 
students for future work in mathematics 
as well as for dealing effectively with 
the quantitative situations that arise 
both in school and outside school. 


The teacher faces the problem of how 
to merge the best of well-established 
practices with the new ideas that are 
being introduced into the mathematics 
program. In the past many of the topics 
now taught in the kindergarten and 
grade 1 were deferred to grades 2 or 3. 
Recent investigations have indicated, 
however, that the child in the beginning 
grades can not only learn new mathe- 

‘The authors arc grateful to Dr. Mary (^rau, 
Superviser of Elementary Education, Montgom- 
ery County, Maryland, for her helpful suggestions 
concerning this chapter. 
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matical ideas but can also apply these 
ideas to increase his understanding of 
mathematics. 

Many of the new ideas are connected 
with mathematical structure, as indi- 
cated in Chapter 6. The idea of sets, 
which is fundamental at all educational 
levels, is first developed in the kinder- 
garten and then expanded at higher 
levels. The properties that deal with 
operations with whole numbers are 
later shown to apply in operations with 
fractional numbers and decimals. (Geo- 
metric ideas of a very elementary kind 
are being introduced in the kindergar- 
ten, and new approaches are explored 
as the child progresses through school. 
A spiral organization of the curriculum 
insures that these ideas recur at fre- 
quent intervals. Tims the pupils come 
to have an understanding of the struc- 
ture (jf mathematics and learn mathe- 
matical procedures of increasing com- 
plexity and difficulty. 

T his r • onsich'rs |Ik‘ following 

topiis: tlu' matlu*in.ilic’s program, k-2; 
sets, liMining to count, H'ad, and vviilc 
mimcrals, [ilacc \alnc, rcadim^ss lor 
tin* basic I'acLs; beginning g(’()miTi\. 

THE MATHEMATICS PROGRAM, K-2 

During the years 1920-1955 many 
schools eliminated arithmetic from the 
curriculum of the kindergarten and 
grades 1 and 2. This policy resulted 
from the false notion that young chil- 
dren could not learn arithmetic. It has 
since been proved that children enter 
school with a considerable background 
of number concepts gained through ex- 
periences in their environment. These 
experiences are derived from pla>', from 
asking questions and listening, and from 
experimenting. Many of the first ideas 
of size and quantity, however, are vague 
and sometimes inaccurate. 


A strong foundation in mathematics 
can and should be laid in the kinder- 
garten. This section presents an outline 
that the authors regard as a tentative, 
workable program for grades K-2 that 
is in line with the most recent changes 
that are being made in the mathematics 
curriculum at the primary level. The 
authors have taken into consideration 
such experimental programs as the 
SMSG, the GCGMP, and the Stanford ex- 
periments, as well as the most recent 
and up-to-date courses of study and text- 
books. While these programs differ in 
some respects, the outline that follows 
is a conservative consensus of these 
practices and represents the view of a 
large number of curriculum-makers and 
classroom teachers what to teach. 

Number experiences^ 

Kindergarten 

*1. Observing and describing sets of 
objects, models, aiul pictures 

®2. Comparing sets of objects (more, 
less, same) 

*3 joining cind removing sets of ob- 
jects 

Ordering sets of objects (larger, 
smaller, same) 

5. Recognizing and comparing geo- 
metric shapes (line, square, triangle, 
circle) 

*6. Associating numbers with sets of 
objects and shapes 

7. Recognizing and reading numer- 
als as such from 1 to 12 

8. CGounting to 29, rote and with ob- 
jects 

9. Familiarity with the clock face, 
calendar, money, liquid measure, ruler. 

^The items preceded by asterisks may hc' re- 
garded as the new mathematics. 
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Grade 1 

*1. Set concept reviewed and ex- 
tended 

2. Reading and writing digits to 10 

3. Niiniher ray —counting, sequence, 
and order 

4. Equalities and inc(iualities 

5. Preaddition and sul)traction ex- 
periences— facts having sums tliroiigh 
12; finding sums and differences 

6. Numerals and place values to 100 

7. Addition of numbers named by 
two-place numerals — no regrouping 

8. Subtraction of corresponding ex- 
amples in (7) 

*9. Commutative pro])crlv ; identity 
element for addition 

10. Problem solving based on pic- 
tures, drawings, and classroom situa- 
tions 

11. Measurement- units used on the 
measuring devices listed under K9 

12. (Teometrie concepts — anal\ /ing 
and comparing figures (see K5). 


Grade 2 

*1. Extending set concepts; number 
ray, equalities, and inequalities 

®2. Using eommiitative and associa- 
tive properties 

3. Addition and subtraction facts 
having sums thnnigh 18 

4. Place value — renaming numbers 
in expanded form 

®5. Equation format for problems 

6. Addition of numbers named by 
two-place numerals — regrouping 

7. Subtraction in the corresponding 
examples in (6) 

*8. Addition and subtraction as* oppo- 
site operations 

9. Premultiplication experiences 

10. Predivision ex])eriences 
*^11. Geometric concepts 

Analyzing and comparing geo- 
metric figures 


*b. Line segments, *rays, angles 
*^c. Congruent shapes and forms 


Informal but planned program 

The learning program for the kinder- 
garten and grade 1 should be informal 
but it shoidd be carefully planned to 
lead children to successively higher 
levels of understanding and abstraction. 
Various levels of development may be 
observed even though learning is a con- 
tinuous process. Five levels of growth 
may be identified as the child learns 
about number and numeration with the 
set of whole numbers. These levels, 
with their characteristic behavioral re- 
sponses, are as follows: 


Level I. Perceives mathematical ideas and 
symbolic forms 

Responses Arranges a set of various-sized 
disks in order 

Shows four fingers for four years 


Level II. Discovers and relates mathematical 
meanings 

Responses Sees a common characteristic in a 
set of objects 

Associates the number property 
■four" with any set of four ele- 
ments and names the number 
property "four" 


' Level III. Translates understandings into 
mathematical models 

Responses. Recognizes, reads, and writes the 
symbol 4 


Level IV. Applies mathematical generaliza- 
tions to problem solving 
Responses; Identifies house number 4 

Counts to determine the size of a 
set 

Numbers pages 


Level V. Creates, constructs, and uses math- 
ematical models 

Responses: Names "four" in several ways, as 
2 -h2,3 -f 1, or 7-3 
Uses numerals to identify places 
and objects 


While the.se levels describe the se- 
quence of learning, the individual 
growth patterns of children vary greatly. 
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Some pupils will need to move in very 
brief steps with many varied repetitions. 
Others will gain an insight into complex 
relationships and will seem to accom- 
plish several learnings simultaneously. 
To meet these differences, the teacher 
must carefully observe the pupils’ 
methods of work and their responses. 
Some of the ways to determine the pu- 
])ils’ number readiness are: 

1. Observing the ways the pupils use 
number in informal situations 

2. Observing their performance and 
interest in number gamers 

3. Recording questions pujwls ask 
-and the comments they make about 

number 

4. Recording number vocabulary 
used by pupils 

5. Making an inventory of behavioral 
responses. 

Basic concepts 

A significant number of mathematical 
concei)ts may b<' identified as a basis 
for building an instructional prograiu 
for beginning pupils. Mathematical 
ideas would include the* concept of 
sets; the^ ideas of more than and less 
than; the concepts of cardinal and ordi- 
nal numbers; the concept of order; th.c 
ide^a of snbst'ts, equivalent s(*ts, and 
empty sets; the idea of joining and re- 
moving sets; numerals and number 
names; counting by ones and twos; the 
nnnibt*r ten; the concept of grouping by 
tens; the meaning of two-digit numerals; 
the concept of place \ alne for numbers 
less than 100; conce pts of inecpialitics; 
the conce]5t of addition; equality and 
equations; geometric concepts of space, 
point, line, and geometric figures. 4 e 
sequence of activities that dt‘vclop con- 
cepts and understandings indicates the 
logical order of their use. The activities 
for one concept should be used as se- 
quentially as possible even though ex- 


periences associated with other con- 
cepts may vary from day to day. The 
teacher must determine which activities 
are appropriate for kindergarten, while 
using many incidental experiences to 
foster growth in mathematical ideas, 
and emphasizing a structural and se- 
(juential approach. 

SETS 

Young children have prenumber ideas 
based on their perception of objects in 
the environment. As has been shown, 
with very young children, contacts with 
objects are physical and manipulative, 
with little regard for their quantitative 
aspects, l.atcr children begin to play 
with objects of various kinds, such as 
blocks and toys, and to separate them 
into groups. Still later they learn to 
identify small groups of objects and to 
name the number in the set. Young 
(‘hildren learn how to recognize groups 
up to 4 without counting them by the 
time they cuter school. The mathemat- 
ics ])rograin should first build on physi- 
cal activity, such as the manipulating 
and grouping of objects. As children 
mature, the class work should deal with 
pictures of object^ and sets of abstract 
geom *ic desigm . A suitable sequence 
of acti\ »ties related to sets in the mathe- 
matics laboratory is as follows: 

1. Observing and describing sets of 
(objects; for example, the child can de- 
scribe a doll, a ball, and a top as a set of 
toys. 

2. Comparing sets of objects. Com- 
parison of sets involves the concepts of 
more, less, and the same, with and with- 
out coiintiu'i. When the child is shown 
three sets of different sizes, he can 
learn to identify the largest, the small- 
est, and the in-between set. No count- 
ing is involved except of an intuitive 
kind. Matching elements is a good way 
of making comparisons of sets. 
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3. Joining and removing sets. The 
young child joins two small sets and 
sees intuitively that the new set is larger 
than either of the given subsets. The 
basic idea here is addition. Likewise 
the pupil can be led to remove some (a 
subset) of a set of objects. The basic 
idea is subtraction. 

4. Ordering sets. The child arranges 
three given sets of 1 to 4 objects in order 
of size, without counting any of the 
groups directly (see Fig. 7.1). 


Toy soldier 



Figure 7.1 


5. Associating numbers with sets of 
objects. To this point the child has not 
been expected to count to tell how 
many. Now he learns to count elements 
one at a time. This is not difficult for a 
majority of children in a typical kinder- 
garten class. It has been found that the 
average child on entering grade 1 can 
count up to 30 objects.** 

6. Associating a line with the idea of 
a set of points. A point has location but 
no dimensions. A line or a line s^^gment 
is an infinite set of points. 

7. Learning how to show a pattern 
of a set (dominoes). 

®P. Suppes and B. McKnif^ht, “Sets and Num- 
bers in Grade One, 1959-1960,“ Thf! Arithmetic 
Teacher, October 1961, 8:281-286. 


Many classroom objects can be used 
to give pupils experience in counting 
or grouping sets, for example: 


blocks 

erasers 

books 

marbles 

buttons 

milk bottle tops 

chairs 

pebbles 

children 

pencils 

clothespins 

seeds 

crayons 

small geometric patterns 

desks 

soda straws 

disks 

toys (animal) ’ 

A flannel board can be used to good 


advantage in working with sets. 

Knowledge of mathematical 
concepts of preschoolers 

The following references are valuable 
in determining the extent to which pre- 
school and kindergarten children have 
knowledge of mathematical concepts. 
Some striking information is reported 
in these studies. Young children have 
been found to know much more about 
mathematics than is usually believed to 
be true. 

V. Beard, “Mathematics in Kindergar- 
ten,” Thfi Arithmetic Teacher, Janu- 
ary 1962, 9:22-25. 

C. E. Bjornerud, “Arithmetic Concepts 
Possessed by Pre-school Children,” 
The Arithmetic Teacher, November 
1960, 7:347-350. 

A. Brace and Doyal L. Nelson, “The 
Pre-School Child's Concept of Num- 
bers,” The Arithmetic Teacher, Feb- 
ruary 1965, 12:126-133. 

O. Davis, Jr., B. Cooper, and C. Krigles, 
“The Growth of Pre-School Chil- 
dren’s Familiarity with Measure- 
ment,” The Arithmetic Teacher, Oc- 
tober 1959, 4:186-188. 

^Elda Merton and Lola May, Mathematics 
Background for the Primary Teacher (Wilmette, 
III.: John Colburn and A.s.soeiates. 1966). 
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W. H. Dutton, “Growth in Number 
Readiness in Kindergarten Children,” 
The Arithmetic Teacher, May 1963, 
10:251-255. 

F. E. Grossnickle and L. J. Brueckner, 
Discoveritifi Meanings in Elementary 
School Mathematics. New York: Holt, 
Rinehart and Winston, Inc., 1963, 
Chapter 5. 

Sister Josephina, “A Study of Spatij! 
Abilities of Pre-School Children,” 
The Arithmetic Teacher, December 
1964, 11:557-560. 

C. S. Kotson, “The Oral Arithmetic Vo- 
cabulary of Kindergarten Children,” 
The Arithmetic Teacher, February 
1963, 10:81-83. 

Angela Priore, “Achievement by Chil- 
dren Entering the First Grade,” The 
Arithmetic Teacher, March 1957, 
4:55-60 

A. H. Williams, “Mathematical Con- 
cepts, Skills, and Abilities of Kinder- 
garten Entrants,” The Arithmetic 
Teacher, April 1965, 12:261-268. 

The development of number concepts 
in the kindergarten begins with the 
idea of sets. The concept of sets is fa- 
miliar to most pupils at this age level as 
they play with sets of blocks, chiM/.-»e 
sets of pictures, arrange their toys into 
sets, and form other sets in a similar 
manner. Many experiences must be 
provided, however, in order to clarify 
number ideas. One of the most impor- 
tant is matching sets. 

Matching sets 

The pupil may show the one-to-one 
correspondence of the members of ^wo 
sets, as illustrated, in P’igure 7.2, oi ne 
may reproduce a number of markers 
equal to the number of elements in a 
given set. Often the pupil must match 
the members of a set by one-to-one cor- 
respondence by slating, “One for you. 


one for me,” by matching objects, as in 
placing a straw for each carton of milk 
and then answering the question, “Do 
you have enough straws or too many?” 
Through these one-to-one matching ac- 
tivities pupils discover the idea that 
the number of elements in two match- 
ing sets is the same (see Chap. 4). 




© 


Figure 7.2 

When counters of different-sized sets 
are chstributed to each pupil the match- 
ing f ne readiK leads to more or less 
and g. cater than and less than. Pupils 
recognize that sets differ in size. When 
a pupil states that one set has more ob- 
jects than another, he is recognizing that 
the cardinal number of one set is greater 
than the cardinal number of another set. 
The comparison terms introduced in 
these early experiences refer to rela- 
tions. Pupils are not expected to master 
the termii ology; the most important 
aspect is a clear understanding of the 
ideas and concepts. Sets of counters of 
various types, flannel board cutouts, 
and magnetic cutouts are excellent ma- 
terials to provide experiences in match- 
ing sets. Each child should have his 
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own set of counters with which to ex- 
plore ideas. Children should be given 
the opportunity to demonstrate sets that 
contain more or less than the sets the 
teacher describes or demonstrates; for 
example: 

Make a set that is more. 

Make a set that is less. 

Make a set that is 1 more; 1 less. 

Many games provide an opportunity for 
working with sets. A collection of toys 
may be placed on the floor. Send one 
child away. Remove some toys. When 
the child comes back say, “To\'s, toys 
on the floor, are there less, arc there 
more?” The first-stage answer is “more” 
or “less”; later the child tells how many 
toys were taken away and how many 
arc left. The number of toys in the set 
would vary from time to time. 


Number of a set 

After the pupil uses one-to-one cor- 
respondence to match sets, he should 
advance to the next step in exploring 
sets. He should discover that sets A, B, 
and C all have something in common: 

A: {hat, coat. shoe, dress} 

B: {book, candle, desk, basket} 

C {John. Mary. Ruth, Bill} 

The sets can be matched with each 
other, as sets A and B, A and C, and B 
and C. These sets are equivalent (not 
equal) and they can be matched with 
other sets that contain the same num 
ber of elements. Every corresponding 
set, such as the set of wheels on a car, 
the set of legs on animals, and the set of 
sides of a square, has the same property 
of fourness. Therefore we designate 
this property as the number 4. 


Just as there are sets that have the 
property of fourness, there are sets that 
have a common property of fiveness, 
threeness, or any other number. In or- 
der to express this property, we need 
names and symbols. The name for the 
characteristic of fourness is four and 
the symbol is 4. (See p. 100 for activities 
that help the pupil understand the 
meaning of four.) 


Order 

A teacher may have a set of name 
cards for each pu])il of the class. These 
cards may be arranged at random on 
the teacheris desk. If the teacher plans 
to refer to these cards, they should be 
arranged in some orderly sequence. The 
cards may be given a number or they 
may be arranged alphabetically. The 
teacher should have some distinguish- 
ing way of identifying the position 
of the cards in the set for future refer- 
ence. 

. In the same way that a set ol name 
cards is arranged in sequence, numbers 
are arranged in order— each succeeding 
' whole number increases by 1. Tims any 
set in one-to-one correspondence* witli 
a set containing a single tally stroke 
has the number 1, the first natural 
number. Similarly, any set in one-to-oiu* 
correspondence with a set having a i)air 
of tally marks has the number 2, the 
.second natural number. In the same 
way each succeeding number designates 
a set that has one more element than the 
previous set. The pairing for the first 
five numbers is shown at the right. Such 
matching is of value to show 
the symbols and sequence 
for the first 10 numbers. * ^ 

These symbols or numerals m 2 

are basic in our decimal sys- mi 4 
tern of numeration. ftW 5 
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LEARNING TO COUNT, READ, 

AND WRITE NUMERALS 

What counting means 

When a pupil is able to match sets, 
identify a number name, and give the 
order of numbers, he has the back- 
ground for counting. He may identify 
the number of elements in a small scl 
without counting, as in recognizing a 
set of 4 or 5. A pupil would need to 
count to identify sets having more than 
4 or 5 elements. 

Counting is a means of describing a 
(piantity. Primitive man had to repre- 
sent the number of sheep in his flock 
by showing a set of pebbles or other ob- 
jects. One pebble or object matched or 
corresponded to each sheep. If hv had 
been abb' to count, he could have slated 
that his Hock contained 16 shee]) or n 
sheep. Instead of pairing a sheep with 
a pebble, he would have paired a sheep 
with a numbei. 'The basic concept con- 
veyed b>’ counting consists in pairing 
or matching an object with a number. 

We can Knd the number of squares 
in the s(*t by pairing a number with 
each s(piare: 


1 2 3 4 5 6 7 8 

The counting numbers are ordered, 
and therefore we begin with 1 and con- 
tinue' counting in s('(]uence. It is signiK- 
cant to note that the number name of 
the last element of a set is the name ol 
the number in that set. The order in 
which the elements are counted d s 
not affect the number in the set. Re- 
gardless of the sequence of counting 
objects, the name of the last number 
counted will always designate the num- 
ber of the set. 


Classroom activities involving 
counting 

Many classroom activities afford op- 
portunities for counting. These activi- 
ties should be directed at helping the 
pupil develop the essential understand- 
ings for rational counting, such as match- 
ing names in a one-to-one correspond- 
ence with objects counted and learning 
the order of number names. 

Number games and singing games 
aid pupils in memorizing number names 
in order or secpience. Examples of such 
games are “One little, two little, three 
little Indians” and “One, two, buckle 
my shoe.” The teacher should under- 
stand that games of this type help the 
pupil to remember number names and 
order and not what the numbers mean. 
(Counting to find how many involves 
knowing the order of the number names 
and matching the names in a one-to-one 
correspondence with the object counted, 
as in counting the number of beads on a 
string: “One, two, three. 1 have three 
beads on my string.” Only sets of 1 to 
10 are used at this stage of learning. 

Picture line 

A if (lire line aitls pupils in learning 
to cou 1 and in understanding cardinal 
and ordinal concepts. A picture line 
consists of a set of ])ictures, each about 
0 by 12 inches in size, which can be ar- 
ranged in a line on the floor. Rules are 
established for working with the pic- 
ture h.ic. Pupils are familiar with a 
starting point when pla\ing games on 
the playground. A starting point is es- 
tablished for the picture line, which 
may be indicated with a piece of paper 
or any suitable device. Activities with 
the picture line are related to the start- 
ing point (see Fig. 7.3). Activities that 
provide counting experience include 
following directions such as: 
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Figure 7.3 


Take three steps on the picture line. 
Where are you? 

Take four steps. Where are you? 

How many steps must >'ou take to 
reach the house? 

Ordinal and cardinal numbers 

Numbers are used in two ways, desig- 
nated by the terms “ordinal*’ and “car- 
dinal.” A number has a position or or- 
der in the number scale and also a fre- 
quency. The term “ordinal” refers to 
the position or order of a number in re- 
lation to other numbers. Thus 4 is the 
fourth number in the number series. It 
comes after 3 and before 5. When time 
is expressed as 4 o’clock, the 4 repre- 
sents a usage of ordinal number. The 
question, Which one? calls for the use 
of an ordinal number. The cardinal 
value of a number represents the num- 
ber of a set, as 4 names a set of 4 objects. 
A cardinal number answers the ques- 
tion, “How many ? If an object is fourth 
in line, the set must contain at least 4 
elements and there must be 3 elements 
ahead of the fourth. The 3 is a cardinal 
number. The cardinal value of the 
empty set is 0. The empty set is the only 
set that has no members, and the num- 
ber naming the set is O'and should be 
so designated. 

A picture line offers an effective 
means of showing the cardinal and or- 
dinal values of a number. These values 


are developed by having the pupil dra- 
matize or show the answers to such 
questions as the following: 

Which is the first picture? 

Which is the last picture? 

Walk to the second picture. 

Walk to the last picture. 

Take eight steps forward and three 
steps back. Where are you? 

Take three steps two times. Where 
are you? How many steps did you take 
altogether? 

John, take two steps. Fred, take three 
steps. W'ho is farther from the starting 
point? by how many steps? 

Activities of the type described help 
the pupil to become familiar with the 
• following: 

1. Both cardinal and ordinal value of 
a number 

2. Counting 

3. A reference point on a line 

4. Movement (direction) on a line. 

Names and symbols for numbers 

If children have had a rich back- 
ground of experiences in working with 
sets of physical objects and can name 
the number of a set, they will have little 
difficulty with the symbols (numerals) 
that name the numbers. Many children 
Can recognize a numeral without under- 
standing the number concept that it 
names. The introduction of the numer- 
als, I to 10, should be closely associated 
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with sets of counters. A set of 10 digits 
in flannel or magnetized cutouts may 
be arranged on a flannel board or chalk- 
board (see Fig. 7.4). As a child demon- 
strates a set and names the number 
associated with it, have him find the 
numeral that names his set. 



12 3 4 

Figure 7.4 


Each pupil should demonstrate the 
number of a set with markers. The 
teacher should then have the class 
make a representation of that set on an 
8 by 10 inch card. The card should con- 
tain pictures of objects or geometric 
designs to show the cardinal vahu* of 
the number, the number named, and 
the symbol or numeral (see Fig. 7.5). 

The 10 cards designating the digits 
should be included in a chart to be di.>- 
pla\'ed on the bulletin board or arranged 
in sequence in some other prominent 
place in the classroom. 


A second chart should be used to en- 
able the pupil to recognize the number 
in a set without counting each object. 
The pupil should recognize the num- 
ber of a set by the arrangement of the 
objects. Figure 7.6 shows the type of 
chart to use to aid the pupil in identify- 
ing the number in a set. The pattern of 
the arrangement of the symbols shpuld 
enable the pupil to name the number 
of the set without counting by ones. 
Thus the child can learn quickly to 
recognize 4 as 2 twos; 6 as 3 twos or 2 
threes; 8 as 4 twos or 2 fours; 9 as 3 
threes; and 10 as 2 fives. 


One 

1 

Two 

im 

z 

Three 

III 

3 

Four 

A A 

A A 

4 

Five 

5 

Six 

##• 

6 

Seven 

< 4 ^ 

4444 

7 

Eight 

iV}V 

Nine 1 

Ten 1 

JAJjJ 

JJJJJ 


Figure 7.6 


An interesting matching game can be 
used to provide practice in recognizing 
names, groupings, and symbols of the 



Figure 7.5 
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numbers from 1 to 10. The teacher 
should prepare three sets of 4 by 6 inch 
oaktag cards. On one set of 10 cards the 
10 number names should be printed, on 
the second set the 10 number symbols, 
and on the third set pictures represent- 
ing each of the numbers. The children 
should then match the three sets of 
cards to see how well they understand 
the three ways of representing the num- 
bers from 1 to 10. 

The children may also play games in 
which the\’ use the cards to compare 
numbers. For example, two children 
may draw single cards from one of the 
sets. Each child reads his number. Then 
one child says, “My number is 4. John’s 
number is 2. My number is larger than 
John’s.” Later he may be able to say 
how much larger (or smaller). In another 
game three children ma>' play. Each 
draws a single card from one of the three 
packs. One child tells what the number 
is on his card. The child who has the 
largest number is “it” and places the 
other cards in his pile. 

Varied activities reinforce the recog- 
nition, reading, and matching of nu- 
merals with a set. Activities of the type 
that follow are effective in achieving 
this goal: 

1. Reading a numeral and arranging 
a set of counters to match the numerals. 

2. Playing the games of matching 
picture cards with numeral cards, as 
described before. 

3. Drawing sets of objects to match 
the numeral (see Fig. 7.7). 



4. A set of numbered cards may be 
arranged in order on the demonstra- 
tion board. 

0 0 0 0 0 [5:1 0 0 [8] 0 

a. Name the number that comes be- 
fore and after a given number: 

< □ 6 n 

1). Name the number that comes be- 
tween two numbers: 

5 [j 7 

c. Arrange the cards in order: 

0 [ 3 j a - li] 0 H 

5. A review of the walk-on picture 
line provides a good basis for introduc- 
ing the number ray. The teacher may 
draw a ray on the chalkboard with points 
equally spaced and marked. The chil- 
dren decide upon a starting point and 
relate it to the starting point on the pic- 
ture line. The starting point is named 
zero (0) because we have taken no steps 
on the line. The numerals are then 
matched with the points on the line. 
Emphasis must be placed on the idea 
that we are counting the steps from 
zero. 

6. A wide variety of exercises may be 
used with the number ray. 

0123456789 

a. Decide which direction to move 
on the number ray when counting for- 
ward or backward. 

b. Name a number that conies be- 
fore or after a given number. 

c. The numerals on the number 
ray may be matched with pictures of 
s*ets (see Fig. 7.8). 

7. Children have experience in count- 
ing by following the numbered dots to 
draw a picture (see Fig. 7.9). 


Figure 7.7 
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Figure 7.8 


7 * *5 8 * #6 

Sm *4 1 * #5 *4 

9 « *2 *3 2 * *3 

• 1 

Figure 7.9 

After cliildrcMi have gaiijcd facility 
in reading tlic numerals, writing the 
mnnerals should be included in hand- 
writing lessons. At this stage only the 
numerals 0 to 9 are presented. 

Learning to write the number 
symbols 

Since almost all schools now te -h 
manuscript rather than cursive writing 
in grades 1 and 2, this method should 
be used at the start in writing number 
symbols. The child is not ready for the 
finer muscular movement that is re- 


quired in cursive writing. Learning to 
write numerals requires careful teach- 
ing and guidance, and much practice. 
The teacher should prepare large cards 
on which the number symbols to be 
written are placed before the children 
as models. The characteristics of each 
number symbol should be discussed 
when it is presented. The children 
should note where to start and stop their 
writing and the general size and shape 
of the different parts of the more diffi- 
cult digits, especially 2, 3, 4, 5, and 8. 
The children can trace these models to 
get the feeling of the digits presented. 
The teacher should also prepare a spe- 
cial set of numerals -j-inch wide made 
of emery paper for children who have 
difficulty in getting a correct mental 
image. The children can trace these 
numerals with their forefingers. This 
kinesthetic experience is veiv helpful 
in such cases. 

An adaptation of the Fretsaw figures 
is also an effective means of teaching 
the slow-learning pupil to form the dif- 
ferent digits. The Fretsaw figures, 
which are made of bakelite, fit into a 
frame or mold. Each figure may be re- 
moved from the matrix and the pupil 
may n jce the outline of the digit with 
his fii *r. In this way both the kines- 
thetic and visual senses are used to 
Icai .i the format of a given digit. 

The authors have had main of their 
students who are preparing to teach in 
the kindergarten or primary grades 
make I’daptations of the F’rctsaw figure's 
by cutting the digits 1-10 from i-inch 
or j-inch boards. These models, about 
6 inches high, are suspended from 
hooks along a 1-inch-square beam, as in 
Figure 7.10. Each model corresponds 
to a number. The teacher should re- 
move the models that identify the digits 
as soon as the pupils have learned the 
sequence of the first 10 numbers. Pupils 
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who are slow in learning how to write 
the numerals are usually helped by 
using manipulative materials of this 
kind. 


Cl] 

,2 

3 

4 

5 

6 

7 


9 

10 



Figure 7.10 

Tracing numerals 

The children should first trace several 
dotted numerals on a sheet of paper 
with their fingers, then with their pen- 
cils, following the directions stated by 
the teacher. The numerals should ap- 
pear on the paper with an “x’’ showing 
where to begin each stroke, and arrows 
should show the direction in which the 
pencil is to move (see Fig. 7.11). 

Several children may be called on to 
write a numeral on the chalkboard. 
They should write the numeral several 
times, first aided then unaided by bro- 
ken lines. Only one new numeral should 
be presented at a time. After sufficient 
practice in writing the new numeral, 
the child should write all of the numer- 
als he has learned. The teacher should 
help any child who appears to be having 
difficulty by guiding his forefinger as he 
traces over the kinesthetic emery nu- 
meral. 

Difficulties in writing numerais 

The teacher should bear in mind that 
children may not distinguish the differ- 
ent number patterns and may not even 


see them correctly. For example, if a 
child cannot distinguish between 3 and 
5 or 6 and 9, he is certain to have in- 
correct mental images that confuse him 
when he tries to read or write these 
number symbols. When the teacher 
suspects there is confusion, the child 
should be asked to point to or write 
the numerals that the teacher names. 
Prompt attention will clarify the pupil’s 
understanding of the meaning of num- 
bers and correct the errors he makes in 
writing the numerals. 

Certain number symbols seem to 
give special difficulty. Children some- 
times write a 5 as a capital S and an 8 
as two circles that are not connected. 
Sometimes children start the 7 and the 
9 on the base line and use an upward 
movement. Sometimes they start the 
numerals at the wrong point or construct 
them backwards. Children often write 
certain numerals in reverse form. Thus 
3 is often written like a capital E. The 
numerals 2, 5, 6, and 7 are also often 
reversed. This tendency is similar to 
reversals in reading. The treatment of 
such difficulty consists largely in mak- 
ing certain that the child acquires a 
^ correct sense perception by careful 
analysis of the numeral and guided 
tracing of the numeral made with emery 
paper. In severe cases the child may 
even be shown how to make only part 
of a numeral at a time and practice it, 
such as , 3 , ? , and and then 

to write the whole numeral. 

The steps in learning to read and 
write numerals are summarized in Fig- 
ure 7.12. 




♦17 ) 
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Figure 7.11 
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Counting concrete objects 

■ ■ I 

Figure 7.12 

Counting to 20 and writing the 
numerals 

The children are now ready lor con- 
trolled counting to 20 and for writing 
the numerals. First the teacher should 
provide 20 markers to be counted and 
if possible a fact finder frame with 20 
buttons. The children should then count 
the markers by ones to 20 with the 
teacher to be sure that the correct words 
are used in the right sequence. Several 
childreii mav then b^' asked to count the 
objects. As much counting as is neces- 
sary both individually and in unison 
should be done until the children can 
say the nurnbcis in correct seciucnce 
without reference to the object. 

To guide the work in the writing of 
the numerals from 1 1 to 20, the teacher 
should use the models printed in a pu- 
pil’s workbook or prepare a strip show- 
ing the numbers which can be i)laccd 
on the chalkboard for relerence. Pat- 
terns ma\ also be prepared b> the 
teacher for the children to trace w'hen 
there is difficulty in writing. 

The teacher should note that the num- 
ber names for part of the teens do not 
follow the regidar pattern for naming 
numbers. Thus the names eleven and 
twelve have no identifying relationship 
with the other number names in ^he 
teens. If the regular pattern for numoer 
names were followed, the name tor 11 
would be “one-teen” and for 12 “two- 
teen.'* The regular pattern for number 


names in the teens is not followed until 
16. In the teens the names of the units' 
digit precedes the name that identifies 
the decade, as in six teen. In all of the 
higher decades, the name designating 
the decade precedes the name of the 
digit in units' place, as twenty-four for 
the numeral 24. 

With the help of the teacher the chil- 
dren can construct a number table such 
as that of Table 7.1. The children will 
discover the orderliness in the sequen- 
tial arrangement of the numbers. This 
arrangement is a characteristic of our 
system of numeration. 

The number table can be used in 
many ways to give practice in counting 
and in comparing numbers. Another 
form of a hiindredboard is illustrated 
in Figure 7.13. Each printed numeral 
is covered with a cardboard disk. I’he 
pupil does not see the numerals as he 
counts. When he finds a given number 
by counting the blank disks on the chart, 
he should remove the last disk counted 
and check with the printed numeral 
given beneath it. In this way he can 
v(‘rify his counting. 







104 


TEACHING ELEMENTARY SCHOOL MATHEMATICS 


TABLE 7.1 
A Number Table 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 

81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

96 

97 

98 

99 

100 


If the pupil discovers the pattern of 
the sequence of numbers to 100, he 
should find it easy to count beyond that 
number. He should also be able to ap- 
preciate the poem by Eleanor Farjeon: 

\umhers’^ 

There are hundreds of N'uinhers. They 
mount up so high, 

That if you could count every star in the 
sky 

From the Tail of the Bear to the Water- 
man’s hat, 

There still would he even mort* Num- 
bers than that! 

rhcre are thousands of Numhcrs. So 
many there he. 

That if you could count every drop in 
the sea 

From the Mexican Ciulf to the Lincoln- 
shire Flat, 

There still would l)e even more Numbers 
than that! 

There an* millions of Numhers. So many 
to spare, 

That if you could count every insect in 
tlie air. 


’“Numbers,’* from Poems for Children by 
Eieuiiur Farjeon. Copyright, 1938, hy Eleanor 
F'arjeon Published hy J. H. Lippirieott (Company. 
Reprinted hy permission of Harold Oher Associ- 
ates, Inc. Copyright 1938 by Eleanor Farjeon, 
copyright renewed. 


The moth, the mosquito, the bee and the 
gnat. 

There still would be even more Numbers 
than that! 

There’s no end to Numbers. But don’t 
be afraid! 

There only are ten out of which they are 
made, 

Learn from Nought up to Nine, and the 
rest will come pat, 

For the number of Numbers all come 
out of that! 


PLACE VALUE 
The abacus 

When the child can count by ones to 
20 and read and write the numerals, he 
is familiar with the sequence of the 
numbers. Not only must he know the 
sequence of the numbers, however, he 
must also know what each digit in a 
two-or-more-digit numeral represents. 
An abacus is an effective instructional 
aid for teaching place value in a nu- 
meral . 

An abacus for teaching place value 
with two-place numerals should con- 
tain two rods with 10 beads on t^ach 
rod. Nine beads on the rod in ones’ 
'place should be the same color. The 
tenth bead should be the color of the 
first nine beads on the rod in tens* place. 
If the first 9 beads on the rod in ones’ 
place are white and the tenth bead is 
red, the first 9 beads on the rod to the 
left should be red with the tenth bead 
a different color. A color scheme of this 
kind is effective for showing that 10 
ones have the same value as 1 ten. The 
tenth bead on a rod has a different color 
from the other beads on that rod. When 
that bead is represented on a rod, the 
place that rod holds is overloaded. If 
the ones* place is overloaded, the 10 
beads are removed from the rod and 1 
bead is shown on the tens’ rod. Since 
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the color of the tenth bead on the ones* 
rod is the same as the color of the first 
9 beads in tens’ place, the color pattern 
suggests that 10 ones should be re- 
grouped as 1 ten. 

The pupil would show 1 bead on the 
rod in tens’ place to enable him to repre- 
sent the other numbers in the teens. He 
would indicate 1 bead on the rod in 
tens’ place to represent 10 and 4 beads 
on the rod in ones* place to represent 
14, as shown in Figure 7.14. For each 
succeeding number he would indicate a 
bead in ones’ place and continue that 
pattern until all 10 beads are shown on 
the rod in ones’ place. This place would 
be overloaded, so he would regroup as 
before and show two beads on the rod in 
tens* place. He would follow that pat- 
tern to represent any two-place numeral. 
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Figure 7.14 


Place-value charts and other 
teaching aids 

A place-value chart is an effective in- 
structional aid for showing the meaning 
of a two-place nunu*ral as well as for 
demonstrating regrouping in the oper- 
ations of addition and subtraction. 


To show the meaning of the number 
10, the teacher should use tickets to 
show that the 1 means 1 group of ten. 
Then the teacher should tell the class 
that the 1 is written in tens* place to 
show 1 ten and that there are not any 
ones to write in ones* place. The 0 holds 
ones’ place and keeps the 1 in tens* 
place. We therefore call 0 a place holder. 
Figures 7.15-7.18 show how to (each 
the meaning of the number 10. 

First the teacher places 10 tickets 
side by side in the ones’ pocket (Fig. 
7.15, A), then removes the tickets one 
by one from the pocket, fastens them 
with a band to make a single group of 
10 cards, and them places this bundle 
in the tens’ pocket, which is at the left 
of the ones’ pocket (Fig. 7.15, B). There 
are tlien no tickets remaining in the 
ones’ pocket. Similarly, the teacher can 
use tickets to show that 1 1 means 1 
group of ten and 1 one, that 14 means 
I group of ten and 4 ones, and that 20 
means 2 groups of tens and no ones. 
With bundles of tens and single tickets, 
the children can learn to show any num- 
ber from 1 to 99. 


Ones 

Tens 

Ones 
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Figure 7.15 

The concept of 0 as a place holder is 
not an ea. v one for children to grasp. 
They must have man>' experiences with 
numbers in which there are zeros be- 
fore they understand this function of 0. 
Other wa\s of using markers to show 
the meanings of the number 24 are il- 
lustrated on page 106. 
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1. Markers arranged in rows 

★ ★★★★★★★★★“•ten 

★ ★ ★ ★ 4 ones 

2. Bundles of 10 dowel sticks and 
single sticks (see Fig. 7.16) 


Tens Ones 



Figure 7.16 


3. Squares — strips of 10 and single 
squares (see Fig. 7.17) 



4. A hundredboard (see Fig. 7.18). 

Using the number table to make 
discoveries about place value 

The teacher should use the number 
table (see page 104) to help the chil- 
dren discover relations among the num- 
bers. Some of the generalizations the 
children can make are the following: 

1. The digit in ones’ plitcc is the same 
in each column. 

2. The tens’ digit in each line is the 
same, except in the last number in the 
line. 
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Figure 7.18 

3. Each succeeding number in a line 
increases by 1. 

4. Each succeeding number in a col- 
umn increases by 10. 

5. The smallest two-placc number is 
10, and the largest two-placc number 
is 99. 

6. 30 is 3 tens; 40 is 4 tens; 100 is 10 
tens. 

■ 7. 25 is 2 tens and 5 ones; 30 is 3 tens 
and no ones. 

, 8. 29 is 1 less than 30. 

The teacher can use the table to teach 
the children to count by tens, by twos, 
and by fives. 

READINESS FOR THE BASIC FACTS 

Activities leading to readiness 

It is debatable whether the activities 
described in this section should be 
classified as part of the learning experi- 
ences for counting or for readiness for 
the basic facts. It is of little significance 
under which classification the activities 
are placed, however. What is important 
is for the pupil to participate in these 
activities. Some suggested activities 
include the following: 
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1. Discovering number patterns 

a. Arranging objects 

b. Discovering odd and even num- 
bers 

c. Showing patterns with a fixed 
number of objects 

d. Playing games involving number 
patterns 

2. 13escribing a pattern verbally. We 
shall explore each of these activities. 

Discovering number patterns 

Arranging objects Patterns jday an 
important role in mathematics, and 
♦jniany mathematical patterns or models 
are related to the physical environment. 
When a scientist observes a particular 
pattern in the i)hysic‘al world he looks 
for a mathematical pattern with which 
to describe the situation. Patterns in 
mathcmalius lead t'/ the discovery of 
basic ideas. For example, a foundation 
for the understanding of ratio in a later 
grade is developed through arranging 
or matching i)bjects (see Fig. 7.19). 

nnonoo oooo- 

Stringing beads 

P Q) P & P <2) 



Arranging objects or counters in a variety of ways 



© © © 


Cost of candy: matching a bar with coins 

Figure 7.19 

Discovering odd and even numbers 
Pupils can use their counters to form 
sets of twos. From this activity the class 


should discover that some sets have an 
extra or an odd counter left from form- 
ing sets of twos. This activity leads to 
the discovery of odd and even numbers. 
The concepts of order can be discovered 
when the counters are arranged in se- 
quence, in Figure 7.20. 


■liiSi 


Figure 7.20 

The teacher has the class find the 
answers to questions such as the fol- 
lowing: 

Name the even numbers. 

Name the odd numbers. 

Name two odd numbers. Which even 
number(s) com(*s between the two odd 
numbers? 

Name an odd number. W Inch odd 
number com(‘s before? after? 

Name two even numbers. Which odd 
number(s) comes between the two 
even numbers? Counting by twos leads 
readily from working with even num- 
bers. Pointing to sets of two counters 
and naming the even numbers in the 
process, rather than rote recitation, pro- 
vide.. a meaninghd experience. The 
more ole pupils may learn the pattern 
of odd numbers. Basic concepts of mul- 
tipheation and division are developed 
by having the pupils use their sets of 
counters to answer the following ques- 
tions: 

WIk can show four with two even 
numbers? 

Who can show another number with 
sets of tw(- even numbers? 

What numbers can \ou show with 
sets of two? 

Can you show four with two odd 
numbers? 

What other numbers can \'ou show 
with two odd numbers? 
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Showing patterns with a fixed num- 
ber of objects In the activity described 
on page 107, the pii])il discovered a 
pattern for an infinite set. He now 
makes a pattern with a finite set of ob- 
jects, such as a set of 3 counters. Each 
child is given 3 counters or objects to 
show different ways to place them in 
two spaces. He may fold a sheet of paper 
or use two paper plates or two paper 
cups as containers in which to place the 
counters. Figure 7.21 shows the plan 
to follow when using a folded sheet of 
paper. 



Figure 7.21 


How many different ways are thc‘re 
to arrange the objects? 

Can we have the same number of ob- 
jects in each space? 

Can we have twice as many in one 
space as in the other? 

Let us make a record of these ways 
on the counting frame (sec Fig. 7.22). 
(A paper clip or a clothes pin serve as 
a marker.) 



Use four objects to make patterns 
with two sets (see Fig. 7.23). 




Figure 7.23 


Are there any other ways to arrange 
the objects? 

Who put the most objects in the first 
space? 

Who put the next largest number in 
the first space? 

Did anvone have the same number 
of objects in each space? 

Let us make a chart record for the 
bulletin board (see Fig. 7.24). 

. Can we make a different order of pat- 
terns for the chart? 

Which patterns c*an we make in pairs? 
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Figure 7.22 


Figure 7.24 
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( 3) Move the counters (4 ) Move the counters again 

Figure 7.25 


Playing games involving number 
patterns (\)ncepts d' addition may be 
extended through tlie use of cross- 
number puzzles. Idace on the Hoor a 
lar^e piece of chart paptn* that contains 
patterns of cniss-iiuml)er puzzles. Hav^' 
the pupils place counters or objects on 
the squares. The i)u])il tells the arrange- 
ment of the counters and the number 
on each square. Figure 7.25 shows the 
plan to follow for the number 5. Can 
the counters be arranged in a ditferent 
pattern or patterns? What are the re- 
sults? (Several charts should be plared 
side by side so that children can ob- 
serve tlie different patterns for the same 
number, as in Fig. 7.26.) 

The diagrams in Figure 7.27 show 
how readiiu'ss ma\ be developed for 
the subtraction facts involving the nuin- 
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Figure 7.26 


ber 5. Give each child in a group a dif- 
ferent number of counters, such as 1, 
2, 3, or 4. Ask the children to place a 
counter on the first space of the chart. 
Then have tliem tell how man\^ more 
counters arc needed to make 5. Follow 
a similar plan for the first 10 numbers. 
Have the pupils select the c*ounters 
they need from the box to complete 
their pattern (see Fig. 7.28). Ask the 
children to do the following: 

Take one countci from your pattern. 
How li . ly do you have? 

Take the counters from one side. Tell 
how .nany you took and how many >'ou 
have on the other side. 

Describing a pattern verbaliy 

Aftci the class has had main experi- 
ences in discovering and demonstrating 
number patterns, pupils should de- 
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Figure 7.27 
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Figure 7.28 



scribe patterns in verbal statements. 
Exercises of this kind are the founda- 
tion for the basic facts in addition and 
subtraction. Most kindergarten children 
will learn the basic facts in addition for 
the facts having sums less than 10 by 
dealing with the patterns. The work is 
verbal. The symbolic representation of 
the facts comes at a later stage in grade 
1. Chapter 8 describes the plan for in- 
troducing the symbolic form. 

The class may have sets of cards, 
with one set of cards containing the 
same number of pictures as the com- 
bined number of two cards. The pupil 
matches the cards. Figure 7.29 shows 
the plan for the number 5. 'The pupil 
combines a set of 2 pictures and a set of 
3 pictures to form a set of 5 pictures. 


XX 
O A 
O 


Figure 7.29 

The teacher records on the chalk- 
board the numerals that name the sets. 
The pupil reads the statement to show 
that numerals may represent the join- 
ing of sets. The pupil reads tht> repre- 
sentation in the diagram as, “Two and 
three are five.” The symbolization of 
the operation is thus the only part of 
the operation to be learned in order to 
understand addition. 


BEGINNING GEOMETRY 

Kindergarten and first grade 

Young children find it a new and ex- 
citing experience to learn to recognize 
and identify geometric shapes in fa- 
miliar objects. The teacher can help 
children look at the world from the 
point of view of geometry, an experi- 
ence that has significance for their math- 
ematical education in later grades. Ex- 
periences with geometric concepts 
should be informal and intuitive. 

One of the earliest learnings for many 
pupils results from the need to orient 
themselves in space. Many informal 
activities provide opportunity for this 
experience. Plans for arranging the 
room and work centers include the fol- 
lowing activities and discussions: 

My desk faces the chalkboard. 

The teacher’s desk is near the door. 

I can walk around the room. 

We will keep the paper on the top 
shelf. 

We walk through the doorway and 
turn right to go to the cafeteria. 

The library table is in the back of our 
room. Positional terms are introduced 
when pupils describe, without pointing, 
the location of various objects in the 
room. They may play a game in which 
one pupil describes the position of an 
object and the other pupils guess what 
object he has in mind: 

The object is in the front of the room. 

It is above the chalkboard. 
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The object is on the bottom shelf un- 
der the window box. Dramatizing 
stories provides orientation to space 
and locations (points): 

We will play the “Three Bears.’* 
Mark a point on the floor where the 
house will be. 

Mark a point where Goldilocks lives. 
Show the path where Cioldilocks 
walks to the bears* house. Pupils are 
familiar with the term “point.** They 
can see and feel the point of a pin or 
the point of a pencil. In geometry, how- 
ever, a point is described as an exact 
location. We represent points by.draw- 
^ng dots. After pupils have learned to 
read and write numerals, they develop 
great interest in connecting dots that 
follow numerical order to make shapes. 

When geometric shapes are intro- 
duced early in the kindergarten, it is 
important that corrcLi concepts be de- 
veloped from tile beginning. Tradition- 
ally pupils are asked to cut out a circle 
when a circular shape is what is wanted. 
The circular disk is not a circle. Only 
the boundary is the circle. The interior 
enclosed by the true circle and the 
circle is called the region. One excellent 
way to represent circles, scpiares. tri- 
angles, and rectangles is with cutout 
forms or taped forms on the floor. Pu- 
pils enjoy games that involve the fol- 
lowing activities: 

wStepping inside the sejuare 
Walking all the way on the square 
Standing outside the scpiare. 

Many singing games include similar 
experienc‘es with inside, outside, and 
on the figure: 

“Round and Round the Circle** 
“Farmer in the Dell’* 

“In and Out the Circle” 

Models of different-sized geometric 
shapes may be made of wire, strips of 
wood, and the like. Pupils may be asked 


to find the set of squares or the set of 
triangles. Discuss the properties that 
distinguish a triangle from a square: 

A triangle has three sides and three 
corners. 

A square has four sides and four 
corners. 

The comparison of the sizes of geo- 
metric figures is an extension of the 
study of order in geometry: 

Find all the squares. Arrange the 
squares in order of size, with the small- 
est first. 

Arrange the rectangles in order of 
size, with the largest first. 

Find all the squares that are the same 
size; be sure they match exactly. Pupils 
will have many opportunities to see 
that some figures match in both size 
and shape and that some have the same 
shape but are of a different size. Pupils 
are learning to recognize congruent 
figures as a foundation for understand- 
ing congruence at a later time, although 
at this point they do not learn the terms 
“similar” and “congruent.** 

Bulletin board display 

An interesting activity to reinforce 
geometric concepts and relate them to 
the 1 1 ' sical world is to make a bulletin 
board !splay. Children may find pic- 
tures of any object in their environment 
that represents a shape. These pictures 
may be arranged according to an agreed- 
upon plan (see p. 112). 

The concept of shapes may be used 
effectively in constructions in art ac- 
tivities. The teacher may have available 
cutout shapes of colored construction 
paper in v.irious sizes and colors. Pu- 
pils may make original pictures using 
one, two, or more shapes (see p. 98). 

When children have participated in 
a program rich in experiences in recog- 
nizing and identifying geometric shapes. 
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they learn many basic properties of geo- 
metric figures. Some of these basic con- 
cepts are closed and open curves, in- 
terior and exterior of plane figures, 
points, paths, triangles, rectangles, 
squares, circles, points, and shapes. 

Lines and curves 

Lines and curves ina\ be introduced 
through various exercises. The teacher 
ma\' draw two dots on the floor with 
chalk. Directions guide the children to 
discover that many paths may be made 
between two points and that a straight 
path is the shortest. 

Who can walk from one dot to the 
other? 

Can anyone walk in a different path? 

Can anyone walk in another path? 

Let’s draw the paths John and Sue 
made. 

Can anyone walk on another path? 

Are all the paths the same length? 

Which path is the shortest? 

Pieces of string illustrate paths and 
curves. The teacher may give each child 
a piece of string as a model. Children 
are guided to experimefit with patterns 
using the string. 

Show the pattern of a path with your 
string. 


Are any paths alike? 

How does Jerry’s path differ from 
Jane’s? 

Does anyone have a path whose ends 
meet? (a closed curve) 

What kinds of figures can you makt‘ 
when the ends meet? 

Young children have many experi- 
ences with geometric solids. A collec- 
tion of boxes and other containers is a 
useful set for exploring shapes. The 
sensory experience of handling various 
solids enriches the perception of rela- 
tionships between plane figures and 
• solids. Children may count the number 
of faces of a square box and the number 
of corners. They may match a scjuare 
shape (or rt'ctangular shape) with one 
face of a box. They may classify all the 
solids that have a circular shape at one 
side or end. They learn that many sizes 
and shapes are used in constructing 
doll-house furniture. Building blocks 
may be arranged according to shapes. 
Constructions with building blocks may 
be made with triangular- or square- 
shaped blocks or both. Counting ex- 
periences may be provided by asking 
children to count the number of tri- 
angular- or square-shaped blocks in the 
construction. 
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1. Why is a systematic, planned program 
of arithmetic necessary in the primary 
grades? 

2. Be ready to defend or to criticize the 
outline of the contents of the curricu- 
lum for grades K-two presented in this 
chapter. Compare the contents with the 
materials contained in several primary 
arithmetic textbooks or workbooks used 
In local courses of study. 

3. Illustrate the five levels of growth de- 
scribed on page 92. 

4. Why is it important that children be 
taught to recognize groups of 1 to 4 at 
a glance'? How will this help them to 
identify groups of 6 to 10? 

5. What charts do you think are necessary 
to guide the experiences of children in 
learning to read numbers? 
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EXERCISES 


6. Observe the performance of some 
young children who are beginning to 
write numerals and diagnose any diffi- 
culties they have with the formation of 
numerals. If possible, use the kines- 
thetic cards described on page 102 
to help correct the faults of some 
pupil. 

7. Evaluate the use of a picture line for 
teaching counting. 

8. Evaluate the program given in this 
chapter for building readiness for the 
basic facts. 

9. List the geometric concepts you would 
introduce in grade 1. 

10. Discuss the place of the textbook or 
workbook In number work In the kinder- 
garten; in grade 1. 
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PATTERNS FOR TEACHING 
THE BASIC FACTS 
IN ADDITION ■ 

AND SUBTRACTION 


Chapter 3 identified three aspects of 
learning elementary mathematics: the 
acquisition of new knowledge, the 
search for structure and a pattern, and 
the application of the patterrf. ThesKj 
activities apply to learning the basic 
facts in addition and subtraction. Be- 
fore beginning a systematic presenta- 
tion of the basic facts, the teacher must 
be sure that the class has mastered cer- 
tain number concepts that constitute 


the activity listed as the acquisition of 
knowledge. An understanding of these 
concepts may be considered readiness 
for the new learning. Page 106 lists the 
kinds of activities that are designed as 
preparation for learning the basic facts 
in addition and subtraction. This back- 
ground constitutes the mathematical 
readiness for the new work. 

Chapter* 8 d(‘als with the following 
topics, programs for teaching the basic 
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facts; tcacliin^^ (lie Tacts in addition and 
subtraction; subtraction situations; prac- 
ticing the facts. 

PROGRAMS FOR TEACHING 
THE BASIC FACTS 

Definition of a basic fact 

A basic fact in addition or multiplica- 
tion is an equation that shows the sum 
or product of any pair of one-difiit 
numbers.^ The corresponding equations 
form tlic basic facts in subtraction and 
division provided 0 is not used iis a di- 
visor. There are 1 00 basic facts ( 1 0 X 10) 
in each operation except division, 
which contains only 90 basic facts. 

The addition facts 

Table S. 1 gives the sums of the pairs 
of oue-digit numbers. To find the sum 
of a number pair such as (3, 5), locate 
the row headed by 3 in color and the 
column hcade 1 by 5 in color and read 
the numeral (S that is in both the row 
and the column. The sum of 3 and 5 is 
8, henc(‘ the basic fact is 3 +5 = 8. By 
reversing the order in the number pair 
the fact is 5 + 3 = 8. 

From the table it is possible to deiivv. 
the basic facts in subtraction. To find 
the fact 8 — 3 = 5, loc-ate 8 in the row 
headed by 3. The difference between 
these numbers will be named by the 5 
at the head of the column containing 8. 
Similarly, identify the fact 8 — 5 = 3. 

The 100 facts in addition may be 
grouped into sets, as follows: 

Set I: The 45 number pairs having 
sums of 10 or less, excluding set II. 

'Till* more precise phraseology would be givtui 
as ‘*auv pair ol numbers named by one-digit nu- 
merals/’ It is eoriventional to speak of a one-digit 
or a one-plaee number. W(‘ shall use that termi- 
nology 


Set II: The 19 number pairs in which 
0 is a member of a number pair. 

Set III: The 36 number pairs having 
sums greater than 10. 


TABLE 8.1 

Basic Facts in Addition and Subtraction 
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The sums of the number pairs in set I 
are found in the shaded part of the table; 
the sums of the number pairs in set II 
are given in boldface type; and the sums 
of the number pairs in set III are found 
in the clear part of the table. 

Chai^ter 2 indicated that the arithme- 
tic curriculum in kindergarten and 
grade‘ 1 and 2 is in a state of flux. In 
these ades there is no fixed pattern 
to the idanned and sequential arithme- 
tic program. Spitzer has stated that by 
the completion of grade 2 the pupil 
should have mastered the basic facts 
in addition and subtraction.^ He recom- 
mends that introduction of the basic 
facts be delayed until the second half 
of grade 2. The authors, on the other 
hand, suggest that the basic facts be pre- 
sented throughout the first two grades. 
In most schools the average pupil 

“Herbert Spitzer, Instruction in Arithmetic, 
Twent\ -fiftb Yearbook of the National Council of 
Teachers of Mathematics (Washington, D.C.: 
The Council, 1960), Chap. 5. 
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should be expected to have mastered 
the 100 facts in addition and subtraction 
by the end of grade 2. 

TEACHING THE FACTS IN ADDITION 
AND SUBTRACTION 

Two different plans may be followed 
in introducing the basic facts in addition 
and subtraction. The facts may be in- 
troduced separately for each operation 
or simultaneously for the two opera- 
tions. At present most textbooks pre- 
sent the facts in the two operations to- 
gether. We shall follow the latter plan 
in tiiis chapter. 

The method of presenting the facts 
together is effective because it helps 
the pupil to discover the relationship 
between the facts in the two operations. 
Bruner has pointed out that ideas in 
number work that are difficult for a pu- 
pil to grasp are invariance and reversi- 
bility/' Invariance refers to the fact that 
regrouping a number does not change 
its value. Reversibility means that there 
is an inverse or undoing operation for 
a given operation. The pupil should be- 
gin early in his number work to discover 
that the operations of addition and sub- 
traction, as well as those of multipli- 
cation and division, are reversible. 

Order of teaching the facts 

There is no established order for 
teaching the basic facts. It has been tra- 
ditional to teach the set of facts having 
sums of 10 or less before teaching the 
set having sums greater than 10. Any 
order is satisfactory if the pupil is able 
to discover patterns and relationships. 
The facts should never be taught as spe- 
cifics and in isolation from other facts. 
The following principles should deter- 

®|c*rome Bniiier, The Process of Education 
(CambridKe, Mass.: Harvard University Press, 
1963), p. 41. 


mine the order of teaching the facts in 
addition and subtraction: 

1 . The learner should be able to dis- 
cover a pattern among the facts. 

2. The pattern should enable the 
learner to derive new facts. 

3. The learner should be able to 
generalize about the pattern. 

The application of these three prin- 
ciples makes it impossible to teach the 
facts in a random sequence. Rather, 
the facts must be presented in a sequen- 
tial order or selected in such a way that 
some pattern will apply to a given set 
of them. 

There may be different orders for 
teaching the facts that would meet the 
criteria listed. We shall be concerned 
with the sequence consisting of the 
sets of related facts. A set of related 
facts is derived from the number pairs 
that have the same sum. This set is the 
union of the set of number pairs that 
have the same sum in addition and the 
corresponding set of number pairs in 
subtraction. The facts for the set of re- 
lated facts for the fours include the 
following: 

2-h2=-4 4-2-=2 

1 -h3-=4 4-1=3 

3 -hi =4 4-3 = 1 

0 +4 = 4 4-0 = 4 

4+0 = 4 4-4 = 0 

Properties of addition 

The following proi)crtics ai)i)ly to 
addition of whole numbers: 

Commutative property, as a + h 
= fo + 6* 

Associative property, as (a + b) + c 
= ci+(b+c) 

Identity element, as fi + 0 = a 

Closure 

The property of closure makes it pos- 
sible to add any two whole numbers. 
If a and b are any two whole numbers 
and their sum is a whole number, c, as 



PATTERNS FOR TEACHING THE BASIC FACTS IN ADDITION AND SUBTRACTION 


117 


fl + fo = c, then the set that contains a, 
by and c is closed with respect to addi- 
tion. From the standpoint of the pupil 
in beginning number work, closure is a 
property of addition that is of academic 
value. 

Properties of subtraction 

Subtraction is the inverse, or undoing, 
operation. Therefore the properties that 
apply to addition do not apply to sub- 
traction. The order in which two num- 
bers are subtracted affects the differ- 
ence. 'rhe numbers named by the nu- 
merals 5 — 2 and 2—5 are different. 
S^ibtraction, therefore, is not commuta- 
tive. Similarly, the way in which three 
numbers arc grouped affects the answer. 
The numbers named by the numerals 
(9 — 5) — 4 and 9 — (5 — 4) are differ- 
ent. Therefore the associative property 
does not apply to subtiaction. 

Since subtraction is not commutative, 
there is no identity elemcmt for this 
operation. Althouj/fi 0 may be sub- 
tracted from a whole number and the 
answer will be that number, it is not 
possible to subtract a whole number 
greater than 0 from 0 in the set of whole 
numbers. The illustration involving 0 
in subtraction shows that the set of 
whole numbers is not closed with re- 
spect to this operation. It is possible to 
subtract in the set of whole numbers 
only in examples of the type « — h = r 
when a ^ h (read as “equal to or 
greater than'’). 

Classroom materials 

The classroom should be equipped 
with certain materials that may be used 
to represent an operation and its effec 
on a pair of numbers. The representa- 
tion of an operation on a pair of num- 
bers is often known as a model. A model 
for showing the sum of 2 and 3 may be 
a group of 2 disks or counters and 3 


disks or counters to form a group of 5 
disks or counters. 

There is no standard list of items for 
equipping the elementary mathematics 
classroom. It is better to have on hand 
a few materials that are used efficiently 
than many materials that are used in- 
frequently and ineffectively. Among 
desirable classroom materials are a 
flannel hoard and an abacus or a place 
value chart, preferably all three. (See 
Appendix for a description of these 
materials.) 

Many modc^rn classrooms are equip- 
ped with chalkboards on which mag- 
netic disks may be effectively used for 
modeling the basic facts. A magnetic 
disk may be made of wood about j inch 
in thickness and 2 inches in diameter. 
The center of the disk contains a small 
magnet that will adhere to the chalk- 
board or to a flat surface of iron or steel. 
The classroom should contain at least 
lO of these magnetic disks for demon- 
strating the basic facts having sums of 
10 or less. 

The teacher can make magnetic disks 
by attaching a piece of magnetic tape 
to the face of a plastic disk or some other 
type of marker or counter. The tape will 
adhere t an\ surfiicc to which a magnet 
will adh' re. Since the tape is inexpen- 
sive, it is possible to equip a classroom 
with magnetic counters at a low cost. 

Pupil materials 

It is important for the pupil to have 
materials to use at his desk. He uses 
these items to discover number pat- 
terns, to model a particular situation, 
and to show joining and separating of 
sets. From these activities he should 
be able to discover the meaning of addi- 
tion and subtraction. 

Small objects as counters or markers 
are more effective for pupil materials 
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than large ones. It is important for the 
pupil to get the kinesthetic sensation 
by dealing with materials at the intro- 
ductory phase of a given topic. The pu- 
pil uses these materials until he can 
apply a pattern that enables him to find 
the sum or difference when adding or 
subtracting a pair of numbers. 

The resourceful teacher will always 
find objects in the classroom, such as 
pencils, crayons, or books, that may be 
used to model a given situation. At the 
same time, the pupil should have his 
own iViaterials that he may use specifi- 
cally to discover number facts and re- 
lationships. These materials include 
cylindrical disks, fact finders, and rec- 
tangular strips and squares. Each pupil 
should have at least two sets of these 
materials. (See Appendix for a descrip- 
tion of these learning aids.) 

Readiness for the basic facts 

Chapter 7 demonstrated that sets may 
be joined, separated, and compared. 
Addition describes the union or joining 
of two disjoint sets. Subtraction de- 
scribes the separation of a set into two 
subsets or shows the comparison of two 
sets. Sometimes a teacher introduces 
the basic facts in addition or subtraction 
before the pupil is ready for this type 
of work. Lack of readiness results from 
an inadequate background for the work. 
In the absence of this background a 


pupil learns the facts- by rote. Page 106 
lists the kinds of activities that help to 
prepare the pupil for learning the num- 
ber facts in symbolic form. 

The following section explains how 
to introduce one or more sets of related 
facts having sums less than 10 as well 
as those having sums greater than 10. 
The facts for operations addition and 
subtraction will be presented together. 

The set of related facts 
for the threes 

Principle 3 (page 30) states that a 
wide variety of meaningful experiences 
enriches learning. These experiences 
are twofold in nature. First, they in- 
clude the activities that are basic in the 
readiness program: joining sets and 
making verbal statements about the 
groupings. Second, they include the 
activities that are effective for present- 
ing the facts in symbolic form. A sug- 
gested list of activities under the second 
classification follows for introducing 
the set of related facts for the threes. 

1. The pupil joins 1 counter and 2 
counters, forming a group of 3 counters. 
He then interchanges the two groups. 

• He also demonstrates that if no counters 
are joined to 3 counters, there will still 
be 3 counters. Next, he separates 3 
counters into two groups of 1 counter 
and 2 counters. If no counters are re- 
moved, the group contains 3 counters. 
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Figure 8.1 
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2. The teacher demonstrates the ac- 
tivity described in (1) on the flannel 
board or makes a drawing to model the 
grouping (Fig. 8.1). 

3. The pupil identifies the set of re- 
lated tacts on a number ray drawn on 
the chalkboard. In contrast to a number 
line, which extends in opposite direc- 
tions Irom a starting point, a number 
ray has an end point marked zero and 
a set of points extending in one direc- 
tion. Some classrooms have a number 
ray marked off* on the floor so that a 
pupil can step off a number fact in the 
set of related facts having sums of 10 
ou less. 

Figure 8.2 shows the facts for the 
threes. The teacher directs one or more 
l)upils to trace on the ray with their 
fingers the facts represented, 'fhis pro- 
cedure enables the teacher to deter- 
mine wlietiicr the cla:,^ knows how to 
read the ray. The pupil should discover 
that the movement on the ray is to the 
right for addition and to the left for 
subtraction. 


0 1 


2 3 


4 


Figure 8.2 


4. The teaclier writes the following 
number sentences or equations for the 
threes: 


1+2-3 3 - 1 -- 2 

2f1-=3 3-2-1 

0f3-3 3-0 --3 

340 3 3-3--0 

The pupil reads the number sentence 
1 -1-2 = 3 as, “1 plus 2 equals 3” and 
the sentence 3 — 1=2 as, “3 minus 1 


equals 2.” A number sentence has the 
property of order, I’he terms of the num- 
ber system must be considered in se- 
quence. Each numeral or sign is read as 
it appears in the equation. The sign + 
indicates that we are to add. Just as we 
can join two groups, we can add two 
numbers. The sign — indicates that we 
are to subtract. Just as we can separate 
a group from a given group, we can sub- 
tract one number from another. The 
sign = indicates that two numbers are 
equal or that they name the same num- 
ber. 

5. Finally, the teacher has the class 
compare the set of related facts for the 
twos as well as that for the threes. The 
set of facts for the twos contains the 
following: 

1 1 2 2 - 1-1 

0 f 2^2 2 - 0-2 

2 + 0-2 2 -- 2-0 

The pupil tells why the sum of the num- 
ber pair (1,2) is greater than the sum of 
the pair (1, 1). 


The set of related facts for the fours 


In order to discover patterns and re- 
lationships among facts, we shall con- 
sider the next set of related facts, the 
set foi r ' ' fours. The pupils should ex- 
perience he same kinds of activities in 
dealing with the fours as they did with 
the thiees. These include joining and 
separating each of the number pairs 
with markers, representing the facts on 
a number ray, and writing the facts in 
an equation. The pupil should write 
these pairs in tabular form, as shown in 
either (a) or (b). As soon as he discovers 
the pattern fo writing the number pairs 
for a given sum, he does not need mark- 
ers to derive the facts for that sum. 
a. 4 b. 4 


2 2 

1 3 

0 4 


0 4 

1 3 

2 2 
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A number pair that enables a pupil to 
derive the facts in a set of related facts 
is the key number pair. The key pair in 

(a) is the pair of equal numbers (2, 2) 
and in (b), the pair (0, 4). The key num- 
ber pair may be a pair of equal numbers, 
as in (a), a j)air that differs by 1 for a set 
of facts in which the sum is an odd num- 
ber, for example, the pair (2, 3), or a pair 
in which one of the numbers is 0, as in 

(b) . The number pair to be used as a key 
number pair is of minor importance if 
the pupil discovers a pattern for deriv- 
ing the other related facts. Any number 
pair may then be used as a starting point 
for deriving the set of related facts. 
Most pupils find it easy to discover the 
pattern for writing the number pairs in 
tabular form if the first pair involves a 
double, as 3 + 3, or the identity element 
for addition, as 0 + 3. 

Discovering reiationships in a set 
of reiated facts 

The class should compare the sets 
of the threes and fours and discover 
some or all of the following relation- 
ships or facts: 

1. The order of adding two numbers 
does not change the sum. 

2. Adding 1 to a number gives the 
next number. 

3. Adding 1 to one number of a num- 
ber pair and subtracting 1 from the 
other number of the pair does not 
change the sum. This procedure forms 
a new number pair in the set of related 
facts. (Only one-digit numbers are used 
for number pairs.) 

4. One number sentence ctixi be .. 
formed in addition wlien the numbers 
in a pair are the same, and two sen- 
tences can be formed when the num- 
bers are different. 

5. Every equation in addition can be 
written as an equation in subtraction; 


for example, 2 + 1 = 3 in addition and 
3 — 2 = 1 or 3 — 1 = 2 in subtraction. 

6. The sum of 0 and a number is the 
same as that number. 

7. The remainder from subtracting 
0 from a number is that number. 

8. The number of facts in either addi- 
tion or subtraction in a set of related 
facts is one more than the sum of each 
fact. 

9. If the sum in a set of related facts 
is an even number, one number pair in 
each operation will have equal num- 
bers; if the sum is an odd number, each 
number pair will have unequal num- 
bers. 

The number of discoveries the pu- 
pils will make about the facts in a set 
of related fac*ts depends upon the ex- 
perience they have had in dealing with 
numbers. The class should discover 
the following four items pertaining to 
the set of related facts: 

1 The commutative property of ad- 
dition 

2. The identity element of addition 

3. The patterns for deriving new facts 
in a set of related facts when a key fact 
is given. 

• 4. The pattern for writing the corn^- 
sponding fact in subtraction for a fact 
in addition. 

If the pn])il does not make these dis- 
c'overies, tlie teacher should help him 
by asking leading questions pertaining 
to a given item. In order to help him 
discover the commutative property of 
addition, the teacher has the pupil tell 
what happens to the sum when two 
numbers are interchanged. The pupil 
compares the sum with the nonzero 
number when 0 is added to that num- 
ber to discover the identity element 
for addition. 

In order to discover the pattern for 
finding a new fact from a key fact, such 
as 0 + 4, the teacher should have the 
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])upil write the set of related facts, as 
follows: 

0-I-4-4 4 i 0=--4 
1+3-4 3 + 1-4 
2 -f 2=4 


The left-hand column shows that one 
number of a number pair is one more in 
the next fact and that the other number 
of the pair is one less. The right-hand 
column shows the facts made by chang 
ing the order of the numbers of a pair 
of unequal numbers. 

'The fourth item enumerated above 
is concerned with deriving the corre- 
^ spoiiding fact in subtraction from a fact 
in addition. Many pupils find it difficult 
to write the corresponding fact in the 
inverse operation. In order to gain an 
understanding of the relationship be- 
tween the facts in the two operations, 
the pui^il identifies each number in an 
ecpiation, as follows: 


1 } 3 - 4 

/ V \ 

Addend Adden'. Si n 


4-1 -3 

i \ 

Sum Addend Addend 


The ecpiation in subtraction to corre- 
spond to the ecpiation 1 +3 — 4 is 
I + 1 .] = 4. The pupil finds the missing 
addend to make the ccpiation true. His 
thought pattern is, “addend + addend 
= sum, or I + 3 = 4.” The ecpiation 
1 + □ = 4 ma\ be written as 4 — 1 = □. 
Now the thought pattern is, “sum — ad- 
dend = addend, or 4 — 1 = 3.” The 
pupil should be familiar with the fol- 
lowing equations: 


Addend + addend - sum (addition) 
Sum — addend - aeJend (subtraction) 


The pu])il identifies each term of an 
equation involving the basic facts m- 
til he understands the relationship be- 
tween the facts in the two operations. 

The pupil should find the number to 
make a number sentence true. A num- 
ber sentence of the kind that follows is 


an equation. The pupil should solve the 
equation. Eacli equation involves a 
number pair that has a sum of 4 or less. 

2 f 2 = n 3 - N - 2 

L; +3-4 f'.] -2 = 2 

3 + □ - 3 4 - I ; = 3 
1 + I j = 3 2 - L 1 = 2 

As each new set of related facts is intro- 
duced the pupil should solve equations 
involving that set as well as any of the 
sets previously introduced. 

The teacher makes certain that a 
pupil discovers a pattern that applies 
to the facts in a set of related facts. After 
the pupil discovers a pattern, he should 
make verbal statements or generaliza- 
tions about the number facts. The 
teacher needs to remember that a pupil 
discovers a number pattern before he 
describes it verballij. Some pupils are 
able to discover a pattern that applies 
to a set of numbers but may not be able 
to generalize about the pattern. This 
level of achievement is satisfactory, 
since the ability to generalize about a 
number situation Represents a very high 
level of learning. The formation of a 
concise statement that applies to a num- 
ber situation is a challenging activit\ 
for the more able pupil. 

Rei< ^ming numbers 
in a number pair 

A jHipil should discover quickly that 
adding 1 to a number gives the next 
number. He can then use that knowl- 
<‘dge to discover other number facts. 
A mijrc mature mathematical basis for 
finding a new fact than adding 1 to a 
number is renaming a number and ap- 
plying th(‘ associative propert\' of addi- 
tion. If a pupil knows the sum of a num- 
ber pair, such as (3, 3), he can use the 
derived fact 3 + 3 = b to find the sums 
of another number pair such as (3, 4) b\ 
regrouping 4 as 3 + 1. Then 3 + (3 + 1) 
is another numeral for 3+4, and 3 
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+ (3 + 1) is another numeral for (3 + 3) 
+ 1, or 6 + 1. By applying the general- 
ization governing the addition of 1 to 
a number, the sum of 6 + 1 is one more 
than 6, or 7. 

The new learning in this case in- 
volves the application of the associative 
property of addition. This property im- 
plies that the way three numbers are 
grouped does not affect the sum. Fig- 
ure 8.3 shows that changing the group- 
ing of 2 counters, 1 counter, and 3 count- 
ers does not change the total number of 
counters. The pupil must have many 
experiences involving the joining of 
three sets to enable him to discover that 
the way the sets are joined does not 
affect the number in the union of the 
sets. It is assumed that the order of the 
sets is not changed. 

If a pupil knows the sum of a key 
number pair, such as (4, 4), (0, 4), or 
(3, 4), he should be able to do two 
things. First, he should be able to de- 
rive all the related facts in the set con- 
taining the key fact; and second, he 
should be able to find a key fact for the 
next number pair. The application of 
these learnings should enable the pupil 
to discover all the sets of facts in addi- 
tion and the corresponding facts in sub- 
traction. The last set will be the set of 
eighteen, which includes the two sub- 
sets of facts 9 + 9 = 18 and 18 — 9 = 9. 

The plan described does not imply 
that the pupil is never to use models to 
represent a fact. The use of materials 
to demonstrate a fact should be mini- 
mized, however, since it is possible for 


the pupil to discover facts from the 
known facts. The change from dealing 
with sets of things to sets of numbers 
represents the principle of growth, 
which is essential in good learning situ- 
ations. On the other hand, the pupil 
who deals with sets of numbers when 
he should be dealing with sets of ob- 
jects is engaging in rote learning. The 
teacher must decide when a pupil is 
ready to work at the higher level of 
dealing with sets of numbers rather 
than sets of objects. An oral interview 
in which the pupil reveals his thought 
pattern in a number situation usually 
enables the teacher to determine the 
level of understanding the pupil has 
acquired. 

Reading and writing the facts 
in verticai form 

The pupil writes the facts in the first 
few sets of related facts in the equation 
form. Then he also writes the facts in 
vertical form, as shown for the number 
pair (2, 3): 


•He reads the fact in tlu? equation form 
as “2 plus 3 equals 5” and in the v^erti- 
cal form as “2 and 3 are 5.*’ A pupil 
should always add downward when 
the numbers named are in a column. 

There is no standard 
phraseology for reading a 
fact in subtraction; some of 
the ways of reading the fact 
.'diown are as follows: 



Figure 8.3 
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a. “Two from 5 is 3.” 

b. “Five less 2 is 3.” 

c. “Five take away 2 is 3.“ 

d. “Two and 3 are 5.“ 

e. “Five minus 2 equals 3,” 

The pupil is familiar with the phrase- 
ology in (e) from reading a number sen- 
tence. However, the use of the thought 
pattern in (e) leads to downward sub- 
traction, which is not recommended 
Most people subtract upward. If the 
pupil adds downward and subtracts 
upward, the opposite procedures help 
to emphasize that the two operations 
are inverses. The thought pattern for a 
^^subtraction fact expressed in vertical 
notation should correspond to the pat- 
tern used in performing the subtraction 
algorism. In example (a) the thought 
pattern should be, “8 from 
12 is 4; 3 from 6 is 3.“ There- a 72 
fore die pupil should read ~~ 
the fact in example (b) as, 

“2 from 5 is 3.'’ In general, 

“A from B is C “ The thought 
pattern for the* same fact b. 5 
written in eipiation form, — 2 
5 — 2 = 3, is “5 minus 2 3 

equals 3.*' 

Sets of facts having sums 
greater than 10 

There are two acceptable plans for 
introducing tlie facts having sums 
greater than 10. The one just described 
applies to all the basic number pairs in 
addition regardless of the sums. The 
second plan applies to the set of 36 
number i^airs that have sums greater 
than 10. Since the base of our number 
system is 10, the number 10 is used in 
arriving at the sum of a number j dr 
greater than 10, for example, the pair 
(6, 7). In order for this plan to be effec- 
tive, the pupil must be able to give the 
sum of 10 +. 1, 10 + 2, • • • , 10 + 8. The 
teacher presents 'Juch examples until 


the pupil discovers the pattern that 
governs the sum. 


cover with hand 

Figure 8.4 

The plan of adding a number to 10 
may be illustrated by using the number 
pair (6, 7). Each pupil has rectangular 
stri])s of cardboard or wood divided 
into 10 equal segments, as shown in 
Figure 8.4. In order to find the sum of 
6 + 7 by using 10, it is necessary to 
rename 7. Since 4 added to 6 has a sum 
of 10, rename 7 as 4 + 3. If the pupil 
does not know that one of the compo- 
nents of 7 is 4, he can use rectangular 
strips to find the number that added to 
6 makes 10. He can count off 6 sriuares 
and then cover them with one hand, or 
he can place a strip of 6 squares on the 
long strip. In either case there will be 
4 squares showing. The pupil writes 
the n umbel pair (6 + 7) as follows: 

6+7-=64-(4f3) Rename 7 

as4 f 3 

6 } (4 + 3) == (6 f 4) + 3 Associative 

property 

4)-f3-"1C ^3 Rename 6 -f- 4 

as 10 

6 -I- 7 -- 13 13-6-7 

''4-6-^13 13-7^6 

rhe fact 6 + 7 = 13 is the ke> fact for 
writing the other 11 facts in the set of 
the tliii teens (12 facts are in the set). 

3'he plan described calls for two spe- 
cific abilities in dealing with numbers. 
First, the pupil must be able to add to 
10 any number named by the digits 1 to 
8. Second, he must be able to separate 
into two parts a number, for example, 
h of the number pair (a, b), such that 
the sum of a and one of the parts of h 
will be 10. The pupil may use rectangu- 
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lar strips as described to find how much 
must be added to the first number (a) 
of a number pair to have a sum of 10. 
The number to be added is one of the 
two parts of h. Therefore the second 
number of the basic number pair is re- 
named as the sum of two numbers. 
Thus, for the number pair (7, 8), 8 is 
renamed as 3 + 5, and now the number 
pair is written as 7 + (3 + 5). By apph - 
ing the associative propert\’, 7 + (3 + 5) 
ma>' be expressed as (7 +3) + 5, or 
10 +5. 

The method described is a long pro- 
cedure for finding the sum of a number 
pair. The pupil uses an immature 
method to discover the facts in a set of 
related facts. Sometimes teachers as- 
sume that a pupil knows the sum of a 
number pair because he is able to dis- 
cover a way or pattern for finding that 
sun. The pupil docs not know a fact 
until he can give the sum of a number 
pair without hesitation and with assur- 
ance. He must have a variet>’ of mean- 
ingful experiences with a number pair 
to give a mature response of that kind. 

One new learning involved in dealing 
witfi facts having sums greater than 10 
that did not apply to those with sums of 
10 or less involves regrouping the sum. 
The pupil joins sets of 6 things and 7 
things to form a set of 13 things. The 
number 13 should be regrouped as 1 ten 
and 3 ones. The plan of expressing 
6 + 7 as (6 + 4) + 3 emphasizes the 
place-value concept of each digit in 
the sum. 

A modern abacus is an effective 
teaching aid to demonstrate how a sum 
greater than 10 is regrouped. To .show 
the grouping of the number pair (6, 7), 
represent 6 beads on the ones* rod. 
Then 4 more beads will form 10 beads, 
which overloads that place. The 10 
beads are exchanged for 1 bead on the 
tens’ rod, as shown in (A) and (B) of 


Figure 8.5. Next, show the 3 beads from 
the set of 7 on the ones’ rod so as to 
form the number represented in (C). 



Figure 8.5 


The pupil should solve open-number 
sentences that are formed from number 
pairs having sum greater than 10. The 
equations in (a) and (b) are representa- 
tive of the type the pupil should solve. 
The equations in (a) are formed from 
the number pair (5, 6) and those in (b) 
from the number pair (6, 7). 

a 5 6 - 5 -f (5 -f A) 

5 I- (5 f '.) - (5 f 5) t- ^ 

10 f 1 : 

5 f ’--11 
■ -f 5 -- 11 

1 1 - [ _] + 6 
- 6 - 5 

b 6 -f 7 - 6 + ( \ + 3) 

(6 + A) -1 3 - ; -h 3 
10 I 3 - 

6 +1 - 13 
' ' f-6 - 13 
13 -!'!-= 7 

J 6 - 7 

SUBTRACTION SITUATIONS 

There are two phases of subtraction, 
which may be designated as structural 
and functional. The structural phase 
refers to the inverse relationship of sub- 
traction to addition. The functional 
phase refers to the use of subtraction in 
dealing with a quantitative situation. In 
order for a pupil to understand subtrac- 
tion, he must know when to subtract as 
well as how to subtract. 
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A subtraction situation is a verbal 
statement in a problem that indicates 
that subtraction may be used in the 
solution of the problem. Subtraction 
situations convey the following three 
distinct meanings: 

1. The remainder concept 

2. The additive concept 

3. The comparison concept. 

The three usages may be illustrated by 
the following problems: 

V. Dick had 5 marbles but he lost 2 
of them. How many marbles did he 
have left? (Remainder) 

We have a set and have removed a 
given subset to find the remaining sub- 
set. Figure 8.6 shows a model of the 
situation. Cross off two elements of the 
set from right to left to show action in 
the opposite direction of addition. 

O OOU'0. 

Figure 8.6 

b. Dick 3 marbles but needs 5. 
How many more marbles does he need? 
(Additive) 

A given set is to be included in a set 
that is not given. The* sul)set needed to 
fill the set is to be found. Figure 8 7 
shows a model of the situation. 

o o o o o 

Figure 8.7 

c. l^iek has 5 marbles and Tom has 
3. How many more' marbles does Dick 
have than Tom? ((a)m[)arison) 

W'e compare two sets. Two numbers, 
a and b, must either be equal oi not 
equal, as a = h or a ^ b. If a and b are 
not equal, then a > b or a < b. If a and 
h are not equal, we use subtraetion to 
find how much more out' number is 
than the other. Two equal numbers 


ma> be compared by subtraction but 
the.r difference is 0, a fact that is readily 
apparent. Figure 8.8 shows a model for 
crjmparing the numbers in problem (c). 
3 here is a one-to-one matching of mem- 
!)ers of set B with some of the members 
>f set A. The unmatched members of 
set A show how much greater set A is 
than set B. The same result can be found 
by subtracting the number of elements 
of the two sets. 

A 0 0 0 o o 

B 0 0 0 

Figure 8.8 

The pupil should have little difficulty 
in fitting the remainder concept and the 
additive concept of subtraction into the 
general pattern of subtraction. The gen- 
eral pattern is to find the missing num- 
ber when the sum of two numbers and 
one of the numbers are given. 

In the remainder concept, a set is 
separated into two subsets. One of the 
subsets is removed. The difference be- 
tween the numbers given is the number 
in ill' remaining ‘subset. 

In le additive concept, a set is given 
that consists of two subsets with one 
subset missing. The number in the 
missing subset is the differenc'c be- 
tween the two numbers given. 

The comparison concept does not fit 
into llie pattern of the other two usages 
of subtraction. There is no sum of two 
numbers. Two sets are given and neither 
is a subset of a given set. The two sets 
are to be compared. The comparison 
may be done by one-to-one matching of 
the elements of the sets. The number 
of the unmatched elements is the same 
as the difference of the numbers given. 
Therefore, there are two distinct prob- 
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lematic situations involving subtraction. 
They are: (1) to find a missing number 
when the sum of two numbers and one 
of the numbers are given and (2) to find 
how much more one number is than an- 
other. These two different concepts are 
a source of difficulty for the pupil in de- 
termining when to subtract. It is com- 
paratively easy for a child to understand 
that subtraction is the undoing opera- 
tion of addition, but that knowledge is 
not adequate to enable him to decide 
when to subtract in problematic situa- 
tions. 

In the first of these subtraction situ- 
ations, the teacher has the pupil identify 
the sum. The learner then usually ex- 
periences little difficulty in finding the 
missing addend. In situations in which 
two numbers are to be compared, the 
teacher has the pupil identify the num- 
bers to be compared. This activity 
should enable the pupil to discover that 
he subtracts to find the difference be- 
tween the two miinbers. 

identifying subtraction situations 
in problems 

The following four statements and 
questions relating to each t\])ify the 
procedure to use in dealing with the 
functional usage of subtraction: 

1. Mary picked 4 flowers from a plant 
that had 6 flowers. 

How many flowers were left? How 
many flowers were in the set? What 
happened to some of the flowers of the 
set? How many flowers were left in the 
set? How do we find the number left? 
What number is the sum? What is^ one 
of the numbers or an addend? What is 
the missing addend? 6 — 4 = □? 

2. A bag contained 8 black and white 
marbles. There were 6 black marbles. 

How many of the marbles were 
white? How many are there in the set 


of black and white marbles? How many 
are there in the subset of black marbles? 
How do we find the number in the sub- 
set of white marbles? What is the sum? 
What is one of the addends? What num- 
ber is the missing addend? 8 — 6 = □? 
Write the addition fact to correspond to 
8 - 6 = 2 . 

3. Nancy needs 8 stamps to fill a page 
in a stamp book. She has 5 stamps. 

How many more stamps does she 
need to fill the page? How many stamps 
are there in the set needed to fill the 
page? How many stamps are there in 
the set Nancy has? What is the sum? 
one of the addends? What number is 
the missing addend? 5 + □ = 8? 8 — 5 
= □? Write the addition fact to corre- 
spond to 8 — 5 = 3. 

4. Rita has 5 dolls and Kathy has 7. 

How many more dolls docs Kathy 

have? How many dolls are there in the 
set Rita has? in the set Kathy has? Which 
set is the larger? How can we find how 
many more dolls there are in the larger 
set than in the smaller set? 7 — 5 = □? 
Write the addition fact to corres])ond to 
7-5 = 2. 

It may be necessary for the ])upil to 
ikse markers or counters to represeiit 
the dolls in each set. He may join two 
sets to show the number of dolls there 
are designated in the sum or he may 
separate a set to .show the two subsets 
for each problem. 

A table of the facts 

After introducing all the basic facts 
in addition and subtraction, the teacher 
should have each pupil make a table of 
the facts. The pupil who writes the nu- 
merals in a table is almost certain to 
discover some of the patterns formed by 
the numbers. The class should identify 
as many patterns as possible during a 
period of discovery to be followed by 
a period of questioning. The teacher 
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should ask questions about the table 
that pertain to the patterns not identi- 
fied by the class. The use of questions 
to make a discovery may be termed 
fluided discovery. The following ques- 
tions represent the type to use to enable 
the pupil to explore the table. If the 
class discovers a given pattern, the 
teacher would not give the following 
(piestions, which pertain to that j^at- 
tern. We shall use the term “number'* 
to mean the number named by the nu- 
meral. Refer to Table 8.1, which is a 
table ol facts in addition and sub- 
traction. 

^ 1. By how much do the numbers in- 
crease in each row and column? 

2. Why are the sums in the first row 
and the first column tlie same as the 
addends in color? 

3. What name is given to t^ach num- 
ber in color wlien it i-> used in a number 
sentence? to each number within the' 
table in a square or a cell? 

4. Show how to find the sum of any 
basic number pair from the table. 

5. Use the table to show that the or- 
der of adding a number pair do('s not 
change a sum. 

6. From the table give all the facts in 
the set of related facts in addition that 
have a sum of 12; give the correspond- 
ing facts in subtraction. 

7. Draw an imaginary line to connect 
the cell containing 0 in the upper left 
corner to the cell containing 18 in the 
lower right corner. What name do we 
give to the numbers along this line? 

8. Describe tlu* numbers in the corre- 
sponding lines above and below the 
imaginary line in problem 7. 

9. Describe the numbers in the co. 
spending lines above and below the 
imaginary lines in problem 8. 

10. Tell why tlie numbers in problem 

8 are odd ai\d the numbers in problem 

9 are even. 


11. Tell when the sum of two num- 
bers will be even; will be odd. (It may 
l)e necessary for the pupil to have many 
illustrations of adding odd and even 
number pairs before he is able to gen- 
eralize about the sum.) 

12. Draw an imaginary line to con- 
nect the lower-left cell with the upper- 
right cell. What are the numbers along 
this line? 

13. Describe the numbers in the cor- 
responding lines above and below the 
imaginary line in problem 12. 

PRACTICING THE FACTS 

Practice or drill is an essential part 
ol the arithmetic program. To have mas- 
tery of a fact, a pupil must be able to 
respond to it spontaneously and with 
assurance. Practice will help in achiev- 
ing this goal provided the pupil under- 
stands tlu* fact. If he participates in the 
list of activities that are given, the 
amount of drill needed for mastery of 
the lacts should be at a minimum. 
Brownell aptly phrased the purpose of 
drill as being “meaningful habitu- 
ation.*’^ As applied to the basic fircts, 
the pupil should be able to giv^e a ha- 
bitual '“sponse to a fact he understands. 

Prac je mav consist largely ol a 
series of repetitions over a pc'riod of 
time of answers to the sum of a number 
pair. A program of this kind is not 
recommended. Learning is more effec- 
tive when it results from a variety of ex- 
peric'iues than from a narrow' range of 
activities. Since practice is part of the 
learning program, the activities inv'olv- 
ing practic*^ also should be varied. The 
teac her should tr> to provide the kind 
of practice that uses a fact in as many 

'William A. Brownt'll, “Mt*aiiin^ and Skill; 
Maintaining tlio Balance," The Arithmetic Teach- 
er. Oc tober 1956, 3:129-136. 
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different settings as possible. Some of 
these activities should provide practice 
in identifying and discovering the rela- 
tionship between addition and subtrac- 
tion. The following activities represent 
effective means of iiroviding practice 
in dealing with the basic facts in the 
two operations mentioned. 

1. Use “everybody show” cards for 
short periods of oral practice. A limited 
amount of oral practice is desirable. 
(See Appendix for a description of these 
cards and how the> are to be used.) 

2. The pupil writes the missing nu- 
merals in cross-number pu:«zles as 
shown in (A) of Figure 8.9 and in a ma- 
trix as shown in (B) of the same figure. 
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Figure 8.9 


The puzzle form shown in (A) may be 
used after teaching a given number 
pair, such as (2, 3) as illustrated in a, b, 
and c. The pupil may not be able to fill 
in all of tiu squares in the sum until 
he has learned the sum of all number 
pairs given. The pupil writes the nu- 
merals in (B) after he has had the num- 
ber pairs that have a sum of six. A simi- 
lar form or matrix would be made for 
other sums. The pupil should l^e able 
to use the table to reatl the sum of a 
number pair and the corresponding fact 
in subtraction. 

3. The teacher draws on the chalk- 
board a matrix of the kind shown in 
Figure 8.10 and writes the numerals in 
order, beginning with 0 in the first cell 
and filling each cell. A vertical line 
drawn between two joining cells indi- 
cates the first number pair to be used. 
In Figure 8.10 this pair is 4 and 2. The 
pupil writes the number fact 4+2=6. 
He then writes all of the related facts 
for the sixes in both operations. A simi- 
lar plan is followed for the set of related 
facts for each sum. 
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Figure 8.10 

4. Have the pupil derive an answer 
of a grouping from st)me known fact. 
Suppose he knows that 5 + 5 = 10. 
Have him tell how he can show that 
6 + 7 = 13. 

5. Have the pupil write the answers 
on a folded sheet placed below the 
number pairs given in the textbook, or 
ditto the number pairs that are to be 
practiced. Give each pupil a sheet and 
have him record the answers. These 
sheets may be used more than once by 
the pupil who follows the plan sug- 
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gested for using the texbook. The 
teacher writes the answers on the chalk- 
board in the same order as they should 
appear on the practice sheet. The pupils 
exchange papers and compare the an- 
swers with those given on the board. 
Each pupil marks the incorrect answers 
on the sheet he scores. The teacher then 
makes a diagnosis to determine if the 
errors arc due to chance or if they resid‘ 
from a faulty knowledge of the facts. 

6. Write the fact as an oi)en sentence 
of the type 3 + □ = 5. 

For the more able pupil, two frames 
or place holders may be given in one 
tjeqiiation, as A + □ = 5. Junge found 
that pupils in grade 2 who developed 
some facility of understanding of the 
basic facts in addition and subtraction 
enjoNed discovering the numbers that 
would make the equation true.’* 

The wt.ik with two plac(* holders in 
an i‘(iuation can be chall(*nging to the 
more able ])upil b\ noting the frames.” 
Thus, llu‘ solution in (a) must includt* 
a pair of e<jiial numb(*rs because bo»h 
franu's are the same. Tlu' solutions in 
(b) inc lude every basic* pair of numbers 
that has a sum of 8, as 3 + 5 = 8, 5 + 3 
= 8, or 4 + 1 -= 8. 

a. > -1- j “ 0 
b f. --^8 

7. The pupil identifies the sum and 
the addends in number sentences of 
the t\ i)e 3 + 5 — U and 7 — □ = 2. The 
teacher makes sure that the pupil un- 
derstands the following relationships: 

•'’Clliarlottc W. jiinKe, “Dfptli Lcimiini.' in 
Arillmiftic -VVliat Is It?" The Arithnirtir Tc(h '/•, 
November lUbO, 7:341-3Ki. 

‘AlatluMiiaticallx , tlic number replaeements 
lor two clittercMit liaiiies ma> be either eipial f»r 
iinerpial. The teaelier ma> arbitr.irib set the* rules 
that govern the replaeements lor tli(‘ Iranu's. 


Addend -f addend = sum 

Sum — addend = addend 

8. Have the pupil write a replace- 
ment for a numeral in an equation. In 
the number sentence 4 +3 = 7, the 
pupil replaces 4 with a frame and writes 
the ecpiation as □ + 3 = 7. The number 
4 makes the equation true. This number 
may be renamed with the number pairs 
(2, 2) and (1, 3). The fact 4+3 = 7 may 
be written in a different form, as (2 + 2) 
+ 3 = 7, (3 + 1) + 3 = 7, or (1 + 3) 
+ 3 = 7. A place holder in an equation, 
for example, 0+2 = 7, may be re- 
placed by a set of number pairs. In the 
equation 0+2 = 7, the number pairs 
that will make the ecpiation true have 
a sum of 5. These pairs are (2, 3) and 
(1, 4). The order of the numbers ma>' 
be reversed. It is important for the pupil 
t(j have a variety of experiences in 
which a number is expressed by differ- 
ent numerals. The number 6 makes the 
equation 0+1=7 true. This number 
may be named by the number pairs 
(3, 3), (2, 4), and (1, 5). The pupil with 
insight ma\ re])lace 6 with number pairs 
in subtraction. With only one-place 
numerals the number G may be named 
as (9 - 3), (8 - ' 1 \ or (7 - 1). Each of 
these imerals may replace the frame 
in the eciuation 0 + 1=7 and make 
the* eciuation true. 

9. Have tlie ])upil change^ an example 
in addition to an example* in subtrac- 
tion, and vice versa. The following ex- 
ample * illustrate the procedure* to use. 
If a pupil is given an example of the 
type shown in the left-hand column, 
he writes the corresponding example 
as given at the* right. 

Addition Subtraction 

3 +;:== 5 

iJ4-2-6 6-1 -2 

1 f 4 - - 1 4 
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10. Have the pupil deal with num- 
ber sentences that illustrate inequali- 
ties. It is not defensible to present 
equalities without introducing inequali- 
ties. A pupil in grades 1 and 2 should 
be able to interpret and sx'inbolize the 
inequality of two numbers. Since 5 is 
less than 6, this fact may be symbolized 
as 5 < 6. Similarly, 8 > 5 symbolizes 
the fact that 8 is greater than 5. The 
sign of inequality always points to the 
smaller of the two numbers compared. 

An exercise of the t\ pe that follows 
shows whether the pupil is able to dis- 
tinguish between equalities and in- 
equalities. In each circle he supplies 
the sign, =, >, or <, that will make the 
mathematical sentence hue. 

3 +2 ;7 12-8' )3 
14 9+5 15^)9 +7 
11-4. 7 0 t 1 > ' 0 

In eacli of the above examples, the 
sum or difference of a number pair 
named by the digits is compared with 
a given number. After the class learns 
how to deal with a number sentence of 
tliis kind, a more complex sentence 
should be presented. The puj)il must 
then compare the sum or difference of 
two sets of number pairs. The follow- 
ing numb(*r sentences are of this ty])e: 

3 f 2 . 6-2 5 +4 . 14-6 

5- 0';0 +5 3 +7 -15-4 

6- 3 ; 7-4 12-5'. 2 +4 

Each number pair in a number sentence 
at this level must be an addend or a sum 
of a basic fact in addition or subtraction. 

Ten different activities are listerl be- 
low for practicing the basic facts in addi- 
tion and subtraction. The teacher, how- 
ever, may decide not to have the class 
participate in all of these activities, 
although other things being equal, the 


greater the variety of the activities, the 
more effective will be the learning that 
results. In any case, class participation 
should not be restricted to only one or 
two of the items listed. In the past in 
some programs that gave a minimum of 
attention to meaning and understand- 
ing, the sole means of learning the facts 
was usually repetition. Such a program 
is entirely inadequate for learning 
mathematics in today’s schools. 

Mastery of the facts 

The ability to give the answer to a 
number pair in either addition or sub- 
traction does not necessarib' constitute 
mastery of the basic fact involved. Mas- 
tery of a number fact imidies a depth of 
understanding that can be achieved 
only by having an enriched experiemee 
with that fact. A pupil can demon- 
strate mastery of a fac t by doing the 
following: 

1. Demonstrate the fact with markers, 
with drawings, and on a number ray. 

2. Write the fact in both vertical and 
horizontal forms. 

3. Verify the fact from other known 
facts. 

4. (bve the four facts for each pair 
of unecjual numbers. 

5. Show the pattern for each set of 
related facts in both addition and sub- 
traction. For the set of the sevens, the* 
pupil can give all 16 facts in this set. 

6. Identify addends and sum in an 
ecpiation involving a basic fact and find 
any missing term in an eciuation of this 
kind. 

7. Show how addition and subtrac- 
tion are related. 

8. Make a number sentence true that 
involves a fact by supplying a missing 
sign of equality cu' inequality; for ex- 
ample, 3 +408. 
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9. Give the answer to a number pair 
with assurance and without hesitation. 

10. Use a fact in a verbal problem. 

The last usage is twofold: First, the 

pupil should be able to find the answer 
to a verbal problem in which a number 
pair is given. lie must decide if the 
problem situation involves addition or 
subtraction. Second, the pupil should 
be able to make a verbal problem by 
using a iminber pair in either addition 
or subtraction. 

The list of activities implies that 
mastery of a basic fact reveals growth 
of power in dealing with number. Many 
pupils in grade 2 do not achieve com- 
plete mastery of the basic facts in addi- 
tion and subtraction. It is anticipated 
that the work of the following year will 
be so organized that most pupils will 
ha\'e mastered the facts before the\' 
complete diat grad( . 

Column addition 

Columns containing three or mere 
addends involve addition of numbers 
that are not rcpresentc'd b\ numerals. 
If the unst*eii numeral were visible, it 
could be either a one- or a two-place 
numeral. In (a), adding downward in- 
volves adding the number named b> 
the numeral 7 to the number 8 which 
is not named by a numeral. The numeral 
for 8 would contain one place. Adding 
upward involves adding 3, which is 
named by the numeral 3, to 12, which 
is not named by a numeral. 

a 3 b. 2 
5 5 

1_ 3 

The numeral for 12 would contain two 
places. For most pupils in grade* 1, the 
work in column addition should be 


limited to examples in which the un- 
seen addend is named by a one-place 
numeral. Some pupils have difficulty 
in adding a column, as in (b), because 
they are unable to think “7’’ without 
seeing the numeral 7 when adding 
downward or to think “8” without see- 
ing the numeral 8 when adding in the 
opposite direction. 

The inipil should practice adding a 
column containing three addends in 
both dire*ction.s. This is one of the best 
methods of checking addition. Adding 
a column of three addends in both di- 
rections also illustrates the use of the 
associative property of addition. If we 
add downward in (b), the grouping is 
(2 + 5) + 3; if we add ii])ward, the 
grou])ing is (3 + 5) + 2. 

The class should be experienced in 
dealing with three addends written in 
horizontal form before attempting to 
find the sums of three addends written 
in columns. The way the* pupil groups 
the addends and finds the sum in an 
equation indicat(*s his readiness for 
working with numbers that are named 
by unsec*n numerals. In the exami)le 
3 + 2 + 4, the numerals should be writ- 
ten as (3 + 2) + 4. The pupil should 
wPv 4ie examnU as 5 + 4. If he c an 
give as the sum of 5 + 4, he knows 
the facts. (If the pupil does not know a 
faci, follow the plan of t(*aching the fact 
as given on page* 118.) Write a number 
pair, such as (6, 3), and have the pupil 
find the sum, or 6 + 3 = 9. When the 
niimh.'r sentence is written with a 
frame, as □ + 3 = 9, the pupil adds 
(2 + 4) + 3. He thinks the sum of 2+4 
and adds the number named by the 
seen 3. i ’lactice of this kind should en- 
able the pupil to think the sum of two 
numbers repr(*sented b>’ seen numerals 
and to this sum add the number repre- 
sented by a third seen numeral. 
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1. Differentiate between a basic fact and 
a basic number pair. 

2. Illustrate what is meant by teaching the 
basic facts as specifics. Give a critical 
evaluation of this plan. 

3. List the properties of addition that apply 
to the basic facts in that operation. 

4. What is meant by a subtraction situa- 
tion? Differentiate between structural 
and functional subtraction. 

5. Show why you would or would not have 
a pupil read a basic fact in subtraction 
in the same way when the fact is written 
in both horizontal and vertical forms. 

6. Show why the phraseology for reading 
a fact in subtraction should or should 
not correspond to the subtraction situ- 
ation represented. 

7. Joining sets is an operation on sets and 
addition is an operation on numbers. 
Show how the application of this state- 
ment will affect the teacher’s presenta- 
tion of the facts in addition. 


Marks, J. L., C. R. Purdy, and L. B. Kinney. 
Teaching Elementary School Mathemat- 
ics for Understanding. New York: Mc- 
Graw-Hill. Inc., 1965. Pages 151-166. 
Spitzer, H. F., Instruction in Arithmetic. 
Twenty-fifth Yearbook of the National 
Council of Teachers of Mathematics. 
Washington, D.C.: The Council, 1960. 
Chapter 5. 

Stern, C., Children Discover Arithixietic. 


EXERCISES 

8. Make a list of the essential understand- 
ings a pupil should have before he is 
ready to learn the basic facts in addi- 
tion. 

9. What is the pattern for determining the 
remaining members of a set of related 
facts when the key fact is given? 

10. Make a list of activities that you con- 
sider effective for practicing the basic 
facts in addition and subtraction. 

11. Every basic fact should be the written 
record of some meaningful experience. 
Show how the acceptance of this state- 
ment will affect the teaching of the 
basic facts. 

12. A teacher presented the view that mas- 
tery of the facts is of little significance 
if the pupil understands the properties 
of addition and knows how to discover 
a fact. Criticize this viewpoint and show 
why you would or would not accept 
it. 


SfLECTED READINGS 

New York: Harper & Row, Publishers, 
Inc., 1949. Pages 17-78. 

Swenson, E., Teaching Arithmetic to Chil- 
dren. New York: Crowell-Collier and 
Macmillan, Inc., 1964. Chapters 5 and 7. 
Van Engen, H., and E. G. Gibb, Instruction 
in Arithmetic. Twenty-fifth Yearbook of 
the National Council of Teachers of 
Mathematics. Washington, D.C.: The 
Council, 1960. Chapters. 



ADDITION 

AND SUBTRACTION 

OF WHOLE NUMBERS 


The teacher needs to niulerstaiKl the 
importance of ijlacin^ the proper em- 
phasis on structure and computational 
skill. Until about I960, most textbooks 
dealing with the teaching of arithmetic 
stressed procedures for acquiring skill 
in performing the four operations and 
frequently gave no consideration to 
structure. On the other hand, sonii re- 
cent publications on the subject give 
little or no consideration to computa- 
tion. In such cases the operations are 
treated almost entirely from the iK)int 
of view of properties and structure. 


Both types of programs are fault\ . The 
pupil must learn to add and subtract as 
well as understand the properties of 
addition and subtraction. 

Till.') chapter (UmIs with addition and 
Miblraction of whole numbers and with 
the relationship l)etween these opena- 
tions. Thf topics treat(‘d in this chapter 
are* number sentences in addition and 
subtraction; atiding and subtracting 
without H'grouping; adding with re- 
grouping; subtracting with regrouping; 
discovering redationships bt*tween ad- 
dition and subtrac'tion. 
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NUMBER SENTENCES IN 
ADDITION AND SUBTRACTION 

Number sentences (a-c) represent 
addition situations, while sentences 
(d-f) are subtraction situations. 

Addition Subtraction 

a 8 -H9 - n d. 17 -8 ^ n 
b n = Q -} 9 e. /7~17 — 8 
c n-8 = 9 f. n +8--17 

Equations (a) and (b) as well as (d) 
and (e) are the same when read in the 
reverse order. From these examples it 
is clear that an equation can be read 
from left to right or from right to left. 
The fact that an equation can be read in 
both directions becomes important 
when the student is introduced to alge- 
braic equations. Often a student who 
always reads and solves an equation 
by proceeding from left to right can- 
not, for example, solve 24 = 3x until it 
is rewritten as 3x = 24. In reading a 
number sentence, neither the order of 
the numbers nor the order of the signs 
should be changed. The numerals in 
equations (a-c) can be interchanged be- 
cause of the commutative ])roperty of 
addition. 

The number sentences in addition 
show that the sum is missing in each 
equation. An addition situation there- 
fore involves finding a sum when two 
addends are given. A problem for equa- 
tion (c) would be as follows: Jim had 
9 cents left after he spent 8 cents for a 
postage stamp. How much did he have 
before he bought the stamp? The verbal 
statement suggests subtraction, but the 
situation involves addition because the 
sum of a number pair is to be found. 
Therefore the pattern for addition is 
addend + addend = sum. 

The subtraction number sentences 
(d-f) show that the sum is always given 


but one addend is missing. It was stated 
earlier that the two different situations 
involving subtraction are; (1) finding 
the missing addend when the sum and 
one addend are given and (2) comparing 
two numbers. Although two different 
situations involve subtraction, the pat- 
tern for the operation consists of the 
first usage because addition and sub- 
traction are inverse operations. Since 
addend + addend = sum expresses 
the relationship between the addends 
and the sum in addition, sum — addend 
= addend expresses the relationship 
in subtrac'tion between the addends 
and the sum. The vital issue with re- 
spect to writing and solving equations 
involving addition and subtraction of 
whole numbers, then, consists in identi- 
fying two addends for addition and the 
sum and one addend for subtraction. 
The number of digits in the numerals 
representing the given numbers affects 
only the degree of difficulty in per- 
forming the algorism. 


Different levels 
of solving equations 

In beginning work with open sen- 
tences, the pupil uses a frame, such as 
□, or a letter, such as /i, to hold a place 
for a numeral in an equation. An ecpia- 
tion of this kind may be expressed as 
□ + 3 = 5 or n + 3 = 5. At about grade 
6 or 7, the pupil will learn that a letter, 
for example, n, which is a place holder 
for a numeral, is called a variable. 

The pupil solves an equation to find 
the number represented by a frame or 
by a variable. In some equations the 
solution may include more than one 
number. In most of the equations that 
an elementary school pupil will solve, 
one number will make each equation 
true. In inequalities usually more than 
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one number will make the number 
sentence true. 

A pupil may operate at three clifFer- 
cnt levels in solving an equation. These 
levels may involve the application of 
the following procedures: 

1. An intuitive method 

2. The principle that the same num- 
ber must be named on each side of a 
true equation 

3. An axiom, such as the subtraction 
axiom, involving the solution of an 
equation of the type + 4 = 7. 

These procedures may be illustrated 
by solving the equation n + 8 = 17. 

In grade 2 or 3, the pupil would use 
an intuitive method, which is based 
largely on trial and error. To solve the 
given equation, the pupil thinks of a 
number that added to 8 has a sum of 17. 
He may know the answer or Jiiay try 
diffen^nl i mnbers to make the number 
sentence true. He does not neeessarily 
discover that 17 is the sum of two num- 
bers and that one of these numbers is 8. 

The pupil .solves the given equation 
at the second level of maturity by recog- 
nizing that 17 is the sum of two numbers 
and that one of the numbers is 8. To 
fiml the other number he subtracts 
17 - 8. 

At the third level of maturity, the 
pupil applies an axiom that pertains to 
a given equation. The solution given 
applies the subtraction axiom. 

17 

8 - 

n “9 

This axiom states that the same numbc'r 
may be subtracted from each inemlKU' 
of a true equation and the resulting 
equation will be a true equation. Th \ 
if = b, then « — r = b — e. The pupil 
does not use this method until he be- 
gins a systematic study of algebra, 
which is usually not before grade 6 
or 7. 


Different levels 
of solving Inequalities 

Just as a pupil should grow in ma- 
turity in solving equations, he should 
proceed to a higher level in solving in- 
equalities. To solve an inequality he 
finds the number or numbers that make 
the given number sentence true. The 
pupil may solve an inequality by us'ing 
an intuitive method or by discovering 
a pattern that applies. 

The pupil uses intuitive methods to 
solve an inequality in beginning work 
in this field. In the number sentence 
/I + 2 > 5, he may replace n with differ- 
ent numbers, beginning with 1. He 
should discover that any whole number 
greater than 3 will make the sentence 
true. The pupil follows a similar plan 
in solving an inequality of the type 
n — 3 < 5. He replaces n with differ- 
ent numbers, beginning witli 3 that 
will make the sentence true. Any whole 
numl)er Irom 3 to 8 is in the solution 
set of the ineciuality. The pupil may re- 
place n with different whole numbers 
until he discovers a pattern that applies. 
The application of a pattern for solving 
an ineciuality shows greater maturity 
than t*». use of an intuitive method. 

The ipil can solve an ineciuality as 
though it were an equality in order to 
find a pattern for the solution. In the 
number sentence n + 2 > 5, if the sign 
= were to replace the sign >, the value 
of n would be 3. Since /i + 2 names a 
numbe r greater than 5, the first whole 
number to make the sentence /* + 2 > 5 
true must be 4, or I more than 3. Simi- 
larly, substituting the eciuation n + 2 
= 7 for the ineciuality n + 2 < 7, the 
value of n in the equation would be 5. 
Since /i + 2 names a number that is less 
than 7, the value of n must be less than 
5. The first whole number to make the 
sentence true is 4, or I less than 5. 
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In order to apply a pattern for the 
solution of an inequality of the type 
// + 2 > 5, the pupil does two things. 
First, he replaces the sign of inequality 
with the sign of cqualitx' and then finds 
the solution set of the resulting equa- 
tion. Second, he increases the solution 
by 1 when the variable is on the side 
of greater value in tbe inequality; he 
decreases the solution by I when the 
variable is on the side of lesser value 
in tbe inequality. Thus, if /i + 2 = 5, 
n would be ecjual to 3. Then in the in- 
equality n + 2 > 5, the value of n 
must be at least 1 more than 3, or 4, 
in the set of whole numbers. If n — 3 
= 7, the value of n would be 10. Then 
in the inequality n — 3 < 7, the value 
of n must be at least 1 less than 10, or 9, 
in the set of whole numbers. 

In inequalities of the type n + 3 < 5 
or n + 3 > 8, there usually are several 
numbers in the set of whole numbers 
that mav’ replace the variable to make 
the sentence true. A challenging exer- 
cise for the more able learner in grade 
5 or 6 is to determine the greatest or 
smallest whole number that a variable 
may represent in an inequality to make 
the sentence true. Thus, in the inequal- 
ity n — 5 > 8, the smallest whole num- 
ber to replace n to make the sentence 
true is 14. In tbe ine(iuality n + 3 < 9, 
the greatest whole number to replace 
n to make the sentence true is 5. 

ADDING AND SUBTRACTING 
WITHOUT REGROUPING 

As soon as the pupil knows the set of 
facts having sums of 9 or less,*he can 
use these facts in adding two-or-more 
digit numbers and in the corresponding 
examples in subtraction. No regrouping 
is involved in either addition or sub- 
traction in examples of this kind. The 
new learning in dealing with these ex- 


amples has to do with the addition or 
tbe subtraction of numbers named in 
like places in numerals. 

The teacher can introduce addition 
of two-place numbers without regroup- 
ing by having the class solve the equa- 
tion 23 + 24 = n or a similar equation. 
A suggested sequence of activities is as 
follows: 

1. Have a pupil demonstrate the ad- 
dition of 23 and 24 with a place-value 
chart, as shown in Figure 9.1. 


i ^ II ' I 

L J I I 

Figure 9.1 

2. Write each digit with its place 
value and then find the sum. 

23 -■ 2 tens f 3 ones 
» 24 2 tens 4 one s 

4 tens T 7 ones ~ 40 1 7 --- 47 

3. Find the sum when tbe numerals 
are written in expanded notation. 

23 - 20 { 3 

24 - 20 i 4 

40 f 7 - 47 

4. Show the standard form of the 
algorism. Have the pupil identify the 
place that a digit holds in each addend 
and in the sum. 

23 
-f- 24 
47 


Tens 


1 

U 

P 


1 

IJ 




B 

L 


Ones 


D 

D 

D 



D 

D 

D 
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5. Have the pupil write the other ex- 
ample in addition and identify the com- 
mutative property of addition. 

23 24 

+ 24 f 23 

47 47 

6. Write the eorrespondinf? examples 
in subtraction. 

47 47 

- 23 - 24 

24 23 

7. Have the class write the following 
Pour r( Illations: 

23 f 24 - 47 47 ~ 23 - 24 

24 -h 23 -- 47 47 - 24 -- 23 

8. Use the rollowing equations: 

Addend ^ addend — - sum 
Sum — addend -- addend 

Identify the addends and the sum in 
each equation in (7). Show that addition 
is a cheek for suhtraetion. 

After adding and subtract- ,^25 
in^ a few examples in whieli | 132 
the addends are two-plaee 
numerals, the teac her sliould 
lL^ive‘ an exam])le in which the addends 
are three-place numerals, as shown at 
the ri^ht. The class should identify each 
placc^ in the numerals and generalize 
as follows: ones are added to ones, tens 
to tens, hundreds to hundreds, and the 
like. Similarly , numbers named in like 
places are subtracted. 

The activities suggested for intro- 
ducing addition and subtraction of two- 
place numbers j^ives emphasis both 
thc‘ relationship between the opera- 
tions and to computation. The first few 
lessons dealing with these operations 
stress computation and place' value. 
Emphasis is then pla<*ed on the relation- 


ship between the operations. In many 
arithmetic classrooms the latter type of 
activity is absent. 

ADDING WITH REGROUPING 

Regrouping in addition occurs when 
the sum of the numbers named in any 
column is 10 or more. That place is 
overloaded and the number named 
must be regrouped. The traditional 
name for the regrouping procedure is 
carrying. The terms “carrying'’ in addi- 
tion and “borrowing” in subtraction 
should be deleted from the vocabulary 
of the mathematics classroom and re- 
placed by “regrouping.” 

The model lesson on page 27 shows 
how to introduce addition involving 
rf'grouping of the sum. The sequence 
of activities for finding the sum of 28 
and 26 is as follows: 

1. Use rectangular strips and sipiares 
to rc'present the addends and the sum. 

2. Kind the sum by using a place- 
value chart. 

3. Show the sum on a number ray 
(Fig. 9.2). 

0 5 10 lb 20 25 30 35 40 45 bO 5b 


28 26 

Figure 9.2 

4. Write the numerals in expanded 
form. 

28 --- 20 -f 8 
f- 26 20 * 6 

40-1-14 - 54 

5. Write ‘mc partial sums and then 
find their sum. 

28 

+ 26 
14 
40 
54 
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6. Show the algorism. The pupil 
writes the 1 ten as shown in initial work. 

1 

28 
+ 26 

54 

7. Identify the new element, which 
consists in dealing with a place that is 
overloaded. 

8. Read and interpret the presenta- 
tion given in the textbook. 

9. Write the two number sentences 
that may be formed in addition. Thev 
are 28 + 26 = 54 and 26 + 28 = 54. ’ 

Addition involving regrouping in 
dealing with two-place numerals should 
be followed with three-place numerals 
in which the tens’ place in 
the sum will be overloaded, 453 
as in the example at the 
right. The major objective 
in the presentation is to enable the 
pupil to discover the pattern for re- 
grouping a place that is cwerloaded in 
the sum. The same procedure applies 
to regrouping the sum in an overloaded 
place regardless of the place in the 
numeral. To help the pupil discover 
the pattern for regrouping, have the 
class add in examples of the type shown. 


a 

48 

b. 372 

c. 4731 


+ 27 

■H64 

+ 2805 

d. 

458 

e. 54 

f 49 


+ 176 

+ 71 

+ "^5 


After the pupil discovers the pattern 
to use for regrouping an overloaded 
place in the sum, he should add in ex- 
amples in which two places in the sum 
will be overloaded. In example (d), 
the sums in both ones’ and ten.v place s 
must be regrouped. The teacher has the 
pupil generalize about the procedure 
for dealing with overloaded places in 
examples of multiple regrouping. When- 
ever the number in a place in the sum 


is 10 or more, that number must be re- 
grouped. The pupil may not understand 
how that generalization applies to ex- 
amples in which the sum of the first 
column to the left is overloaded. In 
example (e), the sum in the column on 
the left is 12, and this numeral is writ- 
ten in the sum. The pupil may think 
the overloaded place is not regrouped. 
The grouped value of 12 tens is 1 hun- 
dred and 2 tens. The 2 is written in the 
tens’ column and the 1 is written in the 
hundreds’ column. There are no hun- 
dreds to be added to the 1 hundred, 
hence the pupil writes 12 tens in the 
sum, which is the same as 1 hundred 
and 2 tens. The example illustrates the 
fact that adding 0 to a number does not 
change that number. Exainph* (f) Is a 
combination of types (a) and (e). 

Adding by endings 

Adding b\ endings consists in adding 
a number named by a two-])lace nu- 
meral to a niimlxM* named by a one- 
place numeral in one mental response. 
In the example at the right, if a pupil 
thinks, “18 + 5 is 23,” he uses adding 
by endings. On the other 
hand, if he thinks, “8 + 5 ^8 

is 13; 1 + 1 is 2,” he adds 
by using regrouping. 

The sum of two numbers that illus- 
trate adding by endings may be in the 
same decade as the number named by 
the two-digit numeral, as in (a), or in 
the next decade, as in (b). 

The procedure illustrated in (b) is 
sometimes designated as “bridging the 
tens or the decade.” 

a. 23 b 27 
+ 4 +4 

27 31 

Adding by endings is used in two 
places. F'irst, it is used in column addi- 
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tion, as shown at the right. 

Adding downward, the clas- 7 

sification of the number 6 

pairs is as follows: 7+6 ® 

= 13, a basie faet; 13 +8 — 

= 21 , adding by endings 

with bridging; 21 + 4 = 25, adding by 

endings without bridging. 

Seeond, adding by endings oeeurs in 
multiplication when the number from 
regrouping a product is added to the 
next product, provided the next prod- 
uct is named by a two-place numeral. 
In the example at the right, 
it is necessary to add 5 to 32 
iH X 4) and 3 to 48 (8 X 6 ), 647 

thus obtaining the product 
5176. The sum of 32 + 5 is 
in the same decade as the 
product 32, but the sum of 48 + 3 is in 
the next higlnu* decade than the product 
48. 

The maxiniuin number from regroup- 
ing that is added to the next product is 
always one less than the* multiplier. If 
the multiplier is 6 , the maximum num- 
ber* from rt'grouping to be added to the 
next product is 5. Since 10 X 6 = 60, it 
is not ])ossiblc to have a rt*grouped 
number of 6 to b(‘ added to the next 
product when 6 is multiplied by a num- 
ber named by one of the 10 digits. 

Tht*r(‘ are 00 examples that result 
from adding 1 through 9 to each num- 
ber from 10 through 19. Half of these 
(‘xamplt‘S will have sums in the teens 
and half will have sums in the twenties. 
In each of the eight succeeding decades 
there are 90 such examples, in which 
half have sums in the same decade and 
half have sums in the next decade. 

Teaching adding by endings T' ' 
purpose of teaching adding by endings 
is to enable a pupil to add examples in 
this group in one mental response. The 
teacher should begin with examples 


ill which the sum is in the same decade 
as the two-digit numeral. The follow- 
ing procedures are recommended for 
grade 3: 

1. Have the pupil give the sums 
when the examples are written in se- 
quence in vertical form as 

12 22 32 

+ 3 -f 3 4-3 

The number pair 2 + 3 is the “key fact” 
of the examples in the given set. 

2. Have the pupils give the sums 
when the examples are written in se- 
quence in horizontal form, as 12 + 3 
= n, 22 + 3 = □, 32 + 3 = □. 

3. Have the pupil give the sums 
when the examples using the same key 
fact are not in sequence, as 12 + 3 = □, 
32 + 3 = □, 22 + 3 = □. 

4. Have the pupil give the sums 
whtm the examples are not in sequence 
and contain diff(*rent key facts, as 11 +4 
= □, 13 + 5 = □, 25 + 2 = □. 

5. Write a digit, for example, 4, on 
the chalkboard. Then have the pupil 
write the sum of 4 and a dictated num- 
ber, such as 12, 28, or 37. The two-place 
numeral is unseeen, hence the pupil 
must r' -.’nk this riumber and add the 
numbe uimed by the seen 4. 

The same se(iuence can be used for 
exaiiiples involving bridging the dec- 
ade. A variation of item (5) consists in 
writing on the chalkboard the two-digit 
numeral in verbal form, as shown. The 
pupil ites the sums. He must visual- 
ize the miinber named b>' “sixteen” 
and then add the numbers named by 
the seen ninnerals. 


sixteen 
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Long-column addition 

Many pupils group numbers out of 
sequence when finding the sum of the 
numbers named in a column. The 
groupings may be formed for two rea- 
sons. First, the pupil finds it difficult 
to add by endings. He makes certain 
groupings to help overcome this diffi- 
culty. Second, he shows insight into 
numbers by the wa>' he groups the 
numbers. To show that pupils discover 
different ways of grouping addends, 
give the example at the 
right to pupils in grade 5 or ^ 

6 and ask each pupil to give 4 

his thought pattern in find- 7 

ing the sum. The variety of 4 

responses will show that dif- ^ 

ferent procedures are used. — 

The following are some of 

the methods or thought patterns used 

in finding the sum of the six addends. 

1. Add the numbers in sequence. 

2. Groiq) 3 fours and 3 sevens and 
then add 12 and 21. 

3. Form 3 groups of (4 + 7) or 3 
elexens. 

4. Add 8, 11, and 14. 

These and other ways are used by pu- 
pils to find the sum. The variety of re- 
sponses indicates that many pupils try 
to discover a pattern for grouping num- 
bers. Although a pupil may have been 
taught to add the numbers named in a 
column in sequence, he tries to dis- 
cover a pattern for grouping that he 
finds helpful in addition. 

The pupil should discover and gen- 
eralize that the way addends are group- 
ed or arranged does not affect the sum. 
This generalization is a con.sequence 
of the commutative and associative 
properties of addition. A challenging 
exercise for the more able learner con- 
sists in having him give the sequence 
of stei)s and the property involved in 
grouping addends to have a sum of 10, 


as shown in the following illustration: 


3+8+7 
(3 f' 8) f 7 
3 f- (8 + 7) 
3 + (7 + 8) 
(3 + 7) -+ 8 
10 +8 


The addends 
Associative property 
Associative property 
Commutative property 
Associative property 
Renaming 3+7 


An effective exercise for the more 
able learner is to find the sum of ex- 
amples in which proper grouping of the 
addends will facilitate computation. 
The pupil selects a pair of numbers 
having a sum that is a multiple of 10, 
as 13 + 17. The superior pupil in grade 
5 should be able to do most of the work 
without the use of paper and pencil. 
The addends in the following examples 
may be grouped as shown to facilitate 
computation. 


24 f 38 f 76 + 12 
17 4 19 + 31 f 23 
43 I 81 I 54 ^ 19 I- 57 
(24 t 76) f (38 -I- 12) 

(17 f 23) ( (19 f 31) 

(43 f 57) t (81 1 19) I 54 

The number of addends could vary 
from thr(‘(* to as many as five or six. It 
should be assumed that the pu])il un- 
derstands the iirinciple for groui)ing 
• addends in a given way. 


SUBTRACTING WITH REGROUPING 

Methods of subtraction 

In order to perform the 
subtraction algorism in the gum 

example at the right, the _i 7 addend 
number named in the sum 45^ addend 
must bt? regrouped. Sub- 
traction in an example of this kind is 
known as compound subtraction. There 
are three well-known methods ust*d in 
compound subtraction: 

1. The decomposition method; 

2. The equal-additions method; 

3. The additive method. 
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The decomposition and the equal- 
additions methods are the two subtrac- 
tion methods most widely used in this 
country. The additive method and the 
method of equal-additions emjdoy dif- 
ferent thought patterns, but the basic 
tacts used in subtracting in an example 
are the same for the two methods. 

To subtract in the exam])le 
at the right by the decompo- 723 
sition method, the thought 
pattern is as follows: “6 from 
13 = 7; 5 from 11 = 6 ; I from 6 = 5.” 
The numbers named by the digits in 
hundreds’ and tens’ ])laces of 723 were 
^(‘grouped. 

Using the same example to subtract 
by the method of equal additions, one 
finds that the thought pattern is as fol- 
lows: “6 from 13 = 7; 6 from 12 = 6 ; 
2 from 7 = 5.” Tlu' cardinal number 
named m liie Imndreds’ and teiis’ places 
of 156 were increased b\’ 1. The cardi- 
nal number named in tens’ and ones' 
1)1 aces in 723 werr' iiu'R'ased by 10. 

Using the additive method, one finds 
the thought pattern to be as follows: 
“6 and 7 are 13, write 7 and add 1 to 5; 
6 and 6 are 12 , write 6 and add 1 to 1 ; 
2 and 5 are 7, write 5.” It may be seen 
that the additive method uses the sam*' 
basic combinations in subtraction in 
the given example as are used in th<‘ 
method of equal additions, but the 
phraseology of each method is differ- 
ent. In the given example the basic 
number pairs used b> both methods 
are 13 — 6 , 11 — 5, and 6—1. 'fhere 
are variations of the method described 
that eombine the additive princii)le 
with regrouping of the sum (minuend). 

The additive method, sometin; 
known as the Austrian method of sub- 
traction, was more widely used during 
the 192()s and 193()s than at present. 
The proponents of this method assumed 
that the same bond is used in learning 


a fact in both addition and subtraction. 
Thus if a pupil establishes the bond that 
4 and 8 are 12, it was thought that he 
should know the answer to the two 
number pairs 

4^12 
I 8 

The advocates of this method assumed 
that there was an easy transfer from the 
addition notation to the subtraction no- 
tation. It followed that a saving in time 
would result in teaching the two oper- 
ations as a unified process rather than 
as separate operations. 

By the additive method of subtrac- 
tion the pupil learned addition and sub- 
traction as representing the same oper- 
ation. Today the pupil learns that 
addition and subtraction are opposite 
operations. The one operation undoes 
the other. Therefore, the additive meth- 
od of subtraction should not be used in 
a program that emphasizes meaning 
and structure. We shall give no further 
consideration to this method. 

Mathematical basis of the 
two methods 

The teacher should use either the de- 
composition method or the method of 
ecjiial ;• ' ditions in presenting compound 
subtraci.on. Each method illustrates 
one or more mathematical principles 
that the pupil must understand if this 
phase of subtraction is to be meaningful 
to him. To subtract in the ex- 
ample at the right by the 54 
decomposition method, 54 - 28 

must be regrouped as 4 tens 
and 14 ones. The pupil 
should be familiar with regrouping 
numbers and therefore should be able 
to understand the procedure in sub- 
tracting in the example. 

Tiie method of equal additions takes 
its name from the procedure used in 
this form of subtraction. To subtract 
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by this method in the above example, 
it is necessary to add 10 ones to 4 ones. 
It is then possible to subtract 8 ones 
from 14 ones. Since 10 ones are added 
to 54, a like amount must be added to 
28 to keep from changing the difference 
between the two numbers in the given 
example. Adding 1 ten is the equivalent 
of adding 10 ones, hence add 1 ten to 
the 2 tens of 28. The two mathematical 
principles involved in changing num- 
bers in subtraction by the method of 
equal additions are: 

1. Adding the same number to the 
sum and to the given addend does not 
change the missing addend. 

2. Adding 10 to a number named by 
a digit in the sum is equivalent to add- 
ing 1 to the number named by the digit 
one place to the left in the given ad- 
dend. 

The class need not learn these two 
principles in order to understand sub- 
traction by the decomposition method. 
For this and the following two reasons 
the pupil should find it easier to under- 
stand the decomposition method than 
the method of equal additions. First, 
the procedure of the decomposition 
method is easier to model, using mark- 
ers, while the equal-additions method 
is not well adapted to the use of class- 
room materials. 

Second, in the decomposition method 
the pattern of regrouping is more uni- 
form. In this method regrouping in sub- 
traction is the inverse of regrouping in 
addition. In example (a), the 13 ones in 
the sum are regrouped as 1 ten and 3 
ones. The addition is then continued. 
Now use the decomposition mejthod in 
example (b). The number in the sum 
(43) is regrouped as 3 tens and 13 ones 
and then the subtraction completed. 

25 b. 43 
-his - 18 

43 25 


The regrouping in subtraction is done 
in the reverse order from that done in 
addition. Since each operation is the 
inverse of the other, the regrouping in 
these operations should be done in the 
inverse order. 

Now use the method of equal addi- 
tions to subtract in example (b). The 
sum (43) is not regrouped. Instead, 10 
ones are added to 3 ones to make 13 
ones. The given sum is changed to 4 
tens and 13 ones. Next, I ten is added 
to the given addend (18) to make 2 tens 
and 8 ones. The subtraction is then per- 
formed. The changes made in the sum 
and in the given addend are not related 
to the corresponding example (a) in 
addition. The equal-additions method, 
therefore, does not help the pupil to 
discover the inverse relationship be- 
tween addition and subtraction, while 
the decomposition method helps to 
accentuate this relationship. The differ- 
ence with respect to both eas(‘ and 
depth of understanding in favor of the 
decomposition method is the chief rea- 
son for teaching compound subtraction 
by this method. This is especially true 
for introductory work in this topic. 

Research dealing with 
compound subtraction 

Probably more studies have been de- 
voted to determining the relative valiu* 
of the decomposition and equal-addi- 
tions methods of subtraction than to 
other topic in arithmetic. A list of such 
investigations is included in an earlier 
edition of this text.' Most of the results 
showed that the equal-additions method 
is superior when meaning and under- 
standing are not factors. An investiga- 
tion by Brownell and Moser took these 

'Foster E. Grossnickle and Leo J. Brueckner, 
Discoverinfi Meanings in Klerncntartj School 
Mathematics (Fourth eel.; New York: Holt, Rine- 
hart and Winston, Inc., 1963), pp. 150-151. 
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factors into account, however, and in 
this case the decomposition method 
was preferred.^ The conclusions of the 
various studies may be interpreted as 
follows: If the pupil is to understand 
the work in compound subtraction, 
teach the decomposition method; if 
the pupil is to learn to subtract me- 
chanically, teach the equal-additions 
method. 

Steps in teaching 
compound subtraction 

Compound subtraction involves re- 
grouping. The sequence of activities 
^br teaching compound subtraction 
should parallel those suggested for ad- 
dition involving regrouping. The topic 
may be introduced by having the pupil 
solve the subtraction situation pre- 
sented by the following problem: A 
newsbo) I'^ad 45 papers to deliver. After 
he tlelivered 2*^ papers, how many re- 
mained to be delivered? 

The teacher wrote the ex- 45 
ample on the v halkboard as — 27 
shown and asked how this 
exaniple differed from otlicr 
examples that the class solved in sub- 
traction. The pupils stated that they did 
not know how to subtract 7 ones troin 
5 ones. The teacher could be sure thai 
each pupil understood the objective of 
the lesson, which consisted in learning 
how to proceed in subtraction when a 
digit in the sum named a smaller num- 
ber than the digit in the corresponding 
place in the given addend. 

The following activities may be in- 
cluded in introducing compound sub- 
traction: 

1. Have the class suggest ways Uy 
find the answer. Some member of the 

W. A. nrowiicll and II. E. Mosrr, Mranin^rful 
t s. Mcrhaincal Lcaniiuil. Studi/ in Gnulc III Sub- 
traction (l)iirliaiiK \.C].: Diiki* riiiv«*rsit> I’if.ss. 
1949). 


class may suggest counting forward 
from 27 to 45 or counting backward 
from 45 to 27. Another pupil may give 
the following thought pattern: “27 and 
10 are 37; 3 more are 40, and 5 more are 
45; 10 + 3 + 5 = 18.'' 

2. Demonstrate how to find the an- 
swer on a number ray (Fig. 9.3). 

0 5 10 15 20 25 30 35 40 45, 


18 27 

Figure 9.3 

3. Have the pupil use his rectangular 
strips and sequences to find the differ- 
ence. 

4. Use a place-value chart to repre- 
sent th(? subtraction situation, as shown 
in Figure 9.4. Example (A) in the figure 
shows how to represent 45 as 4 tens 
and 5 ones; (B) renames 45 as 3 tens 
and 15 ones; (C) shows how to repre- 
sent the remainder after removing 2 
tens and 7 ones. 


Tens 

Ones 1 

tens 

Ones 


1 


nnnnnnnmn 
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PM 
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Tens 

Ones 1 





isM 
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! 1 1 

. 1 
8 1 


C 

Figure 9.4 


5. Write eacli digit with its place 
value. 

45 - 4 tens 5 ones ^ 3 tens 15 ones 
- 27 2 tens 7 ones - 2 tens 7 ones 

1 ten 8 ones ^18 
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6. Write each numeral in expanded 
form. 

45 40 “f 5 - 30 4 15 

- 27 ^ 20 -f- 7 = 20 -h 7 

10 -f 8 18 

7. Write the digit in each 
regrouped place in the nu- 
meral. The 5 ones are 
changed to 15 ones and the 
4 tens are changed to 3 tens. 

The circled numeral shows 
that the ones' place is over- 
loaded. 

8. The class refers to the textbook and 
reads the presentation given. The work 
the pupils did with models and numer- 
als written in expanded form aids their 
understanding of the verbal presenta- 
tion of the topic. 

9. Write the two number sentences 
for the given example. They are: 

45 -27 -18 and 45-18 = 27 

The development is not complete 
until the pupil is able to relate the ex- 
ample in subtraction to the correspond- 
ing example in addition. This phase of 
the new work may not take place until 
one or more lessons following the initial 
presentation of compound subtraction. 
The pupil relates the two operations 
by identifying the different numbers 
named in each example, as shown. 


18 

Addend 

45 

Sum 

f 27 

Addend 

- 18 

Addend 

45 

Sum 

27 

Addend 


The class should be able to write the 
four number sentences for the given 
examples. 

The introduction of modern mathe- 
matics resulted in the terminology of 
the numbers used in subtraction. The 
terms “sum” and “addend” formerly 
applied only to addition. Different 
terminology was used for subtraction, 
as shown in the example that follows. 


The term “difference?” is more widely 
used in mathematics than “remainder.” 

45 Minuend 
— 18 Subtrahend 
27 Remainder, or 
difference 

The terms “minuend” and “subtra- 
hend” have no special significance to 
the pupil at the lower-grade level. In- 
deed, they have limited significance in 
later work in mathematics, hence there 
is little, if any, justification for intro- 
ducing these terms in the elementary 
school. 

After one or two lessons with intro- 
ductory work in compound subtraction, 
the pupil should know how to subtract 
in an example in which regrouping is 
needed in lens’ place, as in example 
(a), or in hundreds' place, as in ex- 
ample (b), or in l)oth ])laces. Thes(* 
examples illustrate the need for re- 
grouping before subtraction can be 
completed. The pupil should discover 
that the pattern for regrouping in (*x- 
ample (c) applies to regrouping in ex- 
amples (a) and (b). 

a. 738 b. 5469 c 43 
- 145 -2805 j - 18 

In compound subtraction, the proce- 
dure for regrouping is the same regard- 
less of the place in a numeral. When a 
pupil makes this discovery he under- 
stands how to proceed in compound 
subtraction. The teacher should then 
challenge the more able pupil to ver- 
balize the generalization pertaining to 
the need and the procedure to follow in 
subtraction of this kind. 

Supplementary symbolic aids 

Some teachers do not ap- 
prove of the symbolic repre- 
sentation of the example 
shown at the right. They do 
not permit their pupils to 


-27 

18 
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regroup the numerals in written sym- 
bolic form. In that case the pupil has to 
perform a mental operation on numbers 
with unseen numerals in order to do 
the subtraction. It is much easier for a 
pupil to understand the regrouping 
process when the work is written in 
full, as shown above, than 
when the example is written 45 
in the form shown at the —27 
right. The pupil who under- 
stands the process and performs the 
subtraction in this example operates at 
a higher level of maturity than the one 
who subtracts in the example with the 
numeral 45 written in the regrouped 
form as 3 tens and 15 ones. Since learn- 
ing is a growth process, it seems rea- 
sonable to suggest that a pupil should 
begin the process at a level at which he 
is certain to understand the work and 
progress re .i higher ivxl a more mature 
level of subtraction. 

The example given may be rewritten 
in thri'c different ways, as follows: 

a 45-^1 tens 5 ones 

- 27 - - 2 tens 7 ones 

- 3 tens 15 ones 
2 tens 7 ones 
1 ten 8 ones "18 

b 45 - 40 I 5 30 4 15 

- 27 - - 20 H 7 - 20 1 7 

"lO -f- 8 18 

1 '^ 

c 

- 27 
18 

The teacher nia\ show different forms 
for regrouping 45. It is important to 
bear in mind that the pupil does not 
operate at a mature l(*vel in performing 
the operation of subtraction if it s 
neccssar) for him to regroup numbeis 
and write the numerals lor these re- 
grouped numbers. 

Writing the regrouped numeral in a 
subtraction example is sometimes 


known as a crutch. Many teachers dis- 
approve of tfie use of a crutch in com- 
putation. Suppose a pupil does not suc- 
ceed well in subtraction when the 
number to be regrouped is not named 
by written numerals, but he does suc- 
ceed when this number is named by 
written numerals. Then the procedure 
is not a crutch. In that case the written 
work is an essential visual symbolic 
learning, aid for that pupil. On the other 
hand, the pupil who, with a feeling of 
security and confidence, could succeed 
without the use of this learning aid but 
persists in writing the work in full uses 
a crutch. The crutch causes this pupil 
to operate at a lower level of maturity 
than that at which he should be work- 
ing. In this case it would be difficult 
for him to show growth in dealing with 
numbers. It follows, then, that what 
may be a crutch for one pupil may serve 
as a learning aid for another. There 
should be no occasion during the carry- 
ing out of the class program when the 
use? of a symbolic learning aid is dis- 
continued or prohibited. Howev^er, the 
pupil should be urged to operate with- 
out the use of this aid. He should be 
encouraged to show pride in the fact 
that h' ’s able to subtract in the same 
manne s most adults. 

Multiple regrouping in subtraction 

After a pupil learned how to regroup 
in any one place in a numeral in the 
sum in addition, he learned how to re- 
group two or more places in a nu- 
meral in the sum. That same sequence 
should a])pl>' in compound subtraction. 
When the pupil learns how 
to regroup m ones’ place in 752 
a numeral in subtraction, he _zJ!§L 
should learn to subtract in 
an (‘xample of the type shown at the 
right. Tlie number named in the sum 
(752) must be regrouped twice before 
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the conventional algorism for subtrac- 
tion can be completed. 

The list of pupil activities for intro- 
ducing examples involving multiple 
regrouping should be limited compared 
to that given earlier for the initial work 
in compound subtraction. Such activi- 
ties should be confined to the following: 

1. Writing the numerals in expanded 
notation 

2. Writing the digit or digits in each 
regrouped place in the numeral 

3. Reading and interpreting the pres- 
entation given in the textbook. 

The expanded notation for the nu- 
merals in the given example would be 
as follows: 


a 

752 - 700 -f 50 -h 2 - 
- 387 === 300 f 80 f 7 ^ 


b 

700 -f- (40 \ 10) -I- 2 ^ 
300 i 80 -h 7 

d 

(600 -f 100) -^40 4- 12 
300 4 80 -h 7 = 


c. 

700 4 40 -f- 12 - 
300 -r 80 4 7 - 

e 

600 f 140 4 12 
300 4 80 4 7 
300 4- 60 4 5 - 365 


The numerals in parentheses in steps 
(b) and (d) illustrate how different 
names are used for the same number. 
Steps (c) and (e) illustrate the associa- 
tive property of addition. The class 
should be able to give the reason for 
each step in the solution. 

The second activity for introducing 
multiple regrouping in compound sub- 
traction consists in writing the digit or 
digits for each place, as follows: 

H T O H T O H 7 O 

7 5 2 ^ 7 4 1& = 6 14 12 

-3 8 7 = 3 8 7 - 3 8 7 

3 6 5 

The letters //, T, and O represent hun- 
dreds, tens, and ones, respectively. 


Finally, the pupil* should read and 
interpret the presentation given in his 
textbook. 

Comparing regrouping 
in the two operations 

The class should compare multiple 
regrouping in an example in addition 
with regrouping in the corresponding 
example in subtraction. The following 
two examples show the procedures for 
comparison. 

H T O 

2 5 8 

13 9 4 H T O H T O 

5 14 12 -- 5 15 2-6 5 2 

H T O H T O H T O 

6 5 2 - 6 4 12 -- 5 14 12 

-3 9 4-^ 3 9 4--3 9 4 

2 5 

The illustrations indicate that regroup- 
ing in addition is in the inverse order of 
regrouping in subtraction. In addition, 
regrouping is done from right to left; 
in subtraction, from left to right. The 
teacher should have the class point out 
the inverse procedures to follow in the 
two operations. 

Zeros in subtraction 

Many of the early studies dealing 
with difficulties that pupils experience 
in subtraction indicated that zeros were 
the source of a great number of errors. 
These investigations were made at a 
time when little emphasis was given to 
understanding the work. Many of the 
difficulties encountered in subtracting 
resulted from a lack of understanding 
of the function of zero. The pupil should 
understand that zero in a numeral, such 
as in 702, holds the tens’ place and rep- 
resents the number of tens in that place. 
This knowledge should be supple- 
mented by the procedure to follow in 
regrouping a number in which zero 
occupies one or more places in a nu- 
meral. 
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There are three stages of growth in 
a pupil's procedure in dealing with an 
example of the type shown below. 
These stages of operation are as follows: 


6(10'/ 6VJ12; 

702 H2 H2 

^135 -135 -135 

1. The number named in hundreds’ 
plac-e is regrouped first, then the num- 
ber of tens is regrouped, and finally the 
number of ones, as shown. Thus the 7 
hundreds are changed to 6 hundreds 
and 10 tens; then one of the tens is re- 
grouped as 10 ones. The final regrouped 
number is 6 hundreds, 9 tens, and 12 
ones. 

2. The numeral 702 is givcm a 
grouped value of 70 tens and 2 ones. 
This number is then regrouptnl as 69 
tens and 12 oiu's, or 6 hundreds, 9 tens, 
and 12 ones. 

3. 'The digits of 702 are given a value* 
without H'gard to the regrouping ])roc- 
ess. To subtract in the given example, 
the pupil thinks of the 2 as 12, the 0 as 
9, and the 7 as 6. 

Fupils who subtract by using each of 
the three patterns of thinking given 
above operate at different levels of nn- 
derstanding. The pupil who follows 
the process of regrouping as desc ribed 
in the first plan should use his kit ma- 
terial to objectify the process. 

According to the second plan, the 
pupil must understand that the number 
named by the digits in a numeral may 
have both a grouped and an ungrouped 
value. If he knows that thc^rc are 70 tens 
in 702, it is easy to understand why 
702 can be regrouped as 6 hundreds, 
9 tens, and 12 ones. 

According to the third plan, the pupil 
has used a mature pattern of thinking 
as applied iir compound subtraction. 


Round numbers 

When we state that the distance from 
coast to coast is 3000 miles, we use 
round numbers. Round numbers are an 
approximation of the true amount. It is 
much easier to think intelligently with 
round numbers than with exact num- 
bers. To illustrate, let us assume that a 
trip is to be made by car between two 
places 287 miles apart. This distance 
can be rounded off as 300 miles. At 50 
miles per hour, the driving time would 
ho approximately 6 hours and the gas 
consumption would be about 20 gal- 
lons. If the actual distance of 287 miles 
were used, it would be difficult to esti- 
mate either the driving time or the gas 
consumption. The illustration shows 
that a major fimc*tioii of rounded num- 
bers is to increase literacy in dealing 
with numbers. Buswell found that 
many high school and college students 
were* unable' to reasonably estimate an 
answer by using round numbers.’* 

The work dealing with round num- 
bers should be introduced not later 
than grade 3. When the pupil adds or 
subtracts in examples containing two- 
or more-place numerals, he should 
round ff the nuinl>ers to check on the 
reason, h'uess of the sum or difference. 

47 —50 
36 -»40 
83 90 

In tlie illustration, the sum expressed 
in numbers is 83 and the sum of 

the rounded numbers is 90. The indi- 
cated sum is sensible, since it is near 
the approxi’Uate sum of 90. 

A problem of the following type may 
be used to introduce the topic of round- 

•XL T. Buswell, Pattcnis of Thinhinp, hi Prob- 
lem Solvin^^ \Bfrkele>, Calif.: University of Cali- 
fornia Press, 19.5CS), p. 134. 
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ing off numbers: The flagpole by the 
school is 34 feet high. Is the height of 
the pole nearer to 30 feet or to 40 feet? 
Use a number ray to have a pupil verify 
his answer (Fig. 9.5). He identifies 34 
on the ra>’ and shows that 34 is nearer 
to 30 than to 40. Similarly, he gives all 
the whole numbers between 30 and 40 
that are nearer to 30 than to 40 and all 
that are nearer to 40 than to 30. When 
we express numbers between 30 and 
40 as either 30 or 40, we sa\' that they 
are rounded ott* to the nearest 10. 

0 5 10 15 20 25 30 35 40 

Figure 9.5 

In the way described, the pupil 
identifies in a given decade other 
whole numbers that are nearer to the 
smaller or to the larger multiple of 10. 
He will discover that a number can be 
rounded off to the smaller multiple of 
10 when the digit in ones’ place in a 
numeral is 4 or less; to the larger multi- 
ple of 10 when the digit in ones’ place 
is 6 or more. The pupil must then learn 
how to round off a number to the near- 
est 10 when the digit in ones’ place in 
the numeral naming that number is 5. 
The teacher must tell the class that 
mathematicians agreed to round off a 
number of this kind to the next higher 
multiple of 10. Thus, 35 to the nearest 
10 is 40. 

In order to round oft a number to the 
nearest 10, the pupil must be able to 
do the following: 

1. Identify the multiple of 10 that is 
the next smaller and larger number 
than the given number 

2. Decide if the given number is 
nearer to the smaller or larger multiple 
of 10 found in 1 

3. Know how to deal with a number 
that is midway between the two mul- 
tiples of 10. 


The ability to perfonu two of the three 
items enumerated depends upon the 
pupil’s knowledge of ordinal numbers. 
He must know that 46 is nearer to 50 
than it is to 40 in order to round off 46 
correctly. The position of a number in 
a decade with relation to the midpoint 
of the decade determines to which 
multiple of 10 a number should be 
rounded off for accuracy to the nearest 
10. The teacher should have the pupil 
supply the missing numerals or signs 
in examples of the following ty])e. 

1. Write the numeral for the number midway 
between 

a 40 and 50 c 150 and 160 
b. 70 and 80 d. 320 and 330 

2. Write the missing numeral- 

a 70.75. ... c 140,145. 

b. 55. 60 d 670, . 680 

3 Insert the correct sign, >, , or to make 

the number sentence true, 
a. 46^ )45 d 165 M65 

b 31 > 35 e. 175- ' 172 

c. 138' )135 f 244 .'245 

The pattern for rounding off a num- 
ber to the nearest 10 applies to round- 
ing off a number to the nearest 100 or 
loot) or any i^ower of 10. By the time the 
pupil completes the work in grade 4 he 
should have a mastery of how to round 
off whole numbers to a given degree of 
accuracy. After he understands how to 
round off numbers and has dev(*Ioped 
insight into the j)roeedure, the follow- 
ing rules for rounding oft may be for- 
mulated: 

1. Use a 0 to replace each digit drop- 
ped in rounding off a number. 

2. When the first digit to hv dropped 
is 5 or more, increase by one the next 
digit to the left. 

3. When the first digit to be dropi)ed 
IS less than 5, drop that digit and all 
digits to the right of that digit. 

The number of digits to be retained 
in a numeral naming a number to be 
rounded off depends upon the use to 
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be made of tfie rounded off number. 
The usage often presents a difficulty 
that cannot be dealt with effectively 
in the elementary school. For purposes 
at this level, rounding oft is intended to 
ease computation in finding an approxi- 
mate answer to a number situation. For 
most ])urposes, one or at most two sig- 
nificant digits in a numeral name the 
number to give the degree of ])recision 
needed. 


Checking addition 

The usual procedure for checking 
addition is to add in the opposite di- 
»r?ction. The writers recommend adding 
downward because the usual pattern 
for subtraction is upward. Since these 
operations arc opposites, it is well to 
emphasize this fact in performing these 
operations. Therefore, the acceptcnl pat- 
tt*rn for addition is dewnward and that 
for subtraction i> u]^ward. 

In the ('xample at the 
right, the pupil would add ' ^ 
downward and check the 750 
work by adding in the re- 5 8 7 

verse order. Alter adding 9 0 2 

upward in the first column, ^56 
he should write tlu' re- -^^62 


grouped digit 3 in t(Mis’ 
place in the sum, as shown. Then he 
should add the tens, beginning at the 
bottom of the column. A similar phm 
should be followed in dealing with 
each colinnn in an example. 

The more able ])upils should discover 
other nH‘thods of checking both addi- 
tion and subtraction. Some otluT ways 
to check the example shown above arc 
as follows: 

1. Write the sum of each 


column as shown at the right 
and find the sum of these 
subtotals. Thus, the sum ol 
the first column is 32; of the 


32 

230 

2800 

3062 * 


second, 23(); and of the third. 


2800. The sum of these subtotals is 
3062, which is the same total as found 
for the sum in the example. The zeros 
used as place holders in 230 and 2800 
may be omitted by the pupil who un- 
derstands what each sum represents. 

2. The example may be separated 
into two parts and then added. The sum 
of the first three addends may be added 
to the sum of the other two addends. 
This procedure is permissible because 
the way in which addends are grouped 
does not affect the sum. 

Other ways may be discovered for 
checking addition. The illustrations 
given are typical of the patterns that 
the more? able pupil may discover for 
checking addition. 

Checking subtraction 

'fhe check most widelv' used in sub- 
traction is to add the remainder or dif- 
ference to the given addend. If there 
are no errors in cither subtraction or 
addition, the sum of these two numbers 
is c*qual to the given sum. This check is 
valuable because it demonstrates that 
addition and subtraction are opposite 
operations. 

The standard wa>' to check 
the ev." pic at the ri j^ht is to 
add 54* uid 158, The sum 
should equal 704. Other — 
ways of checking the ex- 
ample are as follows: 

1. Subtract the difference from the 
minuend, as 704 - 546 = 158. 

2. Subtract 100 from both 704 and 
158. Then subtract these differences, 
as 604 - 58 = 546. 

3. Subtract 158 from 200 and sub- 
tract 200 iiom 704. Then add these 
differences, as 200 — 158 = 42; 704 
- 200 = 504; 504 + 42 = 546. 

4. Subtract 150 from both 704 and 
158. Then subtract 8 from these differ- 
ences, as 554 — 8 = 546. 
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In plans (2), (3), and (4), the sum or 
the given addend, or both, are re- 
grouped so that the operations are per- 
formed with different numbers from 
those in the original example. There are 
many different ways a pupi] may dis- 
cover to check his work in subtraction. 
The more capable pupil in mathematics 
should be encouraged to discover dif- 
ferent wa>'s to check an example, just 
as he should be encouraged to find a 
\’arietv of wa>'s to solve the example. 

If checking is taught effectively so 
that it is a thinking process, the pupil 
must ha\'e time to perform the opera- 
tion. Then the number of examples that 
a pupil can solve in a given period of 
time will be approximately half the 
number that he can solve when he does 


not check the solutions. If a teacher re> 
quires a pupil to solve and check as 
many e.xainples in a class period as ht^ 
would normally solve without checking 
the work, the checking operation will 
be per!unctor\ and of little value. 

DISCOVERING RELATIONSHIPS 
BETWEEN ADDITION 
AND SUBTRACTION 

Addition and subtraction are inverse, 
or undoing, operations. There arc many 
cases, therefore, in which a procedure 
applies to addition but not to subtrac- 
tion. The teacher should have the class 
identify as many of these situations as 
the group discovers. Table 9. 1 compares 
the two operations. 


TABLE 9.1 

Comparison of Addition and Subtraction of Whole Numbers 


Addition 


Subtraction 


1. Addition describes a joining process. 

2. To find the sum of A -f 8, start with A 
and count forward 8 more. 

3. Begin with two addends and end with ' 
the sum. 

4. Show addition on a number ray, work- 
ing from left to right. 

5. In column form, perform the opera- 
tion downward. 

6. Regroup, proceeding from right to 
left. 

7. Add and then regroup. 

8. If 8 is added to A, the larger the 8, 
the larger the sum. 

9. The sum of any two whole numbers 
is in the set of whole numbers. * 

10. The order of adding two numbers 
does not affect their sum. 

11. The grouping of three numbers in * 
addition does not affect their sum. 

12. There is an identity element for ad- 
dition (0). 


1. Subtraction describes a separating 
process. 

2. To find the difference of A — 8, start 
with A and count backward 8 less. (A > 8.) 

3. Begin with the sum and one addend 
and end with the other addend. 

4. Show subtraction on a number ray, 
working from right to left. 

5. In column form, perform the opera- 
tion upward. 

6. Regroup, proceeding from left to 
right. 

7. Regroup and then subtract. 

8. If 8 is subtracted from A, the larger 
the 8, the smaller the difference. 

9. The difference of two whole numbers 
is not always in the set of whole numbers. 

10. The order of subtracting numbers af- 
fects their difference. 

11. The grouping of three numbers In 
subtraction affects their differences. 

12. There is no identity element for sub- 
traction. 
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Table 9.1 emphasizes the differences 
between the two operations; however, 
it is advisable to identify the points of 
likeness between addition and sub- 
traction. The two main points of like- 
ness are: (1) both operations deal with 
miinbers and (2) both are binary oper- 
ations. Addition and subtraction deal 
with numbers and not thinj^s. We add 
and subtract numbers. We use objects 
and different materials to model a situ- 
ation that involves joining or separating 
things. 

Addition and subtraction are binary 
operations, as are all four of the opera- 
tions. This means that an operation may 
be performed on only two numbers at 
one time to form a third number. A pu- 
pil may think that he can add three 
numbers at a time. He must make a 
grouping of two of the three numbers 
before lie can find their sum. His re- 
action time to make the grouping may 
be a fraction of a second, but the num- 
bers must be added in groups of two. It 
is not possible to find the sum of tlu' 
numbers named by 2+4+5 without 
first selecting and adding a pair of num- 
bers, as 2 + 4, and then adding that 
sum to the next number named, or 5. 
In the example 2 + 0 + 5, the pupil 
may form only one group to be added 
(2 + 5), because he has discovered that 
0 as an addend may be omitted in find- 
ing the sum of a set of numbers 

Properties of addition 

Included in the list of ways in which 
addition and subtraction differ (Table 
9.1) are the properties of addition: (1) 
closure: (2) commutative; (3) associa- 
tive; and (4) identity element. 

A fifth property of addition is a con- 
sequence of the commutative and asso- 
ciative properti(\s. The principle de- 
rived from these two properties may 
be stated as follows: The way numbers 


are grouped or rearranged does not af- 
fect their sum. Rearranging 
the addends makes it pos- ^ 
sible to select the addends g 
in a random sequence in a 3 
column to form groups hav- 8 
ing sums of 10. In the col- A 
umn at the right, it is possi- 
ble to find the sum by forming the 
groups (7 + 3) and (6 + 4) and then 
adding 10 + 10 + 8. 

Properties of subtraction 
for whoie numbers 

There are three apparent properties 
of subtraction. If a and b are a pair of 
any numbers, the following number 
sentences are true: 

1. a — 0 = a for all a. 

2. a — a ^ 0 for all a. 

3. (a — b) + b ^ a if a ^ b. 

The third statement is true because 
addition and subtraction are inverse 
operations. Subtracting h from a and 
then adding b to that difference is the 
equivalent of subtracting 0 from u, 
which is ecpial to a. 

An important procedure that applies 
to addition and subtraction involves 
keeping like places in the same col- 
ninn.>. ’’his idea may be explained in 
terms i the distributive property. This 
property involves both imdtiplication 
and addition. It will be treated more 
fully in Chapter 10. At this stage, how- 
('ver, one ma\ obscr\ e that in the addi- 
tion 43 + 26, the steps are justified bv 
the distiibiitive property as follows: 

43 4 ■ 10 4 3 \ 1 

J ? ■ 10 i- 6 V 1 
6 V lO f 9 “ 1 

The properties mentioned aboxe are es- 
sential in the development of addition 
and subtraction of natural numbers. An 
additional ])ropert\ is rc(iuired for work 
with directed numbers, as in algebra. 
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1. What is an addition situation? a sub- 
traction situation? Illustrate each. 

2. Illustrate the different levels of maturity 
in solving a number sentence that is an 
equation; that is an inequality. 

3. List the minimum number of activities 
you would use with a class to introduce 
regrouping in addition. 

4. Give your thought pattern 

as you find the sum of the ^ 
addends in the column at 4 

the right. 3 

5. Identify some of the advan- 4 

tages and disadvantages of A. 

the decomposition and 
equal-additions methods of subtraction. 

6. Chapter 3 lists principles of learning. 
Identify the principles that are applied 
in the presentation of regrouping in 
compound subtraction. 

7. Give one illustration in addition and in 
subtraction of each of the 12 properties 
or characteristics of these operations 
as listed in Table 9.1. 

8. Identify the properties of addition for 
the set of whole numbers. 

9. Differentiate between checking a sum 
for accuracy and for reasonableness. 
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EXERCISES 

10. In the following equations, decide if n 
represents an addend or a sum: 

a. n- 15 = 28 d. 35 +28 = r7 

b. 27 -h n = 45 e. n -h 23 = 82 

c. 47-15 = n f. A? -34 = 67 

11. Solve for n in problem 10. 

12. In the following number sentences, in- 
sert the correct sign, =, >, or <, to 
make each sentence true: 

a. 4 -h908 -1-5 

b. 37-14013 -1-12 

c. 51 +40 011 +80 

d. 27-16012 +8 

e. 64-16021 +17 

f. n +60n +5 

13. In the following number sentences, 
find the least whole number that will 
make each statement true for sentences 
(a-c); the greatest whole number that 
will make each statement true for sen- 
tences (d-f): 

a. n-8> 12 d. n +7 < 16 

b. a — 12 > 7 e. n + 13 < 24 

c. 24<c-15 f. 17>n+5 

14. Write the four equations that can be 
made with the elements of set A; of set 
B: 

A- {32,48,80} 8; {47, 18,29} 
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PATTERNS FOR TEACHING 
THE BASIC FACTS 
IN MULTIPLICATION 


AND DIVISION 


A child learns rational counting as op- 
posed to rote counting after he under- 
stands one-to-one correspondence? be- 
tween the elements of two sets. Once 
he is able to count rationally, he can 
enumerate the elements in the S^ets that 
he joins and separates. From experience 
with sets he learns that number is a 
common property of sets. He also finds 
that the operations of addition and sub- 
traction may be performed on numbers 


and that these operations describe the 
joining and separation of sets. Figure 
10.1 depicts the progression from a 
matching of sets to the mature ways of 
dealing with numbers. 

The column on the left in the figure 
shows how addition, multiplication, 
and powers are related. The relation- 
ship between addition and multiplica- 
tion applies when dealing with whole 
numbers. Raising a number to a power 
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Powers 


Multiplication 


Addition 



Counting 


Matching of Sets 

Figure 10.1 


Roots 


Division 


Subtraction 


is a high-powered way pi multiplica- 
tion, as 2‘* = 8, which means 2x2x2. 
Miiltiplic ition by i whole number is a 
short form of addition when all the ad- 
dends are equal. The column on the 
right shows how subtraction, division, 
and roots related. Finding a root of 
a number is a high-powered form of 
division, as = 8. To find the square 
root of a number it is necessary to find 
two equal factors that have a product 
equal to the given number. Since 8 8 

= 64, VM = 8. Division is a short way 
of subtraction to find how many ecpiiva- 
lent subsets can be formed from a 
given set. 

The horizontal lines in Figure 10.1 
indicate another important relation- 
ship between the operations. The 
oi)erations represented by the arrow- 
heads on each line segment are inverses 
(opposites). The teacher must help the 
pupil to understand both the horizi tal 
and vertical relationships in the figure. 
Chapter 9 emphasized the inverse re- 
lationship between addition and sub- 
traction. The present chapter will be 
concerned with the inverse relationship 


between multiplication and division 
and with the direct relationship be- 
tween addition and multiplication as 
well as between sub^aetion and divi- 
sion when dealing with whole numbers. 
T he following topics arc covert'd; situ- 
ations convc>t‘d b> nmlti])lic‘ation and 
di\isio!n properties of whole numbers 
lor multiplication and dis ision; ]iatterns 
for teaching the facts in multiplication 
and division; lonnation ol tables. 

SITUATIONS CONVEYED 
BY MULTIPLICATION AND DIVISION 

A multiplication situation 

Chapter 9 indicated that there is one 
probh. matic situation for addition and 
two for subtraction. An intuitive re- 
sponse would suggest that there is one 
problema'ic situation for multiplication 
and two tor division. This inference is 
correct. A problematic situation in 
multiplication consists in finding the 
result of combining a given number of 
equivalent subsets of known size into 
a single set. The following problem 
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can be used to show a nniltiplication 
situation: 

Find the cost of 5 stamps at 6 c ents 
a stamp. 

The problem can be solved by re- 
peated addition, as indicated by the 
equation: 

6 f6-|-6-h6+6--n 

While it is feasible to find the cost of 
5 stamps by repeated addition, it is im- 
practical to find the cost of 200 stamps 
in this manner. Examples of this type 
provide the basis for introducing multi- 
plication by a wliolc number as a short 
cut for repeated addition. In this light, 
the' equation for the above problem 
may be written': 

5 \ 6 — ■■■ or 5 V 6 ~ n 

Thus, 5 sets of 6 events is a set of 30 
cents. The number 30 may be obtained 
by repeated addition of 6 or by multi- 
plying f) by 5. the number sentence 
5X6 = 30, 5 and 6 are factors and 30 
is the product. 

Division situations 

Addition and subtraction arc inverse 
(opposite) operations. Addition of 3 can 
be undone by subtracting 3, and sub- 
traction of 5 can be undone by adding 
5. In the number sentence « + h = c, 
a and b are the addends and c is the 
sum. In a simple addition situation, 
two addends are known and the sum is 

'Tht" sfiilnicc oil the left in the equation 

uses a fiaiiie and the one on the ri^ht a letter. 
Both the letter and the* frame are technieall> 
called variables', since they hold a pliK*e tor a 
numeral and represent an unspecified number. 
The frame is most useful in circumstanees in 
which the pupil can write the numeral in the 
frame on expendable material and on the chalk- 
board. The teacher should gradually introduce 
the use of letters even if the text uses only frames. 
Letters, a.s n or t, are ea.sier to write and are stand- 
ard in later work. 


to be determined. In* a simple subtrac- 
tion situation, the sum and one addend 
are known and the other addend is to 
be determined. 

In a similar manner, multiplication 
and division are inverse (opposite) 
operations. Multiplication by 3 may be 
undone by dividing by 3, and division 
by 5 may be undone by multiplying by 
5. In a simple multiplication problem, 
two factors are known and the product 
is to be determined. In a simple division 
situation, the product and one factor are 
known and the other factor is to be 
determined. 

The following problems illustrate 
the two situations that involve division: 

1. How many 6-cent stamps can be 
purchased for 30 cents? 

2. Tom bought 6 candy bars (each 
costing the same) for 30 cents. What is 
the cost of 1 bar? 

Problem 1 may be reworded in set 
language as: 

a. n sets of 6 cents is a set of 30 c ents. 
Ecpiation: n X 6 = 30 

b. 30 cents can be broken into n sets 

of 6 cents. Equation: = 6 

In earl\ multiplication and division 
' work it is probably more effective to 
stress the notion of combining sets, as 
in (a). Pupils should associate the com- 
bining of eciiiiyalent sets with multi- 
plication.- Pupils should also eventu- 
ally learn to associate the separation of 
a set into ecpiivalent subsets with divi- 
sion. It is important to understand that 
both approaches lead to different forms 
of the same sentence. Either equation 
may be obtained from the other by the 


^Ecjuivalei't si*ts havt* tlir saiiit* (.'arcliiial mim- 
lier p. 4.5). Two distinct sets of 5 cents can- 
not be equal because the coins in one set cannot 
be in another, and equal sets must have the same 
elements. Care should be tak(m not to confuse 
equivalent sets with equal sets. 
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multiplication-division relationship, as 
is true with the two equations shown 
above. The use of set languai^e and open 
sentences gives pupils an opportunity 
to recognize more clearly the relation 
between multiplication and division 
by making it possible to use the lan- 
guage of multiplication and multiplica- 
tion-type open sentences, as illustrated 
in (a), to analyze division problems. 
Different pupils have diffcnent ways of 
understanding and interpreting prob- 
lems, and the teacher should allow 
much freedom in this regard. 

Problem 2 may be reworded in set 
language as: 

a. 6 sets of n cents is a set of 30 cents. 
Equation: 6 X n = 30 

b. 30 cents may be broken into 0 sets 
of n cents. Eciuation: 7 ^ = ti 

In problem I, the number of etpiiva- 
lent .iub.>»"ts is unknown and the size 
(cardinal number) of each subset is 
known ( 6 ). The size of the original 
(final) set is alsci known (30). If the prob- 
lem is intei preted as combining u 
of 0 into a set of 30, tin* set of 30 is the 
final set. If the inoblem is interpreted 
as breaking up a set of 30 into n sets of 
0, them the set of 30 is the original set. 

In problem 2 , the number of equivjih'nt 
subsets is known ( 6 ) and the size of 
each is unknown. 

Problem I illustrates the ralio or 

TABLE 10.1 

Simple Multiplication and Division Situations 


comparison'^ division situation, while 
problem 2 illustrates the partitive, or 
rate, type of division. 

The modern tendency is to stress 
the common property of the above two 
problems rather than their difference 
in terms of ratio or partition. Both prob- 
lems have a product (30) and one factor 
( 6 ) given, with the other factor (5) to be 
determined. Set sentences, as 6 sets of 
n cents is a set of 30 cents, or n sets of 
6 cents is a set of 30 cents, illustrate the 
difference and are helpful in identifying 
which number is a factor and which is 
a ]uoduct. 

Both simple multiplication and divi- 
sion situations can be interpreted as 
combining equivalent sets into a single 
set. Table 10.1 illustrates this fact. 

The addition-subtraction patttTii is 
illustrated by the following: 

2 I- 3 5 Addend, f addendz = sum 

3 + 2 — 5 Addend? -h addend, = sum 
5 — 3 2 Sum — addend? = addend, 

5 — 2 — 3 Sum — addend , = addend? 

The above relation between addition 
and subtraction was stressed and its 
ust‘s indicated in Chapter 8 . Experience 


•’Raiio 01 comparison diMsion is sonitHinifs 
rc+rrn*cl to in tln^ litci.ituif* as moasuivmoni or 
cpiotativo (In isioii. 


Number of Number of each Number of 

Equivalent Subsets Equivalent Subset Combined Set Operation 

(faetor) (factor) (pt'>durt) 

Given Given Missing Multiplication 

Missing Given Given Division 

(Ratio) 

Given Division 

(Rate) 


Given 


Missing 
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with the above pattern should be help- 
ful in learning the following; 

2 \ 3 = 6 Factor, x factorj = product 

3x2 — 6 Factor2 X factor, = product 

6 — 3 = 2 Product -i- factor2 = factor, 

6 2 = 3 Product factor, = factor2 

The above relation ina>' also be stated 
in terms of the quotient, divisor, and 
dividend: 

Divisor X quotient = dividend 
Quotient x divisor = dividend 
Dividend -i- divisor = quotient 
Dividend quotient ~ divisor 

The above pattern provides the basis 
for relating multiplication and division 
facts as well as the means for solving 
simple equations involving multipli- 
cation or division. 

PROPERTIES OF WHOLE NUMBERS 
FOR MULTIPLICATION AND DIVISION 

This chapter centers around a small 
subset of the whole numbers, namely, 
the set of one-place numbers and their 
products. The whole numbers do not 
form a number field (sec Chap. 6). The 
whole numbers do not have inverses 
for addition or multiplication but do 
meet all the other conditions for a num- 
ber field. Table 10.2 summariz.cs the 

TABLE 10.2 
Whole Numbers 


properties of whole numbers with re- 
spect to multiplication and division. 

The table does not include the dis- 
tributive property, since it involves two 
operations, but is confined to properties 
defined in terms of a single operation. 
Multiplication is distributive with re- 
spect to addition for whole numbers. 
For all whole numbers a, fo, and c: 

1. a{b + c) = ab f ac 

2 (b + c)a = ba -|- ca 

The commutative property of multi- 
plication insures that if equation (1) is 
true, then equation (2) must also be 
true, filquation (1) illustrates what is 
sometimes called the left-hand distrib- 
utive property, while equation (2) illus- 
trates the right-hand distributive prop- 
erty. T’here is no need to make this 
distinction on an elementary level ex- 
cept to the extent that it may clarify the 
situation with regard to division. It is 
frequently said that division is distrib- 
utive with respect to addition. 

(a b) c ^ a -r c b -‘r c for all a, b, and c 

The above is a direct consequence 
of the distributivity of multiplication 
over addition, since 

(a h b) c - (a \ b) y -- 
c 


Property 


Multiplication 


Division 


Closure 

Yes 

No 

Associative 

Yes 

No 

Commutative 

Yes 

No 

Identity 

Yes 

No" 

Inverse 

No 

No* 

"Tht* number 1 nia> be cl(.*seribed as a rigbt- 
iiancl identity for division, for example, n 1 = n 
for all «, but the number 1 does not meet the con- 
dition n -i- 1 = 1 -i- n = n for all n. 

*.Since the inverse concept is defined in terms 
of the identity element, if there is no identity then 
there can be no inverse element. 
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The following statement, however, 
is not true: 

c {a + b) — c -i~ a c ~ b 

For this reason, it is sometimes said 
that the right-hand distributive property 
of division over multiplication holds but 
not the left. Left or right, however, is 
not a good description in the following 
cases, which do illustrate the distribu- 
tive property of division over additif'n: 

^ ^ ^ ” f- ^ c)a \ b = eJa \ cTb 

c c c 

The lack of commutativity for divi- 
sion results in a more limited form of 
the distributive property of division 
with respect to subtraction. Minimum 
confusion in this regard should be en- 
countered if pupils learn to relate the 
distributive situation for division to 
that for multiplication, although this 


1. Give exanipics to illustrate that multi- 
plication is commutative and associative. 

2. From the number field properties for 
whole numbers, how can one determine 
that division is not closed for this set? 

3. Give an example to prove that whole 
numbers are not closed for division, 

4. Rename each of the following, using the 
property named in parentheses: 


PATTERNS FOR TEACHING 
THE FACTS IN 

MULTIPLICATION AND DIVISION 

The number of facts 

A number fact for multiplication is 
a sentence that indicates the correct 
product for two one-place numbers 
(numbers represented by one-digit nu- 
merals), for example, 2x3 = 6 or 4x4 


cannot be done until the rational num- 
bers have been introduced. 


a c + b c 

c ___ ^ 1 

a f b ^ a r b ' 

which IS not equal to c x ^ -I- c x — 
a b 

A reference to the distributive prop- 
erty is almost invariably interpreted as 
the distributive property of multiplica- 
tion over addition. This is so because 
any of the other distributive properties, 
as division over addition or subtraction, 
are direct consequences of the distribu- 
tive property of multiplication over ad- 
dition, as illustrated above. 

EXERCISES 

a. 3 X b (commutative property for mul- 
tiplication) 

b. (4 X 2) X 50 (associative property for 
multiplication) 

c. 25 X 44 (rename 44 and apply associ- 
ative properly for multiplication) 

a ’2 (identity property for multiplica- 
tion) 

e. 42 (identity property for addition) 


= 16. Each of 10 one-place numbers 
may be multiplied by 10 one-place 
numbers to give 100 possible products 
of one-place numbers or number facts. 
Table 1(».(S on page 175 presents an ex- 
ample of one of thc‘ most convenient 
ways for writing the 100 multiplication 
facts. 

Of the 100 possible quotients of one- 
place numbers, 10 must be eliminated 
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because division by 0 is not possible.'* 
Therefore there are 90 division facts. It 
is not necessary to write a separate table 
for division facts. When the pupil un- 
derstands the relation between multi- 
plication and division, he can discover 
that the table of multiplication facts re- 
ferred to above also contains all of the 
division facts. 

Pupil materials for multiplication 

Each pupil should have strips of pa- 
per, preferabi) construction paper, con- 
taining designs to be used as markers. 
The designs ma> be circles, squares, or 
other geometric figures. All the pupils 
need not have the same kind of marker. 
One set of markers ma> contain circles 
while others may contain squares or 
other suitable designs. For initial work 
with the multiplication facts, the class 
should use different kinds of markers 
to show a fact. However, the use of dif- 
ferent kinds of markers should be con- 
fined to class activities during the 
period of readiness for introducing the 
facts in multiplication. 

The 9 or 10 sets of designs for repre- 
senting each factor may be arranged on 
one large sheet or cut into separate 
strips to correspond to the number to 
be presented. Figure 10.2 shows a set 
of circles for modeling the fours in mul- 
tiplication. To show 3 fours, the pupil 
would fold his paper containing the 
designs so that 3 sets of fours would 
sliow. If the sheet were cut into strips 
of fours, the pupil would arrange 3 of 

“'Man) jnipils are confused about tlic differ- 
ence between 0 3 and 3 H- 0. The example ■” 

f) -T- 3 mav be renamed as 0 X which is equal 
to 0, since the product of any number and 0 is 0. 
On the other hand, if it is assumed that 3 -i- 0 lias 
a quotient n, then the relation between multi- 
plication and division demands that 3 = 0 X n, 
which contradicts the fact that 0 times any num- 
ber is 0. 


these strips to model 3x4. There 
should be either 9 or 10 strips. Ten 
strips may be used to model multiply- 
ing by 10, as 10 X 4. 


oooo 
'o o o o 
oooo 
oooo 
oooo 
oooo 
oooo 
oooo 
oooo 
oooo 

Figure 10.2 

The pupil uses markers to model or 
discover multiplication facts. Thv text- 
book may show arravs for the piq^il to 
use to find products. The ar- 
ray shows 3 fours in the hori- • • • • 
zontal form and 4 threes in * * * * 
the vertical form. Just as a 
pupil can use his markers to 
find the answer in a fiict, so he can use 
an array to find that answer. Many pu- 
pils can discover the multiplication 
and division facts from an array. Slow 
learners may need to use exploratory 
materials, such as the markers previ- 
ously described, in order to discover 
the facts. The teacher should have the 
class use markers during the initial 
work in multiplication and their use 
be discontinued as soon as the pupil is 
able to discover a fact from an array or 
from facts that he already knows. 

Readiness for multiplication 

and division facts 

It was emphasized in Chapter 9 that 
the pupil shoidd participate in certain 
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activities to create readiness for the ad- 
dition and subtraction facts. The same 
situation applies to multiplication and 
division. The pupil should use strips 
or squares to model different facts. To 
model the fact 3 X 4, the pupil should 
show 3 strips of fours and interpret the 
representation. Some typical responses 
arc: 

Three sets of 4 circles is a set of 12 
circles. 

Three sets of 4 squares is a set of l2 
squares. 

The above set sentences may be de- 
scribed by the eciiiatioii 

4 + 4 + 4 -- 1 1 

The basis is then provided for intro- 
ducinj^ the idt*as of multiplication of 
whole* numbers as a short cut for re- 
peated addition or for describing th(‘ 
colnbMn*)lJ^ of (‘quivaleiit sets into a 
single set. The above equation may be 
rewritten as 

3 • 4 --- '.! 

()th(‘r t>pical activities for readiness 
are: 

1. Use the number ray to model the 
situations described above (Kiv?. 10.3). 

0 5 10 


4 4 4 

Figure 10.3 

2. Draw the number ra\ shown in 
KiKure 10.4 on the clialkboard and ask 
the pupils to write a number scmhmcc 
involving addition; multiplication. After 
the sentences 5 4 5 + 5 = 15 and 3 X 5 
= 15 are obtained, ask for a verbal de- 
scription or set sentence similar to those 
given above. 

3. After the pupils have 

used their strips to model , 

number of facts, draw an ar- 
ray on the chalkboard, as 


shown. Then, help the pupils interpret 
this array as two sets of 4 or as 2 fours. 
Have them write the equations 4+4 
= □ and 2 X 4 = □. Have pupils draw 
a number ray and use strips. 

0 5 10 15 


5 5 5 

Figure 10.4 

4. Write a sentence, for example, 
2 + 2 + 2 = □, on the chalkboard. Ask 
the pupils to rewrite it as a sentence in- 
volving multiplication. Ask pupils to 
interpret the multiplication equation 
with set sentences, for example, 3 sets 
of 2 apples is a set of n apples. Ask the 
class to use their strips to make a model 
for the sentence. Ask a pupil to draw an 
array on the chalkboard. Ask the pupil 
to draw a number ra\' illustrating the 
situation. 

Two major goals in readiness work in 
multiplication are: 

1. To relate the new multiplication 
svmbolism, as 2 X 3, to the familiar 
idea of addition, as 3 + 3 

2. To relate both t\pes of s\inbols 
shewn above to the idea of combining 
eqi alent sets. 

Introducing the facts 
in multiplication 

When readiiH'ss work has been com- 
pleted, a SNsteinatic a])i)roach to learn- 
ing multiplication number facts irust 
begin. It is common to work with the 
twos, since they are related to doubles 
in addition as well as being the simplest 
set of fa. ts other than those for 1 and 0. 

The work with the twos involves no 
essentially new ideas but continues 
with the procedures already discussed 
in connection with multiplication readi- 
ness. The ideas and activities are con- 
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centrated on the twos, with the goal of 
enabling the pupil to gain mastery of 
the basic facts involving the twos. As 
indicated earlier, mastery will be at- 
tained most thoroughly and quickly 
with the widest possible variety of 
meaningful activities. 

Early activity may be along the fol- 
lowing lines; 

2\ 3-=3 2\ 3-6 

Two threes • • • 

are six • • • 

2 ^ 4-4 -h4^8 2x4-8 

Two fours are • • • • 

eight • • • • 


2 \ 5 -- 5 -f-5 = 10 2 \ 5 - 10 

Two fives • • • • • 

are ten • • • • • 

Each of the above sentences may be 
interpreted b> a number ray and mod- 
eled by specific sets of objects in the 
classroom and described with sen- 
tences, for example, 2 sets of 5 books. 

The beginning work with the twos 
should probably omit the facts 2x0 
and 2 X 1. When enough work of the 
type shown above is completed, pupils 
should recognize quickly that 3f X 0 
= 0+0 and that 2 X 1 = I + 1 = 2. 

In initial work with the 
twos in multiplication, ar- 
ra\s should be used fre- • • • 

quently. When the pupil in- • • • 

terprets an array correctly as 

2 sets of 3, or 2 threes, the • • 

array should be rotated as * * 

illustrated on the right and 
interpreted as 3 sets of 2 or 

3 twos. • • • • 

The array on the right may • • • • 

be interpreted in two ways 
without rotation. It may be 
interpreted as two sets of rows (of 4 in 
each row) or four sets of columns (with 


2 in each column). To avoid c;onfusion, 
it is probably best in the beginning to 
interi)ret such arrays only in terms of 
rows. 

By rotating arrays in the manner de- 
scribed above, pupils can discover the 
commutative property for multiplica- 
tion. This idea can be reinforced with 
other activities. 

1. Activities of the following kind 
will help pupils recognize the commu- 
tative property of multiplication: 

2x3-3-j-3-6 
3X 2-2 +2 +2-6 
2 X 5-5+5 - 10 
5 X 2-2+2 +2 } 2+2-10 

2. The number ray is also useful in 
helping pupils recognize the commuta- 
tive property of multiplication for whole 
numbers (Fig. 10.5). 

3X2 = 6 

2 2 2 


0 5 10 



3 3 


2X3=6 

Figure 10.5 

3. Pupils should be encouraged to 
rename 2x3 as 3'X 2 as well as with 
any other correct name. 

4. Pupils should be helped to recog- 
nize that if 3 X 5 = 15 is a true sen- 
tence, then 5 X 3 = 15 is also true. 

The commutative property can help 
pupils make an important discovery 
about the table of the twos. When the 
pupil has learned that 2x3=6, the 
following should enable him to find 
that 2x4 = 8. 

2a3-3x2=2+2+2 

2x4=4x2-2+242+2 
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The above work should make it clear 
that 2 X 4 is two more than 2x3 and 
help the pupil understand why each 
new fact in the table of the twos is two 
more than the previous fact. The dis- 
tributive property may also be used for 
this purpose. 

2X 5-2X (4 f-1) 

- 2 X 4 + 2 X 1 
-- 2 X 4 -F 2 

These same ideas should be used to 
show that facts in the table of the threes 
increase by three, and so on. The corn- 
mutative property is probably more 
effective for the initial facts, while the 
distributive property probably has an 
advantage for later facts. Writing 8X9 
in terms of repeated addition is too 
time consuming and should be used 
only vvhi p neccssars. 

Use of tables 

A table i > u.ieful h)r summanzing 
facts. Tabl(^ 10.3 shows only facts of the 
type 2 X n. hV)r facts of the* type n X 2, 
a vertical table is needed. Most tables 
do not show both the indicated multi- 
plication, as 2 X 3, and the product, 
6. Karly work with tables may be more 
meaningful to the pupils if this practice 
is followed. Later only the product may 
be written. It is not necessary to con- 
struct a tabic for the complete set of 
facts of the type 2 X n. Hie use of 
smaller tables as shown in (a)-(d) is 
recommended. 

TABLE 10.3 



A vertical table, as shown in (d), 
stresses the commutative property of 
multiplication: 



Help th(' pupils construct a table 
similar to Table 10.4. 

Such a table with several lines may 
be nl.*ced on the chalkboard for a week 
or lo cr and used as reference. A more 
permanent form on oak tag or similar 
ma*^erial max also be useful. 

It may be helpful to start with a table 
similar to Table 10.4 with only one cu- 
trx on each line and then let the pupils 
suppK the missing information, as in 
Table 10.5. 
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TABLE 10.4 

A Student Aid in Learning the Multipiication and Division Facts 


Array 

Set Sentence 

Abbreviated Set 
Sentence 

Addition 

Equation 

Multiplication 

Equation 

Number Ray 

• mm 

Two sets of 3 

Two threes 

3 +3 = D 

2 X 3 = n 

0 5 

• • • 

books is a set 

are n 





of □ books 




3*^ 3" 


Use objects in the classroom as mod- 
els for equations and set sentences, l^se 
3 sets of 2 books on a desk or table. Use 

2 sets of 3 children. Use 5 pairs of boots 
or gloves. Interpret each such example 
with equations, sentences, arrays, and 
number rays. 

Introduce the vocabular\' for multi- 
plication with a sentence, for example, 

3 X 5 = 15, and identify 3 and 5 as 
factors and 15 as the product. Use other 
sentences to further illustrate this new 
vocabulary. 

Open sentences 
involving basic facts 

Open sentences should be intro- 
duced early in the work with multi- 
plication facts. The equation can pro- 
vide reinforcement activity for learning 
facts as well as for the concept of factor 
and product. Introductory equations 
should have both factors given, as in 
2 X 7 = □. When an equation of the 
type 2 X □ = 16 is first given, its 


“solution” should involve only the con- 
cept that when the numeral 8 is placed 
in the frame the open sentence becomes 
a true statement. Knowledge of the ba- 
sic fact 2 X 8 = 16 is all that is required 
to “solve” such an equation. Such work 
provides a meaningful variety of activity 
involving basic facts as well as better 
understanding of the nature of open 
.sentences. 

Exercises with open sentences of the 
following type can be used to provide 
additional reinforcement of the com- 
mutative property for multiplication: 

2 \ 4 - 8 5 \ 7 35 

4x2-'! 7 N 5 . I 

2 \ 9 -- r. 2 X 7 = [H \ 2 
9x2-;j 7x3-3X:-] 

An example involving the fives or 
sevens, as shown above, is not out of 
place when pupils are working with the 
twos. 

Work with pairs, of equations is use- 
ful in stressing both the vertical and 
horizontal relations discussed earlier 


TABLE 10.5 

Class Table for Learning the Multiplication and Division Facts 


Array 

Set Sentence 

Abbreviated 
Set Sentence 

Addition 

Equation 

Multiplication 

Equation 

Number Ray 

? 

? 

? 

4 -f 4 = n 

? 

7 

? 

? 

Two fives 
are/7 

? 

? 

7 

? 

? 

? 

? 

2 x 6=n 

7 
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in this chapter. Some of the ways of 
illustrating these ideas are as follows: 


3+3-6 

3x4 

--12 

2 X 3 -= 1 1 

4+4+4 

-n 

12 - 3-4 

18-^2 

--9 

3 X n = 12 

2 X I I 

- 18 

3 X 5 = 15 

4 X tl 

-20 

15X-5 --L1 

20 ~ S 

-n 

h 4 t- 4 - 3 X 1 1 

5 1 I j + I I 

-A 

f - 2 + 2 = X 2 

1 H 1 .■ + 1 1 

-- A 


Just as the triangle and square above 
hold a place for a numeral, a circle is 
frequently used to hold a place for a 
sign of operation as +, X, — , or In 
the following, the pupil must replace 
the circle by the sign of operation that 
will make the sentence true. 

2 M ---8 8 ' '2 --=16 

12 ' 4 -3 8 ■)4 -- 2 

Eq!MH«)'is with two frames or vari- 
ables may als^ be used, but they are of 
limited use until the pupil learns a sub- 
stantial number of facts. 

A \ - 12 ^ L - 16 -2 

The pupil should learn the difference 
between the equation Cl X □ = lb and 
A X □ = 16. Where both frames are 
squares, the; same number must be rep- 
resented; when a scpiare and a triangle 
are used, however, the numbers may 
b(‘ the same or different. The e(iuation 
4 X 4 = 16 may be obtained from both 
[ ] X n = 16 and A X 1 J = 16, but the 
c(iualion 2x8 = 16 may be obtained 
only froiii the latter. 

The vocabulary of factor and product 
should also be emphasized in the fol- 
lowing manner: 

Factor x factor = product 
3 N 4 - 12 
5 \ M - 30 

Product factor= factor 
12 ^4 - 3 
30 5 ; 1 


Many lessons in initial work with 
multiplication can profitably begin with 
a renaming session. The pupils should 
be asked to rename 2 X 5. The earliest 
answers will probably be 5 + 5 or 10. 
The answer 5x2 should also be ob- 
tained. In such a session it is important 
to welcome any correct answer as 

2 X 5 + 0 or 2 X 5 X 1. Imaginative 
pupils may deliberately try to give un- 
usual answers. Such answers should be 
encouraged but a skillful teacher can 
guide any renaming session in the di- 
rection desired. It is desirable that 
2x5 be renamed as 2(4 + 1 ) or 2(3 + 2) 
in several such sessions before intro- 
duc ing the use of the distributive prop- 
erty as a useful means for obtaining 
new facts from old (see p. 163). It is 
equally important in such renaming 
sessions for pupils to rename 6 as 2 X 3 
or 3 X 2. It is also useful lo rename 

3 X 7 + 3 X 13 as 3(7 + 13). 

In traditional mathematics at its 
worst, the multiplication facts were 
learned b\ rote repetition, with little 
or no effort to give the pupil an under- 
standing of fundamental patterns. In 
the modern approach, every effort is 
made to obtain variety and understand- 
ing b'. using sik1» different devices as 
mark s, number ra>s, physical models, 
arrays, patterns, and equations. It is a 
mi take to conclude that no drill, main- 
tenance, or reinforcement activit> is 
necessary. While the more able pupils 
may need little or none of such activiU, 
it is dinost certain that some pupils re- 
(luire repetitive work in order to master 
the facts. The teacher must assess each 
class in this regard and provide addi- 
tional acuxity as needed. Limited use 
of show cards or other such devices 
may be useful or necessary, but these 
should be employed onl\ after the 
more meaningful activities have been 
explored. Brief, well-motivated rote- 
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learning experiences may provide use- 
ful additional variety. Efficient computa- 
tion is impossible without a reasonable 
mastery of the facts. In a modern ap- 
proach, mastery of addition and multi- 
plication facts usually insures mastery 
of subtraction and division facts. 

Work with the twos must introduce 
the operation of division as the inverse 
operation of multiplication. Every effort 
should be made to help pupils recog- 
nize the similarity between the mul- 
tiplication-division and the addition- 
subtraction relationships. The multipli- 
cation-division pattern shown on page 
158 is of major importance here. When 
the pupil learns that 2x3= 6, he 
learns to conclude that 3 X 2 = 6, 6 -i- 3 
= 2, and 6 -f- 2 = 3 are also true state- 
ments. Each multiplication fact with 
unequal factors should lead to a second 
multiplication fact and to two division 
facts. A multiplication fact with ecpial 
factors, as 3x3 = 9, leads to only one 
division fact, 9 -r- 3 = 3. 

Notation for facts 

There are two accepted ways of writ- 
ing the facts in multiplication. The facts 
may be written in vertical form or in 
equation form, as in (a) and (b), re- 
spectively: 

a 6 b 3 6 - 18 

X 3 
18 

There are more ways to represent a ba- 
sic fact in division than in multiplica- 
tion. Examples (c-e) are the accepted 
forms for writing a basic number pair 
in division: 

c 3^18 d 18-^3 e. ^ 

O 

Arithmetic textbooks seldom use the 
notation shown in (e) in presenting the 
basic facts in division. A wider use of 


this notation should be helpful to the 
pupil in dealing with rational numbers. 

A challenging activity for the more 
able learner is to rename 18 -f- 3 in a 
variety of ways, for example: 

(18 -3) XI IX ■'I yXl 
(9 + 9) 3 (24 - 6) : 3 

If rational numbers are used, there are 
many more ways to rename 18 -J- 3, as 
^ X 18. Since ^ is not in the set of whole 
numbers, ^ X 18 does not rename 
18 -r- 3 in that set. 

Division in reiation 
to subtraction 

While it is possible to learn all of the 
division facts from multiplication facts, 
a pupil’s knowledge of the division 
operation is not complete until he un- 
derstands its relation to repeated sub- 
traction. The following activities may 
be Iielpful for this purpose: 

The? answer to 6 -f- 2 may be obtained 
b> using a number ray (Fig. 10.6). Be- 
gin at 6 and mark off groups of twos, 
as shown below the ray. Similarly, the 
number sentence 6 -r- 3 = 2 shows the 
representation above the ray. The pni)il 
may rename 6 using multiplication. 

6-3-2 
3 ' 3 


0 5 


2 2 2 
6-2 = 3 

Figure 10.6 

Then the number sentences an* 6 
=. 2 X 3 and 6 = 3 X 2. The answer 
may also be obtained by subtraction. To 
find the number of twos there are in 6, 
subtract, as in (a). The representation 
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shows that 2 may be subtracted from 6 
three times, hence there arc 3 twos in 6: 


a. 6 b. 6 
-2 1 ^_3 1 

4 3 

-2 1 -3 J _ 

2 2 
-2 J_ 

3 


These facts may then be written on 
the chalkboard: 

6 -2 --3 6^3 - 2 

The teaclicr tells the class how to read 
a fact, as “6 divided by 2 eciiials 3/’ The 
^pupil uses tht‘ equation form for writinj^ 
the facts until he has discovered the 
meaning and properties of division. The 
division sign, Y~ , is used primarily in 
examples involving computation, as in 
2)45. It is important that (luoticnts be 
associated with set sentences, for ex- 
ample, n sets of 4 is a s(‘t of 12, or 3 sets 
of n is a set of 12, and the associated 
equations, n X 4 = 12 and 3 X n = 12. 
Solution of verbid problems, in a mod- 
ern approach, centers in the ability of 
the pupil to write a correct number sen- 
tence. Readiness for problem solving 
can be created by giving the class a 
number sentence and then havt* the* 
pupil interpret tin* e(iuation in terms of 
set sentences and verbal descriptions. 
Equations (a) and (b) illustrates this 
procedure. 

a Equation. 2-7 

Set sctitcnres: 2 sets of 7 cents is 14 
cents; 2 sets of 7 books is a st‘t of 
14 books; 2 sets of 7 glasses is a set 
of 14 glasses. 

Verbal siiuation.s: Kind the cost 'd 2 
candy bars at 7 cents a bar. What is ^le 
total weight of 2 packages if each i)ack- 
age weighs 7 pounds? 

U. Equation 2 v i : 1 2 


Set sentences: 2 sets of n books is a 
set of 12 books; n sets of 2 books is a set 
of 12 books; a set of 12 books may be 
broken into 2 sets of n books; a set of 
12 books may be broken into n sets of 
2 books. 

Verbal situations: If 2 stamps cost 
12 cents, what is the cost of 1 stamp? 
How many 2-cent stamps can be bought 
for 12 cents? 

The following two set sentences are 
quite different: 

a. 2 sets of n cents is a set of 12 
stamps. 

b. n sets of 2 stam])s is a set of 12 
stamps. 

However, both scmtences are repre- 
sented by the equation 2 X □= 12. It 
is true that the second set sentence 
should be represcMih^d by the equation 
n X 2 = 12, blit because of the com- 
mutative property of multiplication, 
the latter equation mav be written as 
2 X □ = 12. 

Combining 2 s(‘ts of n cents to get a 
set of 12 cents and breaking 12 cents 
into 2 sets of ii cents are both repre- 
sented b> the equation 2 X □ = 12. 
1'f‘chnicall\ , th(‘ second set sentence 
should be represented by the eiiuation 
12 2 X n, but this equation is the 

same . 2 X □ — 12, since mathemati- 
cal eqaations can be read in either di- 
rection. 

T'he ability to analvze situations in 
terms of set sentences rt^quires high 
verbal ability and will be acquired 
much more readily b> some pupils tha*! 
others. Manx pupils can perform the 
aiialx’sis on a nonverbal basis. Eac*h 
teacher must learn to judge' how much 
emi)hasis * ) put on verbalization for a 
specific class. Recognition of factor and 
product is probably less demanding and 
is a useful activitx in helping pupils to 
write equations (open sentences) in 
the solution of verbal problems. 
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When a pupil learns that 2 X 7 = 14, 
he should immediately eonclude that 
7 X 2 = 14. In learning the twos, a pu- 
pil learns about other facts. He also 
learns the concept of division and its 
relation to multiplication, as well as 
the problematic situations associated 
with these two operations. Work with 
the threes, fours, and fives requires no 
new concepts but must proceed in a 
manner that strengthens the concepts 
introduced with the twos. As new facts 
are l€?arned,the old ones must be main- 
tained, and the teacher must constantly 
search for a variety of meaningful activi- 
ties to help pupils learn more efficiently. 
All of the activities described in con- 
nection with the twos may again be 
used in connection with learning other 
facts. 

Learning new facts 

The following activities are typical 
of those that may be used in hel]>ing 
pupils to learn new facts: 

1. Have pupils discover patterns by 
supplying additional numbers in se- 
quences similar to the following: 

a 1.2,3.4,5. • • ■ 
b 2.4,6. 3,- • 
c 3,6,9.12 •• 

d 2. 5.8, 11, ■ • • 
e. 4,5.10, 11,16, 17. • ■ 

Ask the pupils to rename numbers in 
sequence to show common properties. 
The above sequences may be renamed 
in this manner as follows: 

a 1 - 1 . 1 V 2, 1 3. ■ • 

b 1 s 2. 2 2. 3 ^ 2. • ■ • 

c. 1 -,3.2‘.3.3x3.-- 

d. 1 X 3 - 1 . 2 V 3 - 1 . 

3 3 - 1 . ■ ■ ■ 

e. 1 3 4- 1.2 - 3'- 1. 

3*^34-1.4x3-1.-- 

Sequence (a) should not be renamed 
a.s illustrated until the identity element 
for multiplication has been introduced 


and discussed. More diflScuIt sequences, 
such as (d) and (e) should be used spar- 
ingly and the teacher should be guided 
by class reaction to them. Sequences 
such as (b) and (c) should be used fre- 
quently and the pupils should identify 
them as the twos and threes and even- 
tually as the multiples of 2 and the mul- 
tiples of 3. 

2. The use of tables was described 
earlier in this chapter. As pupils learn 
new facts, a variety of tables may be 
constructed that will provide useful 
variety in pupil activity. The earliest 
extension of the work on page 163 may 
be as follows: 


X 

3 

4 

2 

1 

2 V 3 

8 


15 

5 V 4 


The table need not be restricted to 
2x2, as illustrated above. 'Fables may 
he used that are 2 X 3 or 2 X 4 or 3 X 3. 
Work of this kind should eventually 
lead to construction of the table listing 
all the facts (Table 10.6). 

3. Different t\pcs of tables may be 
used, as shown in (a), (b), and (c). 


X 

•2 

4 


3 

- 

/ \ 


5 

t 

n 


> 2 

. 2 - f 

3.4 

5 ' 4 

- n 


X 

2 

n 


3 

t 

12 

15 


10 

20 

25 


3 ‘ 2 - t ; ] 2 - 10 

3 n - 12 V n - 20 

3 > - 15 ij - /. = 25 
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Ttihles (a) and (b) show how the ])u- 
pil can form number sentences from 
given data. Table (c) can l)c used effec- 
tively for showing tlie inverse relation- 
ship between multiplication and divi- 
sion. 

4. A useful activity involves a set of 
3 numbers, as { 2 , 8 , 16}. The pupil is 
asked to write the facts associated with 
^hc 3 numbers. These are 2x8 = 16, 
8 X 2 = 16, 16 ~ 2 = 8 , and 16 -f- 8 = 2. 
As work progresses, the numbers in the 
set may lead to true statennents that are 
not facts, for i\\ain])le, 4 X 14 = 56. 
This activity parallels that given for ad- 
dition aiul subtraction in (diapter 8 . 

5. The set may include a variable, as 
in {3, 6 , /i}, which leads to the equations 
3 X 6 = /i, 6 X 3 = /q n S- 3 = 6 , n 6 
= 3. 'fhe set {4, n, 24} leads to 4 X i 
= 24, n X 4 = 24, 24 ^ /* = 4, and 24 
-i- 4 = n. This activity j^rovides the ba- 
sis for solving ecpiations involving 
larger numbers. 

6 . Have the pupil write in seciuence 
the numerals for the numbers from 1 to 
30 for the threes, from 1 to 40 for the 
fours, and so on. Then cross off each 
third numeral for iht* threes and twery 
fourth nuimual for the fours. As the pu- 
pil crosses off each numeral, he writes 
the number pair for that product. If he 
crosses off 21, the number pair is 3 and 

7. He would then write tlu' following 
four facts derived from this number 
pair: 3 X 7 = 21, 7 X 3 = 21, 21 - 3 
= 7, and 21 H- 7 = 3. 

The identity eiement 

Multiplication involving 0 and 1 can 
be performed by repeated addition, but 


recognition of 1 as the identity element 
for multiplication cannot be achieved 
until facts other than the twos are 
known. The earliest desirable ix)int for 
introducing 1 as the identity element 
for multiplication is probably after the 
class is familiar with the fives. The fol- 
lowing pattern may be helpful: 

2 X 1 ^ 1 f 1 = 2 2 X 1 2 

3 V 1 -- 1 4- 1 + 1 

--3 3 X 1 -- 3 

4x1-1-^141 

41-4 4x1-4 

5x1-141 M 

4 1 f 1 - 5 5 >. 1 - 5 

Ac tivity of this type may be followed 
by using ecpiations of this type: 

1 : V 1 -= n n X 1 = 1 1 □ X 1 = f 

Thi‘ similarity between 0 in addition 
and 1 in multiplication may also })e 
pointed out in the following manner; 

2/ 1-1 ^2-2 2-t0-=-042 = 2 

3 % 1 _ 1 . 3 -- 3 3 4 0 “ 0 -f 3 - 3 

4 X 1 - 1 . 4 ^ 4 4 4 0 0 I 4 ---- 4 

The abov(‘ may be summarized b\' the 
open sentences /i X 1 = I X n = n and 
)i + 0 = 0 + n = n and b\' the verbal 
statements that the product of 1 and any 
number is that number and the sum of 

0 am^ n number is that number. 

()iu‘ ay to strengthen this concept 

is to encourage pupils to frequentK re- 
naiUv 5 as 5 + 0 or 0 + 5 and as 5X1 

or 1 X 5. A pupil who can readih re- 

name 5 as 5x1 should readil>’ rename 
■7 as T X 1 . The latter conccqrt is impor- 
tant in '.»der that a pupil ha\e a mathe- 
matical understanding of the* equality 

1 = (sc«- 1 ). 2:m 

Multiplication by zero 

Zero is the identity element for addi- 
tion, as indicated in the previous sec- 
tion, but it also has a special propert\ 
with regard to multiplication, as illus- 
trated by the following: 
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2X0=0 +0=0 2x0=0 

3x0=0+0+0=0 3x0=0 

4x0=0+0+0+0=0 4x0=0 

The above activity should enable pu- 
pils to discover that u X 0 = 0. The 
commutative property of multiplication 
sliould then lead to the conclusion that 
0 X /* = 0. When one factor is 0, the 
product is 0. 

The teacher should understand that 
the above' procedure provides a rational 
approach for recognizing^ that multipli- 
cation b\ 0 gives a product of 0. This 
procedure does not constitute a mathe- 
matic’al proof nor does it apply to multi- 
plication of 0 bv' a fraction. A mathe- 
matical proof that the product of 0 and 
any number is 0 can be constructed 
from the field postulates, but such an 
activity is not appropriate at the elemen- 
tar\' level. The fact that a factor of 0 
leads to a product of 0 is frequently ac- 
cepted without proof on the secondary 
level. 

Developing the facts 
greater than the fives 

The activities listed for presenting 
the facts in multiplication and division 
include the use of objective and visual 
materials. As the class develops and un- 
derstands working with more facts in 
multiplication, there is less need for 
using exploratory material. For the facts 
not known in the table of the sixes, 
sevens, eights, and nines, an array or a 
numl)er ray may still be useful. Patterns 
and number properties should be used 
more frequently at this level. The dis- 
tributive property is particularly use- 
ful for work with facts greater than the 
fives. 

The teacher should help the pupil to 
apply this property to find new facts in 
terms of old. This is especially true for 
facts in which both factors are greater 
than 5. In such cases the pupil renames 


one of the factors and then applies the 
distributive property. The plan to follow 
may be illustrated b\' finding the prod- 
uct of 6 X 7: 

6v 7=6x(2+5) 

= (6 X 2) f (6 V 5) 

= 12 +30. or 42 

6 X 7 = 42 and 

7 X 6 = 42 

In the same way the pupil can find 
the product of any basic pair by renam- 
ing one of the factors and then applying 
the distributive property. 

Pupils should discover at least two 
different ways to verify a fact, for ex- 
ample, 4x7 = 28, by applying the 
distributive property. The pupil re- 
names one of the factors (7) as 2+5 
or 3 + 4. lie then expresses 4 X 7 as 

4 X (2 + 5) or 4 X (3 + 4). 

In this way the pupil always has an 
effective means of discovering the prod- 
uct of a number pair when the fac tors 
are between 5 and lO. It should be un- 
derstood that the use of the distributive 
property is a long procedure for finding 
the product. Eventually, the pupil must 
learn to give a direct response to a basic 
,fact. 

St. Andrews cross 

Robert Recordc, in the Grounde of 
Arte, published in 1542, described a 
method of finding the product of a pair 
of factors between 5 and 10. 'fhe plan 
he introduced was a trick procedure and 
meaningless to the learner. The prod- 
ucts of the number pairs greater than 

5 X 5 could always be found by writing 
the factors at the ends on the left of a 
Saint Andrews cross and writing the 
differences of the factors subtracted 
from 10 at the other ends. In (a) the fac- 
tors are 9 and 7 and they are written at 
the left ends of the cross. The numerals 
naming the differences of the factors 


Renaming 7 as 2 + 6 
Distributive property 
Renaming numbers 
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subtracted froiu 10 are written at the 
right ends of the cross. The product of 
9X7 can be found as follows; 

1. The digit in ones' place in the 
product of 9 X 7 will be the product of 
1 and 3, or 3. 

2. The digit in the tens' place in the 
product of 9 X 7 will be the sum of 
1 and 3 subtracted from 10, or 10 — 
(1 + 3) = 6. Therefore, the product of 
9X7 is 63. In the same way, all other 
products having factors between 5 and 
10 can be found. In (b) the digit in tens’ 
place is 10 — (4 + 3), or 3. The product 
ol 4 and 3 is 12. Therefore, the product 
^f 6 and 7 is 30 + 12, or 42. 



The proceduH* described is mechani- 
cal and was meaningless to most stu- 
dents who used it. The student who un- 
derstood algebra could discover wh\ 
the method worked, but then he would 
have no need for such a short cut in 
learning the multiplication facts. 

Th(* reader may wonder why this pro- 
cedure gives the product of tlie factors 
between 5 and 10. We may represent 
the factors as (10 — a) and (10 — ft), in 
which a is the diift^rence between 10 
and the first factor and h is the differ- 
ence lH‘tween 10 and the sc'cond factor. 
The product of these factors is as fol- 
lows: 

(10 — a) (10 — b) - 10 ’ - ^0h — 10a 4 nb 
- 10(10-/) - a) 4 ah 
--- 10[10 - [b t-a)l I ab 

The last equation shows that ab is 
the digit named in ones’ place in the 
product. The sum of a + b subtracted 
from 10 and then multiplied by 10 
names the number in tens’ place in the 


product. The procedure by Recorde was 
satisfactory when emphasis in learning 
was not placed on understanding. 

Division with a remainder 
not zero 

In a set of 7 elements there are two 
ecpiivalent subsets of 3 elements with 
1 element remaining. 

A number ray may be used to slww 
how many threes there are in 7. In 
Figure 10.7 the points representing the 
multiples ol 3 are circled. Since 7 is one 
to the right of 6 or 2 X 3, it follows that 
7 = 2 X 3 + 1. 

0 1 ® ^ ^ J 

Figure 10.7 

In Figure J0.8 tht‘ arrows of Icngt 
3 start at 7 and move to the left, ’fw 
complete arrows of length 3 ma\ h 
drawn. Sinc e the second arrow end> i 
1, it follows that 7 = 2 X 3 + 1. 

0 5 


1 3 3 

Figure 10.8 

I’hi ivision preaess may be applied 
to an\ /() whole numbers (if the divi- 
sc^r is not 0), which means that for any 
c^rdeied pair c^f numbers (c/, b) there are 
whole" numbers c/ and r such that a = qb 
+ r where r is less than b. 

For (17, 3), q — 5 and r = 2, so tlnU 
5r2 

17 = 5 X 3 + 2, or 3777 
For (3, 17), // = 0 and r = 3, so that 
()r3 

3 = 0 X 17 f 3, or 17)3 . 

If the remainder is not less than thc" 
divisor, the division is not complete. It 
is true that 17=4x3+ 5, but 4 is not 
considered to be the ciuc^tient, since 5 
is nc^t less than the divisor 3. 
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In the ordered pair {a, fo), the num- 
ber h is understood to be the divisor, 
and therefore r is less than hir < b), or 
the j^reatest remainder is b — 1. If the 
remainder is 0 , then a is a multiple of b. 

Division of two numbers 
whose quotient c‘annot be ^ 

recognized as the result of a 35T7 
fact can be performed by the 15 
di\'isioii algorism, as shown ^ 

at the right. When the divi- 
dend is less than 10 times the divisor 
and the divisor is a whole number less 
than 10 (not 0 ), the (luotient will be a 
one-place number. The pu])il should 
then be able to give the quotient from 
his knowledge of the multiplication 
facts. Often he is unable to recall the 
factor in an example of the type a -r b. 
In that case he may represent the divi- 
dend as the sum of two addends aiul 
then apply the right-hand distributive 
property of division. If the pupil is un- 
abh* to give the quotient of 52 (5, he 

ma\ rename 52 as 36 + 16 or 30 + 22. 
One of these addends should be a mul- 
tiple of 6 . The example 52 -i- 6 ina>' now 
be written as follows: 

52 6 = (36 + 16) 6 = (36 ^ 6) + (16 ^ 6) 

The quotient of 36 -i- 6 = 6 . Since 16 is 
not a multiple of 6 and 12 is the largest 
multiple of 6 that is less than 16, 16 -h 6 
= (12-^6) with a remainder of 4. There- 
fore, 52 -h 6 = (36 + 12) -h 6 with a re- 
mainder of 4. The quotient is 8 , with a 
remainder of 4. The same answer can 
be found by using the divi- 
sion process. The pui)il did 0 

not recall the largest multi- 35 

pie of 6 that is less than 52, 16 2 

but he knew that 6 X 6 = 36. I? __ 

He indicated this fact as ^ ® 

shown in the first step. After 
the subtraction is performed, there is a 
remainder of 16, which is divided as 
shown in the second step. The quotient 


is 6 + 2, or 8 , with a remainder of 4. 
The same answer can be found by re- 
peated subtraction of 6 from 52. The 
short forms in (a) and (b) are the stand- 
ard procedures for finding the number 
of sixes in 52: 

a. 52-:-6^8r4 

8r4 

b. 6)52"' 

4 

The pupil uses these forms after he un- 
derstands the meaning of the process. 
An understanding of the process im- 
plies the following: 

1. The answer can be found by re- 
peated subtraction. 

2. The product of the quotient and 
divisor is the largest multiple of the di- 
visor contained in the dividend. 

3. The remainder is always at least 
one less than the divisor. 

4. Expressing the dividtmd as the 
sum of two addends and then dividing 
each number by the divisor illustrates 
the right-hand distributivi‘ propcrt\ of 
division. 

The fourth item is the one least un- 
derstood by most pupils and is some- 
times difficult to apply. Often the pupil 
does not know how to rename a num- 
ber as the sum of two addends so that 
at least one of these addends is a mul- 
tiple of the divisor. 

The class should have little difficulty 
in finding the quotients for nonmulti- 
ples of 2 less than 20 , since the remain- 
der will always be 1. The dividends are 
the odd numbers from 1 through 19. It 
is primarily when dealing with the di- 
visors 6 through 9 that the class experi- 
i.*nces difficulty in finding the (jiiotient 
named by a one-place tiumeral of a 
number that is not a multiple of the 
divisor. 
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Division of the nonmuitipies 
of the divisor 

We shall first be eoiieernecl only with 
the quotients named by a one-place nu- 
meral for the numbers that are not mul- 
tiples of the divisor. The largest multi- 
ple of the divisor that is less than the 
number divided is then the product of 
a basic number pair. Findinj^ the (pio- 
tient in examples of this kind is there- 
lore closely related to finding a missing 
factor of an open-number sentence that 
represents a basic fact in division. 

The plan for introducinjj; the division 
Qi'oeess for finding the (luotient of non- 
multiph's of the divisor follows about 
the same i)attern as that used to intro- 
duce the division facts. The pupil uses 
objective* materials, such as counters, 
markers, or rectangular strips, and also 
makes ' is’ial representations of a innn- 
ber pair. He ma\ use both types of aids 
until he is able to discover the n'lation- 
shi]) betwe*en the multiples and the 
nonmultiph*s ot a ^iven factor. 

Many teachers have* the pupil write 
the numl>ers in sc(pu*ne‘e u]) to 10 times 
the elivisor. 'I’he pupil then circles the 
multiples of the divisor, as shown for 
the* threes. 

(O' 1 2 '3 4 5 '6' 7 8 .9’ 

10 11 ; 12) 13 14 J5- 16 17 18 19 

20 21; 22 23 24' 25 26 .27' 28 29 

The teacher identifies the multiples ol 
the divisor from the nonmultiiiles. 'I’hc 
pui)il expresses the* nonmulti]des in a 
number sente*nce* usin^ both multipli- 
cation anel elivision. Thus, the* elifferent 


ways to write number sentences for the 
number pair 13 -r- 3 are as follows: 

13 = 3 \ 4 + 1 13“-3-4r1 

The two number sentences show the 
relationship between multiplication and 
division. In a similar man- 
ner, the pupil writes number 4 ^ i 
sentences for any nonmulti- SjTS 
pie of 3. He may also use the 
division algorism, as shown 
at the rij^ht. 

A number ray is an effective visual 
aid to enable a pupil to find the quo- 
tients of numbers that are not multiples 
of the divisor. In Fij^ure 10.9, the points 
representinj; multiples of 3 are circled. 
Sinc e 13 is one unit to the ri^ht of 12 or 
3 X 4, it follows that 13=3x4 + 1. 
41ie nonmultiples are indicated by the 
points not circled. If one starts at 13 
and draws arrows to the left, as in the 
rays in Figure 10.9, it is clear that 13 
= 1x3 + 1. 

The pupil uses a number ray in the 
same wa\ that he us(*s any other l(*arn- 
inji aid. He uses this visual aid to find 
llu* (luolicnt of a nonmidtiple of the di- 
visor until he discovers the answ^er by 
usin^ oiiK numbers. His knowled^^e of 
the la< in multiplication and division 
then e. hies him to write the (piotients 
of both multiples and nonmultiples of 
the visor. 

Expressing the remainder 
in division 

When the division process is per- 
formed on a number that is not a multi- 
ple of the di\isor, a remainder Ki'e^iter 
than 0 will result. The way to ex- 


0 1 2 (i) 4 5 (?) 7 3 <g) 10 11 @ 13 14 (g) 16 


Figure 10.9 


3 


3 


3 
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press that remainder depends upon the 
set of numbers in which the operation 
is performed and upon the division situ- 
ation. In the set of whole numbers, the 
(piotient may be expressed only as a 
whole number with a remainder. The 
set of rational numbers is closed with 
respect to division (except for 0). The 
propertx of closure makes it possible to 
t'xpress the quotient with an> number 
in that set. Thus, the quotient of 8 -i- 3 
may be expressed as as shown: 

8 ^ 6_f 2 
3 3 

■“■?+-3-2+f,or2, 

There are two division situations that 
demand different representations of the 
remainder in division. One calls for 
the remainder to be expressed as part 
of the quotient. The quotient will then 
be expressed as a fractional numeral. 
This situation may be illustrated by 
the following problem. 

A piece of wire 9 feet long is cut into 
4 equal pieces. What is the length of 
each piece? The length of each piece 
is 2j feet. The answer 2 with the re- 
mainder 1 is not sensible here. After 
the introduction of rational numbers, 
it is possible to divide 9 by 4 and ex- 
press the quotient as 2j. In the set of 
whole numbers, this problem cannot be 
solved. The need for solving a problem 
of this kind gav e impetus to expansion 
of the number system to include rational 
numbers. 

The other division situation calls for 
the remainder to be expressed as a re- 
mainder and not as part of the quotient. 
This condition prevails in the set of 
whole numbers. The fallowing problem 
illustrates the second division situation: 

How many groups of 4 children can 
be formed with 9 children? 


The quotient is 2 with a remainder of 
1. A quotient of 2j is meaningless in 
this situation. 

The way in which the quotient is ex- 
pressed in division situations involving 
nonmultiples of the divisor depends 
upon the situation. The pupil must be 
able to interpret the answer. From the 
standpoint of the structure of the num- 
ber system, the division process can be 
applied to any two whole numbers (di- 
visor not 0). The quotient of a h is q, 
with a remainder r (r < h). In case a is 
a multiple of h, r is 0. 

FORMATION OF TABLES 

Table for the facts 
in multiplication and division 

The pupil should construct a table 
that includes certain sets of facts as 
these fac ts are introduced, for example, 
the set of facts for the twos, threes, and 
fours. Such tables are described on page 
163. When the teacher has introduced 
all the facts in multiplication, each pu])il 
should make a composite table of these 
facts. A composite shows the orderly ar- 
rangement of a set of factors and of the 
products. The class should make a com- 
posite table of the facts for display on 
the classroom bulletin board. 

Table 10.6 is a composite table for all 
the facts in multiplication and division. 
The pupil must understand that division 
by 0 is not permitted. Each number 
named in black type is a product. The 
numerals in color that arc written at 
the beginning of each row and at the 
top of each column name the factors of 
the product, which is written in both 
a column and a row. 

• There are two unequal factors for 
.each product except the products 
named along the diagonal from the up- 
per left corner of the table to the lower 
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TABLE 10.6 

Composite Table of Multiplication and Division Facts 


X 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

2 

0 

2 

4 

6 

8 

10 

12 

14 

16 

IB 

3 

0 

3 

6 

9 

12 

15 

18 

21 

24 

27 

4 

0 

4 

8 

12 

16 

20 

24 

28 

32 

36 

5 

0 

5 

10 

15 

20 

25 

30 

35 

40 

45 

6 

0 

6 

12 

18 

24 

30 

36 

42 

48 

54 

7 

0 

7 

14 

21 

28 

35 

42 

49 

56 

63 

8 

0 

8 

16 

24 

32 

40 

48 

56 

64 

72 

9 

0 

9 

18 

27 

36 

45 

54 

63 

72 

81 


rij^ht corner. These products are the 
squares of tlie numbers from 0 througli 
9. The scpiare of a number is the prod- 
uct of that number and its(df. Each pair 
of unequal nonzero factors forms a set 
of four related facts, two in multiplica- 
tion and two in division (see p. 158). 

Interpreting a composite tabie 

After the class has constructed the 
table of multiplication facts, the teacher 
should encourage the pupils to discover 
some of its distinguishing features. The 
class should find all or some of th(* fol- 
lowing characteristics of the table: 

1. Each succeeding number na' ^ed 
in a row increases by the same amount 
as the number named in color in the 
column at the left. 

2. Each succeeding number named 


in a column from the top down increases 
by the same amount as tlie number 
named at the top of the column. 

3. The number named in each row 
may found b> adding the number 
nanu in the left margin to the preced- 
ing number. A similar method may be 
use 1 to obtain the numbers named in a 
column. 

4. If a number named in the table is 
divided by the factor at the beginning 
of a mw, except 0, the quotient will be 
the faetor at the top of that column. 

5. If a number named in the table is 
divided by the factor at the top of a col- 
umn, exc\ pt 0, the quotient will be the 
factor at the left of the row. 

6. Each number named in the tables 
on the diagonal from the upper-left 
corner has two equal factors. (These 



176 


TEACHING ELEMENTARY SCHOOL MATHEMATICS 


numbers are the squares of the num- 
bers from 0 through 9.) 

7. When one of the factors is 0, the 
product is 0. 

8. If a number is multiplied by 1, the 
product is that number. 

9. Each number in the table is a mul- 
tiple of the number at the top of its col- 
umn and at the left of its row. 

10. The commutative property ap- 
plies to the number pairs, as 3x5 
= 5 X 3. 

11. The product of two even num- 
bers is even; tlie product of two odd 
numbers is odd. 

12. The product of an even number 
and an odd number is even. 

13. In multiplication the factors are 
given but the product is missing; in di- 
vision the product and one factor are 
given but one factor is missing. 

Most pupils will not discover all the 
relationships enumerated. The teacher 
should encourage the pupils to identify 
as many distinguishing features of the 
table as possible. 

Making a table from known facts 

Each pupil should know how to find 
the answer to a basic number pair in 
multiplication, as 4x7, by use of ob- 
jective materials such as disks or strips 
of geometric designs, by making draw- 
ings, and by addition. If he knows a di- 
vision fact he should be able to derive 
the corresponding multiplication fact. 
All pupils should possess these mini- 
mum learning facts. 

In every good learning situation there 
must be provision for more than mini- 
mum learnings. One of the writers 
showed how opportunities for such 
learning may be provided in the pres- 
entation of the multiplication facts. 

•’Foster E. (irossnicklc, “Oiscoveriiij^ the Mul- 
tiplication F^acts/' The Arithmetic Teacher, Octo- 
ber 1959, 6:195-198. 


He proposed three stages in the devel- 
opment of these facts as follows: 

1. The minimum plan as described 

2. Construction of a table from known 
facts 

3. Discovery of a pattern for a set of 
tables. 

The second and third stages or steps 
in the presentation are not part of a 
minimum program. These activities 
are offered to challenge the more able 
pupil to discover patterns and relation- 
ships among numbers. 

The class should make a table, such 
as the table of the sixes. All pupils 
should participate in making the table, 
but the pupils who develop the greatest 
insight into number should profit most 
from the activity. Certain facts involving 
the sixes are given. From the known 
facts the class derives other fads. At tlu» 
introduction of each new fact or element 
of a table the teacher challenges the pu- 
pils to offer as many ways as possible of 
finding a new fact. As each new fact or 
element in a table is verified, this fact 
may be used in discovering the remain- 
ing facts of the table. 

The procedure to follow to make a 
table of the sixes from known facts may 
be illustrated by assuming that the fol- 
lowing facts arc known: 

1 > 6 --- 6 

2'x 6 -- 12 


10 X 6 -=60 

The next element in making the table 
is to derive the fact 3 X 6 = 18. The 
class offers as many ways of proving this 
fact as possible by using only the facts 
a.ssumed to be known and also basic 
knowledge of the multiplication proc- 
ess. The class should be able to discover 
that 3 X 6 = 18 by giving the following 
answers: 
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Since 1 six is 6 and 2 sixes are 12, 
add 6 and 12 to find three sixes.*" This 
procedure shows the distributive law. 

“Add 3 sixes.’’ 

“Add 6 threes.” 

The next step in the construction of 
the table consists in finding 4x6 = 24. 
The followinj^ means may be j^iven to 
find the product of 4 and 6: 

“Add 1 six to the product of 3 sixes.” 

“Since 2 sixes are 12, 4 sixes will be 
twice as much, or 24.” 

“Add either 6 fours or 4 sixes.” 

“Since 10 sixes are 60, 5 sixes will be 
half as mucli, or 30. Then 4 six'\s will 
^4ie 1 six less, or 24.” 

The answtns slated above are typical 
of some of the answers pupils give' to 
express the relationships among the 
multiplication facts given in the table. 
The teacher should encourage activities 
of this kind because the pupil is chal- 
lenged to exhibit thinking in dealing 
with numb(‘r. Learning takes place 
when thinking is involved. Making a 
table by using the technique suggested 
offers some of the best learning ('xperi- 
ences the tcaclu*r can i)rovide to chal- 
lenge the class, (\specially the superior 
pupils. 

Sets of tables 

The pui)il who develops insight into 
number synthesizes small groups into 
larger groups and discovers relation- 
ships between the smaller and larger 
groups, 'rhe superior pupil in grades 
4 to 6 should be able to discover that 
the tables mav be groupt'd into sets. 
'rhere are some unifying ideas or fac- 
tors common to each table within a set. 
The twos, fours, and eights may be c > 
sified in the set of twos; the thre(\s, 
sixes, and nines in tlu' set of threes. 
The two remaining tables of fives and 
sevens cannot be grouped with the 
other sets of tables. 


The tables in the set of threes include 
the threes and nines, and for purposes 
of classification, also the sixes. The 
sixes can partially be classified in the 
set of the twos and partially in the set of 
the threes. The more able pupil at about 
the level of grade 4 should write the 
facts in the three tables, as shown, and 
then find the sum of the numbers named 
by the digits in each product: 


3 X 1 

3 

3 

9 X 1 

= 9 

3x2 

-- 6 

6 

9 X 2 

= 18 

3 .N 3 

- 9 

9 

9 A 3 

= 27 

3x4 

^:12 

3 

9 A 4 

-36 

3 A 5 

-- 15 

6 

9 ,< 5 

-45 

3 K 6 

-- 18 

9 

9 A 6 

-=54 

3 7 

= 21 

3 

9 > 7 

-63 

3 X 8 

= 24 

6 

9x8 

= 72 

3 X 9 

= 27 

9 

9 . 9 

= 81 


6 \ 1 

=- 6 

6 



6x2 

= 12 

3 



6x3 

- 18 

9 



6 X 4 

-24 

6 



6 5 

-30 

3 



6x6 

= 36 

9 



6x7 

-42 

6 



6 V 6 

- 48(12)3 



6x9 

-54 

9 



These sums are given in the column at 
the right of a table. The numbers named 
l)y the numerals between two horizontal 
bars in the same decade. Some of 
the cl. .acteristics of the products in 
each subset of the set of threes are as 
follows: 

1. The seqiKMice of the sum of the 
digits in the products of the threes is 
3-6-9 and then the sequence repeats. 
A new lecade appears at each point of 
rt'petition. 

2. The sum of the numbers named 
by the digi's in each product is 9 in the 
table of the nines. 

3. Another numeral for 9 is 10 — 1. 
Each product can be found by multiph- 
iug (10 — 1) by a one-place number and 
applying the distributive property. The 
application of this property makes it 
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possible to tell why the ones’ digit in 
each successive product decreases by 1 
and the tens’ digit increases by 1. 

4. All 10 digits are used in writing 
the products in the threes and nines. 
This is not true for the sixes or for any 
of the other tables except the sevens. 

5. Alternate products of the threes 
and the nines are even, but all of the 
products of the sixes are even. This is 
also true of the fours and eights, be- 
cause 4, 6, and 8 have factors of 2. 

6. The sequence of the sum of the 
digits of the products in the table of the 
sixes is 6-3-9 and then the sequence re- 
peats. If a digit naming a smaller num- 
ber in the sum follows a digit naming 
a larger number, the products are in dif- 
ferent decades. In the reverse situation, 
the products are in the same decade. 
Finding the sum of the digits in a prod- 
uct is the equivalent of casting out nines 
in that product (see p. 219). 

The pattern given for the set of the 
threes can be used to find the character- 
istics of the set of the twos. The pupil 
should be able to discover many of the 
relationships among the products. 

The products in the table of the fives 
end in either 0 or 5. This is true because 
5 is half the number base. There is no 
apparent pattern for the sequence of the 
digits in the products of the sevens be- 
cause 7 is prime (it has no factor except 
1) with respect to the number base and 
to all the remaining digits. 

Discovering number patterns 
from a tabie 

The teacher should provide oppor- 
tunities for the pupil to discover num- 
ber patterns. The sequence of the multi- 
plication facts in a table forms a pattern 
all pupils should discover. Changing 
the sequence of the facts or of the fac- 
tors often enables a pupil to discover 
one or more patterns that characterize 


the table. Sawyer ancf also Jackson illus- 
trated different patterns in multiplica- 
tion and stressed the importance of pu- 
pil discovery of a pattern." The facts in 
(a) and (b) illustrate a pattern that a 
pupil should discover. 

6 X 6 = 36 b. 6 X 5 ^ 30 
7x5 = 35 7x4 = 28 

8 V 4 = 32 8 X 3 = 24 


11 11 11X0 = 0 

The teacher supplies a few facts of a 
table. The pupil is supposed to discover 
the pattern and then sup])ly the missing 
numerals. In the examples the pupil 
should be able to discover the i)attern 
for writing the missing numerals from 
the sequence either of the factors or of 
the products. In (a) the difference of 
the products is the series of odd num- 
bers; in (b) the difference is the? series 
of even numbers. 

The relationship shown by the fac- 
tors in (a) is utilized in algebra to find 
the product of two factors of the type 
(n + a){n — a). In (a), n is equal to 6. 
The difference of the products of the 
factors 6x6 and 7 X 5 is 1. Therefore, 
(n + 1) (;i — 1) = — 1, and the prod- 

uct of (n + a) (n — a) will be /r — in 
which a is the difference between eacli 
factor and their average. 

The first equations in (a) and (b) 
should show the pattern for the forma- 
tion of another set of multiplication 
facts. The teacher should use the illus- 
trations in (a) and (b) to aid the pupils 
in giving similar sets of examples. 


"W. W. Sawyer, **\Vhy Arithmetic Is \nt the 
End*' The Arithmetic Teacher, March 1959, 
6:91-96; H. C. Jackson, “Tables and Structure,” 
The Arithmetic Teacher, F<*hruarv 1960, pp. 
71-76. 
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Testing understanding 
of the operations 

After the pupil has meaningful ex- 
perienees with the facts pertaining to 
the four operations, he should be able 
to deal with the basic number pairs in 
these operations. A table of the type 
shown (Table 10.7) is an effective means 
of testing a pupil’s understanding of 
the operations. The entries in the first 
example are complete. Some entries in 
the remaining examples are vacant. The 
pupil supplies tlie correct answer for 
each blank. 

Dramatizing the operations 

Dramatization offers an effective 
means of demonstrating the meaning 
of an operation. The teacher shoidd ask 
a group of approximately eight pupils 
to panlondme a procf'ss and have the 
remaining pupils in the class describe 
the operation represented in the dem- 
onstration. 

Five different demonstrations are 
needed to represent the four operations, 
'rhe pupils who are to interpret the na- 
ture of the pantomime should under- 
stand that no operation will be repeated. 
A demonstration to represent multipli- 

TABLE 10.7 


cation could also represent addition, but 
it is possible to have a representation of 
addition that does not apply to multi- 
plication. The group giving the panto- 
mime must be sure that it is possible 
for the audience to differentiate be- 
tween addition and multiplication and 
between subtraction and division. 

Suppose eight pupils participate in a 
pantomime. The following procedures 
may be used to dramatize the opera- 
tions. These pupils should meet in a 
separate place, as in the hallway out- 
side of the classroom, to decide upon 
the type of representation to be given. 

Addition The eight pupils to partici- 
pate in the dramatization enter the hall- 
way near the classroom and form three 
unequal groups, such as groups of 2, 1, 
and 5. The first group walks to the front 
of the elassroom followed by tb^^ 1 pupil 
and then followed by the group of 5 pu- 
pils. The pupils then form one group of 
eight in a straight line. After a few sec- 
onds in this position the* group dis- 
bands. 

Subtraction The eight pupils line 
up in front of the classroom. 'Fhen one 
grou]) :^oes into the hallwa\'. The nuin- 


Testing the Pupil’s Understanding of the Operations 


Example Suniher Answer to a Operation 

Pair \ timber Pair 


Equation or 

Mathematical 

Sentence 


1 

2 

3 

4 

5 


3,5 
4.1 
?, ? 
5, ? 
?.6 


8 

4 

? 


Addition 

? 

? 

7 

Subtraction 


3 -1-5 = 8 


? 


12-i-2 = 6 
7 
7 


8 
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her in the group leaving the line should 
not be the same as the number in the 
group remaining. 

Multiplication The eight pupils as- 
semble in the hallway and march into 
the classroom in equal groups, such as 
groups of twos. The pupils form a 
straight line as they arrange themselves 
before the class. 

Division Two representations are 
needed to show the two usages of di- 
vision: 

1. Ratio. Have the eight pupils ar- 
range themselves in a straight line at 
the front of the classroom. They then 
leave the line in groups of twos, each 
group selecting a different position in 


1. Indicate how you would have a pupil 
discover the meaning of reversibility 
as applied to multiplication. 

2. What Is a multiplication situation? a 
division situation? Illustrate each. 

3. What properties of multiplication are 
common to addition. 

4. Show how finding the 

product of the example at 32 
the right Illustrates the x 3 

distributive property. 

5. What Is meant by the statement that 
division illustrates a limited usage of 
the distributive property? 

6. Show why It is not possible to divide 
by 0. 

7. Try to formulate a problem In which it 
Is necessary to multiply a nurnber by 0, 
for example. 0x4 = 0. 

8. Give four ways a pupil can discover 
the product of 3 x 8, or verify the prod- 
uct If he knows the threes through the 
fives. 


the classroom. There should be four 
groups, each containing two pupils. 

2. Rate. Have the eight pupils form 
a straight line at the front of the class- 
room as arranged ill the previous dem- 
onstration. Now they arrange them- 
selves into two equal groups. The first 
pupil in the line goes to a certain place 
in the classroom. The second pupil goes 
to a different place from the position 
taken by the first pupil. Then, in order, 
the six remaining pupils separate to 
form two cciual groups. 

Neither the order of the presentation 
nor the demonstration of a process need 
be the same as described above. Tlu* 
plan outlined is effective for d(‘tcnnin- 
ing how well the class understands the 
meaning of the basic operations. 

EXERCISES 

9. Use the following sets. Make the set of 
related facts with the elements of each 
set. 

A: {4.4.16} 

B: {56.7.8} 

10. Decide if each of the following prob- 
lems represents a ratio or a rate situ- 
ation; 

a. How many yards are there In 15 feet? 

b. How many quarts are there in 6 
pints? 

c. At 15 miles per gallon, how many 
gallons of gasoline are needed to 
travel 60 miles? 

d. A car used 4 gallons of gasoline on 
a 60-mile trip. What was the average 
mileage per gallon? 

e. If 40 tulip bulbs are planted in 5 equal 
rows, how many bulbs In a row? 

11. What IS meant by the statement that 
the division process may be used to 
divide any two whole numbers instead 
of using division. 
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12. Some pupils used the algorism shown 
in (a) for finding the quotient of the 
example 53 8. Other pupils used the 

one shown in (b). Evaluate these pro- 
cedures. 


8)53 


40 

5 

13 


8 

1 

5 

6 


13. A teacher wrote on the chalkboard the 
following number sentences and asked 
the class to fill in the table. One of the 


pupils asked why the numbers behave 
as they do. Give a satisfactory answer 
to this question. 

a. 1 X 9 + 1 =10 

b. 2 X 9 + 2 = 20 

c. 10 X 9 -f A =□ 

14. Write the set of tables for the twos, 
fours, and eights. Identify at least three 
distinguishing features of the products 
or of the sequence of the digits in the 
products. 

15. Make a list of ways to show how multi- 
plication and division are opposites. 
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MULTIPLICATION 
AND DIVISION 
OF WHOLE NUMBERS 


(.'luiptoi 10 w’cis loiKcTiicd with IIk* 
proportirs ot and di\i- 

sion. The pvcsrnt cha[)tor (UmIs with 
th(* following l()i)ics: iiiultiiTl\ iiiJ4 and 
fli\idinn l)\ a olu•-^lii^it iniiiihci with no 
i(‘<^ion|)imj:, innltiplv ini< h\ .i ono-diuil 
mnnhcT with roi^ionpiinj;, dixidin^ l)\ a 
onc-diuit nninhoj witli i(*uron])inU; 
niullipl\ iii^ 1)\ a tw'o-di^it ninnhcr, di- 
\idinLj h> a tw'o-dinit nnnihcr; rclali()n- 
shii )s hotwocn jnnlti|Tlication and divi- 
sion. 

The topics listed involve the algo- 
risms for multiplication and division. 
The following material should not only 
teach the pupil how to perform the al- 


gorisms hut should also cnahh' him to 
discover how the algorisms apply the 
properties of the 0])crations. 

MULTIPLYING AND DIVIDING 
BY A ONE-DIGIT NUMBER 
WITH NO REGROUPING 

Multiplying by 10 

Example (a) illustrates multiplication 
l)> a one-digit number without regroup- 
ing in the product. Example (b) shows 
the corresponding exami)le in division: 

a. 23 b 3)69 
3 
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0 10 20 30 40 50 60 70 80 90 100 

0123456789 10 

Figure 11.1 


Before multiplying in examples sueh 
as (a), the pupil should multiply a one- 
digit number by 10. II he does not know 
these products, he should be able to 
find them by counting by tens. A num- 
ber ray scaled as shown in Figure 11.1 
is an effective instructional aid to en- 
able a pupil to discover the pattern for 
finding the products when 10 is a factor. 
^4’he use of a ray and a table 
of the kind given at the right q .. io - o 
should enable most pupils at 1 y io - 10 
the third-grade level to dis- 2 • 10 - 20 
cover the pattern for finding 
the prodncT when 10 is a factor. Since 
multiplicauon is conunutative, 3 X 10 
= 10 X 3. 

Ill a similar manner, the teacher 
should ha\<‘ the pupil find Hie corre- 
sponding jiKHinels wh('n 100 is a factor. 
The i)npil can count b\ hundreds to 
find a product, usi* a innnbcr ra> , or 
ap])l\' th(' pattern from part of a table, 
as : 

1 V 100 - 100 

2 ■ 1 00 -- 200 

Multiplying b\ 100 is an extension of 
the procedure for multipbing by 10, as 
illustrated by tin* following: 


Multiplying by any one-digit number 
with no regrouping 

If a pupil can mnltipK by 10, he can 
t‘asily understand how to find the prod- 
uct of an example of the type 3 X 20. 
Name the 20 as 2 X 10. Then 3 X 20 
may be written as 3 X (2 X 10). Since 
multiiilication is associative, 3 X 
(2 X 10) = (3 X 2) X 10. Therefore the 
product of 3 X 20 = 6 X 10, or 60. 'The 
different steps described may be tabu- 
lated as follows: 


3 ' 20 
3 V (2 \ 10) 
(3 X 2) • 10 

6 X 10 
60 


The factors 
Renaming 20 
Associative property 
Renaming 3x2 
Renaming 6x10 


After a pupil discovers how to find 
the product of a multiple of 10 and any 
one-digit number, he can readily dis- 
cover how to multiply when the larger 
factor is not a multiple of 10. The prod- 
uct of 2 X 34 ma> be found b\ writing 
34 in e' paiuled notrition, as 30 + 4. The 
sequel of ste])s in the computation 
is as foli.)ws: 


2 -34 2 \ (30 f 4) Renaming 34 

- (2 V 30) 4 (2 N 4) Distributive 

property 

- 60 i 8. or 68 Renaming numbers 


8 ‘ 100 
8 (10 • 10 ) 
(8 * 10 ) • 10 
80 ^ 10 
800 


The factors 
Renaming 100 
As‘ relative property 
Renaming 8x10 
Renaming 80 \ 10 


After using a few illustrations that in- 
volve multipKing by 10 and 100, the 
pupil should disco\'cr that annexing a 
0 to a numeral multiplies the whole 
number b\ 10; annexing two 0 s multi- 
plies the whole nui ' »er by 100. 


Example (a) shows another procedure 
for multiplying 34 by 2. Each digit of 
34 is given its total value, and the par- 
tial products are written as shown. The 
procedure in (a) emphasizes place value 
in a numeral. Example (b) represents 
the standard or conventional algorism 
for multiplication. Frerpiently the pupil 
learns how^ to compute as in (b) without 
understanding either structure or place 
value; 
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34 

b 

34 

^ 2 


\ 2 

8 


68 

t-60 



68 




Dividing by a one-digit number 
with no regrouping 

Since division is the invx^rse opera- 
tion of multiplication, the pupil who 
understands the application of the dis- 
tributive property of multiplication in 
the example 2 X 34 = 68 should under- 
stand that he applies the right-hand dis- 
tributive property of division to each 
addend in the corresponding example 
in division. The corresponding example 
in division for the example 2 X 34 = 68 
may be written as in (c). The expanded 
notation in (c) emphasizes place value 
and also suggests an application of the 
distributive property of division with 
respect to addition; 


30 i_4 - 34 34 

c 2168 - 2)60 4-8 d 2)68 

Hie teacher should also instruct the 
pupil to use the following notation, 
which applies the distributive property 
of division over addition: 


68 _ 60 _-^- 8 
2 2 ■ 


60 ^ 8 
2 ' 2 


“ 30 } 4. or 34 


Example (d) shows the conventional 
algorism for division in examples of 
this type. This form should not be used 
until the pupil understands place value. 
He should be familiar with the equation 
form for finding th(‘ product of the quo- 
tient when no regrouping is required. 
Thus, the pupil would express the ex- 
ample 3 X 23 as shown in (e) and the 
example 3)69 as shown in either (f) 
or (g). 


MULTIPLYING BY A ONE-DIGIT 
NUMBER WITH REGROUPING 

About the same types of experienees 
may be used to introduee regrouping 
in the product as are used to introduce 
multiplication without re- 
grouping. To find the prod- a. 24 
uct in (a), it is necessary to ^ 3 

regroup the partial product ^2 

in ones’ plaee before multi- 
plying the tens. The following sequence 
of activities should enable the pupil to 
understand regrouping in the example 
3 X 24. The teacher should proceed 
as follows: 

1. Express 24 in expanded notation 
and then write the example as 3 X 
(20 + 4). Apply the distributive prop- 
erty and solve as follows: 

3 > (20 \ 4) - (3 • 20) 

Distributive propei 

— 60 f 12 

— 60 4- (10 f 2) Renaming 12 

-60 I 10 4-2 

— (60 + 10) f 2. Associative proper 

or 72 

rhe se(|uenc‘e of st(q)s in the last line 
ina> l)e shortened to 60 + 12 = 72. 

The pupil should verify the product 
b\ finding the sum of 24 + 24 + 24. 
The sum in ones’ place is overloaded; 
therefore the nmyieral 12, which ex- 
presses this sum, must be regrouped as 
1 ten and 2 ones. 

2. Use the verticxil form for express- 
ing 24 in expanded notation, as shown 
in (b). 

3. Write each product as shown in 
(c). The 2 in 24 is given its total value 
of 20. 


e 3 X 23 --- 3 ' (20 4- 3) - 60 + 9, or 69 
20-1-3-23 
f sW^syeo '-Tg 

g 3169 - ® ^ 20 + 3. or 23 


b 24-^20+4 c. 24 

3 - X 3 V 3 

60 4- 12 --- 72 12 (3 x 4) 

_60_ (3 X 20) 
72 
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4. Introduce the algorisms shown in 
(d) and (e). In (d) the pupil writes the 
nuiuher of tens found from regrouping 
the product of the ones. Most pupils do 
not need this visual aid in multiplica- 
tion. FiXample (e) is the standard algo- 
rism used for an example of this type. 

d. 24 e 24 

X 3 \ 3 

72 72 


ADDING BY ENDINGS 
IN MULTIPLICATION 

It has already been demonstrated 
that adding by endings is used in col- 
umn addition and multiplication. Ex- 
ample (a) shows how to find the product 
of H and 476 when each partial product 
is written. Example (b) shows the prod- 
uct of tin fac tors when the partial 
products are not written in full. Example 
(b) involves adding by endings but (a) 
does not: 

-i:6 

V 8 

48 

560 
3200 
3808 

In (b) it is necessary to regroup the first 
partial product (48) as 4 tens and 8 ones, 
riie 4 tens are added to 56 tens (8X7 
tens) to make 60 tens, or 6 hundreds 
and 0 tens. Finally, 6 hundreds are 
added to 32 iuindreds (8 X 4 hundreds). 
Adding 4 to 56 and 6 to 32 illustrates 
adding by endings. The numerals nam- 
ing the numbers involved in adding by 
endings in multiplication are unseen. 
Computing with unsetm numerals oft mi 
creatc's eoiisidcMable difficult) for some 
pupils. If the fac tor 476 were expressed 
in expanded notation, adding by end- 
ings would not be involved. Therefore 
multiplication as shc:)wn in (a) or in the 
example 8 X (400 r 70 + 6) should bt‘ 


less difficult for the beginner than mul- 
tiplication in the standard algorism, as 
given in (b). The solution in (b) is much 
shorter than that in the other two forms. 
The pupil who multiplies as in (b) 
dcmc^nstrates a higher level of maturity 
than the one who proceeds as in the 
either two forms. 

Pupils frequently find that adding by 
endings in multiplication is difficidt 
when one of the factors is from 6 
through 9. The maximum number to be 
added to a partial product in regrouping 
is always one less than the multiplier. 
If the multiplier is 7, the maximum 
number to be added tc^ a ])artial product 
is 6. 

The number of examples involving 
adding by endings for each two-digit 
product is one less than the greatest 
one-place fac tor of that product. If the 
product is 36, the one-place factors are 
4, 6, and 9. The greatest fiictor is 9, 
hence the maximum number in regroup- 
ing a product to be added to 36 is 8. The 
possible examjjles of this kind are as 
follows: 

36 4- 1 b 36 1 4 c 36 t 7 

36 f 2 36 i 5 36 f 8 

36 t 3 36 -1-6 

The th e example's in column (a) have 
sums in the same decade as the product; 
the 'xamples in columns (b) and (c) 
have sums in the next decade. 

The class should practice with ex- 
amples that are given orall) . The teacher 
should dictate a two-placc' product of a 
basic number pair and a one-place num- 
ber. The one-place number should be at 
least one less than the greatest (one- 
digit) factoi of the dictated product. The 
pupil should write the sum of these 
numbers. An exercise of this kind is 
usuall) effective in helping the class to 
deal with numbers named b> unseen 
numerals, as used in regrouping in mul- 
tiplication. 


b 476 
^ 8 
3808 



186 


TEACHING ELEMENTARY SCHOOL MATHEMATICS 


Enriching work 
with one-piace factors 

An effective program for teaching the 
basic operations in arithmetic has two 
characteristics. First, there is provision 
for a minimum acceptable achievement 
for all pupils. Second, there is provision 
for the superior pupils to gain mastery 
in the operations and to develop a level 
of insight into the meaning of the oper- 
ations, which most of the class will not 
attain. These pupils should discover 
ways other than the conventional one 
for dealing with multiplication of a two- 
place factor by a one-place factor. For 
example: 

1. To multiply by a composite num- 
ber (a number having other factors be- 
sides itself and 1), multiply by the fac- 
tors of that number. Thus to multiply 
by 6, first multiply by one of the factors, 
as 3, and then multiply that product by 
the other factor, or 2. 

2. To multiply by 9, rename 9 as 
10—1 and then apply the distributive 
property of multiplication with respect 
to subtraction. Thus, 9 X 67 = (10 — 1) 
X 67, or 670 — 67. The pu- 
pil may discover a short cut 670 

for performing the multipli- 
cation when a factor is 10 
— 1 . If the other factor is 67, 
the work may be performed as shown. 
The pupil annexes a 0 to 67 and then 
subtracts 67 from that product. The 
superior pupil should perform the com- 
putation without paper and pencil and 
should understand the sequence of 
steps in the solution. 

3. Use expanded notation for express- 
ing the larger factor and then apply the 
distributive property of multiplication. 
All computations should be made with- 
out writing the partial products. This 
type of exercise stresses “mental arith- 


metic." To find the product of 7 X 48, 
express 48 as either 40 + 8 or 50 — 2, 
multiply each number by 7, and find 
the sum or difference of the products 
without writing any of the numerals ex- 
cept the numeral naming the answer, or 
336. The larger factor should not con- 
tain more than three digits if the com- 
putation is to be done with unseen nu- 
merals. 

DIVIDING BY A ONE-DIGIT NUMBER 
WITH REGROUPING 

The solution of the example 3)72 in- 
volves regrouping. To solve examples 
of this type by using the conventional 
algorism, the pupil must be able to: (1) 
select the largest multiple of the divi- 
sor in each partial dividend; and (2) 
find the difference in (1) and express 
that difference as part of the number 
named by the digit one place; to the 
right. In the given example, the pupil 
must select the correct multiple of 3 in 
7 tens, which is 6 tens. The difference 
of 1 ten between 7 tens and 6 tens must 
be ehanged to 10 ones to be added to 2 
ones to make a total of 12 ones. Aceord- 
ipg to Bruner, “regrouping represents 
one of the two most difficult procedures 
a pupil must encounter with the oper- 
ations."' The pupil must rely on his 
knowledge of the multiplication facts 
in order to find the largest multiple of 
the divisor contained in a partial divi- 
dend. Page 173 explained how to teach 
the pupil a way of finding a missing ans- 
wer in an example of the type 27 4 

= □ r A. If the pupil solves an example 
of the type 6)522 by short division, most 
of the work is done with numbers that 
are not named by numerals. This task 

'Jerome Bruner, The Process of Education 
(Ciwiihriclge, Mass.: Harvard Uiiiversitv Press, 
1963), p. 41. 
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is too difficult for almost all pupils at 
the grade level at which the topic is 
introduced. 

One of the principles of learning 
given on page 31 ])crtains to growth in 
maturity in dealing with concepts and 
operations. This principle should be 
applied as well to division involving 
regrouping. Several decades ago many 
schools presented only the adult pattern 
for dividing, as in the example 6)522. 
This pattern could be designated sfiort 
division^ as in (a), or /ong division, as in 
(b). The teacher should not use the al- 
gorism shown in (a) to introduce divi- 
sion by a one-place divisor when re- 
grouping is involved in the solution: 

_87 87 

a 61522 b. 6)522 
48 
42 
42 

All experimental evidence indicates 
tliat the scores made by pupils using 
the long form le significantly higher 
than thos(‘ made by the pupils using the 
short form.- Although the use of form 
(b) will r(‘sult in greater accurac> than 
the use of form (a), the long form is not 
the one preferred for introducing divi- 
sion involving regrouping. 

Teaching division 
invoiving regrouping 

The pupil should know that division 
is the undoing of multiplication. If he 
can find the product of 3 X (20 + 4), he 
should be able to find the quotient in 
the example 72 3. A set of opposite 

problems may be used to introduce di- 
vision of this type. One is as follows 

“Set* Foster E. Cirossniekle aiul Leo ]. Hnieek- 
ner, Discovcririf^ Meanings in Elenwntary Srhoof 
Mai hematics, 4frh ed. (New York: Holt, Hineharl 
and Winston, Ine., 1963) p. 190. 


Each of 3 sections of a class contains 
24 pupils. How many pupils are there 
in a class? 

The pupil writes 24 in expanded no- 
tation and makes the following compu- 
tation: 

3 x (20 + 4) = 60 -f 12 =-72 

The problem using the inverse oper- 
ation is as follows: 

A class containing 72 pupils is to be 
divided into 3 equal groups. How many 
pupils will there be in each group? 

The pupil writes 72 in expanded form 
as 70 + 2. Since 70 is not a multiple 
of 3, he renames 70 as 60 + 10. Now 
3)70 + 2 may be expressed as 3)60 + 12. 
He then completes the solution as 
shown in either (a) or (b). 

20 4- 4. or 24 

a 3)72 -3)70 f 2 -3)60 f 12 

7^ ^ 70 + 2 _ 60 f 12 _ ^ 12 

3 ■ 3 ' 3 ■ 3 ”3 

--20 +4, or 24 

Check: 3 - 24 -- 3 x (20 -h 4) 

-60 -H 12. or 72 

The slow learners in the class should 
use their squanvs and rectangular strips 
to demonstrate the solution (see Fig. 
11.2). Each pupil would form three 
group.^ by placing a strip in each group 
and tl. .1 repeat the procedure. There 
w^ould be one strip of tens remaining, 
which he would exchange for 10 ones 
to make in all 12 ones. Next he would 
distribute the ones into three equal 
groups. Fach group would contain 2 
strips .;f tens and 4 ones to represent 
24. Therefore the quotient of 72 -r- 3 
is 24. 

Finally, ihe teacher would show the 
slow learner how to write tht* steps in 
the solution as given above. The use of 
objective materials supplemented with 
proper questioning pertaining to the 
procedure followed in separating the 
strips should enable the pupil to dis- 
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Figure 11.2 


C‘Over how and why the number divided 
must be regrouped to make the number 
of tens a multiple of the divisor. 

The next step in learning to divide 
when regrouping is involved is to intro- 
duce the standard notation for division. 
The expanded notation is effective for 
showing the relationship between mul- 
tiplication and div'^ision when the nu- 
merals in multiplication are written in 
that form. However, the expanded nota- 
tion is not the conventional one for writ- 
ing the numerals in an example in mul- 
tiplication. Example (a) shows the most 
familiar notation for writing an example 
in multiplication. Example (b) repre- 
sents the most familiar notation for writ- 
ing an example in division: 

78 b 4)98 
■ 6 

Therefore the pupil should learn to di- 
vide b\’ using the accepted notation for 
writing the numerals when this opera- 
tion is applied. 

The class used the example 72 3 

to find the quotient when the dividend 
was written in expanded notation. That 
same example should be used to intro- 
duce the new notation, as illustratc’d by 
the work in (c): 

c. 3)72 20 

60 

12 4 

12 


The pupil knows that the quotient must 
be greater than 10 because 3 X 10 = 30 
and 3 X 20 = 60 and 72 is greater than 
60. From his knowledge of multiplica- 
tion, he knows that the largest multiple 
of 3 and 10 in 72 is 60. He then writes 
20 at the right of the dividend and com- 
pletes the example as shown. The quo- 
tient is the sum of 20 and 4, or 24. 

The procedure in (c) may represent 
a low level of maturit> in dealing with 
division. If the pupil does not know the 
largest multiple of the divisor, he can 
find the correct (piotient by repeated 
subtraction, as shown in (d): 

d 3)72 10 

30 

42 10 

30 

' 12 4 

12 _ 

24 

We shall designate this method the 
suhtractive method The subtractive 
method may be used to introduce* di- 
vision involving regrouping for the fol- 
lowing two reasons. 

1. It emphasizes division as a short- 
ened form of subtraction. 

2. It is not necessary to select the 
largest multiple of the divisor in the 
dividend in order to find the quotient. 

Van Engen and Gibb experimented 
with the subtractive method of division 
and compared it with the conventional 


24 
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or standard method of division.^ Their 
study showed that tlie difference in 
achievement made by the two j^roups 
was not significant. 

The subtractive method may be modi- 
fied slightly by writing the quotient 
above the dividend, as shown in (e): 

e 24 
4 

20 

3)72 

60 

12 

12 

The quotient is the sum of 20 and 4, or 
34. This procedure may be called the 
pyramid tnethod of division. If die pu- 
pil is unable to select the largest mul- 
tiple of the divisor in the dividend when 
dividing by this method, he can find the 
quotient by reiieated subtraction, as in 
the subtrufiivc* method. Therefore, the 
two methods aiv similar. The pupil using 
the pyramid method shows slightly more 
maturity than w'hen he uses the sub- 
tractive method because of emphasis 
on place value. F]ach quotient digit must 
be correctly placed with respect to the 
digits of the dividend. The subtractive 
method does not give consideration to 
this fixture. Since the two proc'edinc's 
are similar, the method to use in intro- 
ducing regrouping in division is mostly 
a matter of choice. 

Because the pyramid method gives 
more emphasis to place value, we sliall 
consider this method in greater detail. 
The mature way of dealing with this 
method consists in selecting the correct 
multiple of the divisor for each partial 
dividend. In order to make this selt‘c- 
tion, the pupil must know the followii •: 

•‘Henry \'an and K. CMc'nadinc (lihh, 

Cruvral Mental Funrtious Assnriated u ith 
sion (Ca*dar Kalis, Iowa: Iowa State Teacliers C'oL 
lejre, 1056), p. ISl. 


1. The number of places in the quo- 
tient 

2. How to estimate each quotient 
digit. 

The pupil can find the number of 
places in the quotient by multiplying 
the divisor by a power of 10. In the ex- 
ample 4)275, the quotient will be a two- 
digit number, as shown by the fol- 
lowing: 

10-4 -40 40 - 275 

100-4 -400 400 -275 

The number sentences on the right 
show that the quotient must be greater 
than 10 but less than 100. Tlicfir.st step 
in division involviiif^ regrouping sJiould 
always he to determine the number of 
digits in the cpiotient by multiplyitig 
the divisor by a power of 10, 

The second essential in division by 
the pyramid method is to find each digit 
in the quotient. The pupil may use ei- 
ther of two i)rocedures. First, he may 
write the factors in the cpiotient from 
his knowledge of the corresponding 
example in multiplication. In the ex- 
amph‘ 4)275, the pupil determines that 
the quotient must be a two-place num- 
ber. He also know^s that 4 X 60 = 240 
and 4 70 = 280, hence hc^ wnites the 

factor 1 in the quotient. 

Second, the pupil determines the fac- 
tor of the (Quotient b\ using only the 
cardinal value of a digit in the dividend. 
In c*xainph* (f), the pupil identifies the 
7 in 72 as 7 tens and divides 7 tens into 

3 groici-. of 2 tens, or 20, and writes 20 
in the ciiiotient. In (g) he identifies each 
digit in the dividend with its place- 
value name There are 2 hundreds that 
cannot be divided as hundreds, hence 
there are 26 tens to be separated into 

4 groups of 6 tens each. He then WTites 
6 tens, or 60, in the quotient. The re- 
mainder of the solutions in (f) and (g) 
are the same as illustrated in (e): 
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20 60 
f. 3572 g. 4y^ 

60 ^ 

The second method may be the easier 
one for the pupil because he deals with 
smaller numbers. This procedure is 
based on the pupiTs knowledge of the 
multiplication or division facts. He can 
use this pattern for finding a digit in the 
quotient when the divisor is a two-or 
more-place numeral. 

Refining the pyramid method 

After the pupil understands the pro- 
cedure in (h), he may refine it by using 
a short cut, as illustrated in (i). He writes 
4 in the (pioticnt in tens’ place and not 
40, but he writes the product of 3 and 
40 as the first partial dividend. He then 
completes the solution by writing 8 in 
ones’ place in the quotient: 


48 

I 4 

8 

35T^ 

40 

120 

3) 144 

24 

120 


24 


24 



Example (j) shows the next refine- 
ment in the division process. The pro- 
cedure illustrated is usually known as 
the conventional algorism for division 
when regrouping is involved and the 
divisor is a one-digit number: 

48 

j 35144 
12 
24 
24 

When the pupil progresses through^ suc- 
cessively higher levels of maturity in 
using the division process, he demon- 
strates growth in dealing with this op- 
eration. Examples (k-n) illustrate dif- 
ferent levels of maturity in dealing with 
division by a one-place divisor. 




46 



6 



40 

k. 6)276 

20 

1. 

120 

240 

156 

20 

36 

120 

36 

36 



36 

o 



46 


46 


46 

n 6)276 


n. 65276" 

240 


24 

36 


36 

36 


36 

The solution i 

ill (n) 

represents the 


conventional adult procedure for divid- 
ing by a one-place number. Slow learn- 
ers may require a much longer time to 
progress from the level of operating 
successfully at (k) to the adult level of 
performance at (n) than other members 
of the class. 

The solution given in (o) represents 
a higher degree of maturity than that 
in (n). In (o) the pupil writes only the 
quotient without writing any of the 
work involved in the solution. A limited 
number of pupils cau divide effectively 
by using the short form in (o), and for 
this group the short procedure is effc'c- 
tive. The teacher should not attempt to 
have the whole class master the proce- 
dure shown in (o): 

46 

o ,6)276 

Dividends not a multiple 
of the divisor 

In all the illustrations given so far, 
the dividend is a multiple of the divisor. 
The same algorism for division ap])lies 
whether or not the dividend 
is a multiple of the divisor. 

In the illustration at the 
right, the quotient is 23, 
with a remainder of 2. The 
I)upil should write a number 
sentence to show the rela- 
tionship among divisor, divi- 


23 r 2 
4y94 
8 _ 

14 

12 

2 
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(lend, and quotient. The number sen- 
tence or eciuation for the given example 
is 94 = (4 X 23) + 2. If D = dividend, 
d = divisor, q = quotient, and r = re- 
mainder, then D = {d X q) + r if r < d. 

The best check for division is to show 
that the number sentence for a given 
example is a true statement. The num- 
ber sentence 94 = (4 X 23) + 2 is a true 
statement if 94 and (4 X 23) + 2 art? dif- 
ferent names for the same number. The 
pupil shows that the equation is true by 
writing 23 in expanded form and then 
proceeds as follows: 


One factor a multiple of 10 

In the second type of example in- 
volving two-digit factors, only one of 
the factors is a multiple of 10, for ex- 
ample, 20 X 43. The pupil writes the 
factor 43 in expanded notation. The 
multiplication may then be performed 
as follows: 


20 A 43 - 20 • (40 -f- 3) 

- (20 V 40) 

i- (20 3) 

- 800 I 60. or 860 


Renaming 43 
Distributive 
property 
Renaming 
800 -I- 60 


4 X 23 \ 2=4 \ (20 3) I 2 

4 N (20 -f- 3) I 2 - (80 f- 12) ^ 2-92+2 
94 94 


MULTIPLYING BY A TWO-DIGIT 
NUMBER 

T here are tlncc different types of ex- 
amples to be considered in mulliplying 
by a two-digit number: 

1. Both factors are multiples of 10 

2. Only om‘ factor is a multiple of 10 

3. Neith(*r factor is a multiph* of 10. 

Both factors multiples of 10 

TTie teacher should introduce multi- 
])lication by a two-digit number with 
factors that are multiples of 10, for ex- 
ample, 20 X 30. The pupil should write 
each numeral as a factor of 10, as 20 
— 2 X 10 and 30 = 3 X 10. The ex- 
ample may tlum be writhm as fol low's: 

20 ■ 30 -- (2 ' 10) • (3 .V 10) 

- (2 \ 3) ^ (10 '* 10) 

- 6-100, or 600 

The pujjil learned that the way lac- 
tors are arranged does not affect the 
product. This generalization is a con- 
sccpience of the conimutative and asso- 
ciative properties of multiplication. 


Example (a) represents 
the conventional ])rocedure a 34 
for multiplying wlien the ■ 20 

factors are written in the 680 

vertical form. 

Neither factor a multiple of 10 

In the third type of example involv'- 
ing multiplication of two-digit factors, 
neither factor is a multiple of 10, for 
example. 12 X 34. The pupil writes 
oiu' of the factors in expanded notation, 
as 12 = 10 + 2. The example 12 X 34 
may then be expressed as (10 + 2) X 34, 
w'hich is equivalent to (10 X 34) 
+ (2 X 34). He may find it easier to 
comp! ^^e the comi)utation when the nu- 
merals are written in vertical form, as 
in (b), than when they are w^ritten in 
horizontal form: 

b 34 34 

- 10 - - 2 
340 t 68 - 408 

The procedure shown in both vertical 
and horizontal forms illustrates the dis- 
tributive property of multiplication over 
addition. 

Example (c) show's the conventional 
procedure for multiplying 12 and 34. It 
is a combination of the two multiplica- 
tions given in (b). The pupil should use 
the algorism shown in (c) to multiply 
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two-digit factors that are not multiples 
of 10. He may refine the work by not 
writing the terminal 0 in the second par- 
tial product, as in (d). The pupil does 
not use the short cut shown in (d) until 
he has discovered the function of the 
terminal 0 as a place holder in the sec- 
ond partial product; 


c 34 d. 34 

X 12 \ 12 

68 (2 \ 34) 68 

340 (10 < 34) 34 

408 408 


Both factors of the example 12 X 34 
may be written in expanded notation as 
(10 +2) X (30 + 4). Manx- pupils at the 
fourth-grade* level find it difficult to 
applx’ the distributive property in ex- 
amples of this t> pe. For that reason, the 
procedure shown in (c) should be used 
for enrichment ]nirposes for the more 
able pupils. 

e (10 -- 2) (30 + 4) - 10 ^ (30 4) 

-Y2 ■ (30 f 4) 

- (10 30) f (10 - 4) 

■f (2 ^ 30) t- (2 ^ 4) 
^ 300 -r 40 ^60 t 8 
= 408 

The pupil can verify the partial prod- 
ucts given in (e) b\ using the vertical 
notation, as in (f). He can readily un- 
derstand the procedure in (f) but not 
that in (c): 

f 34 
> 12 

.1 (2 ,< 4) 

60 (2 30) 

40 (10 • 4) 

300 (10 A 30) 

408 

The sequence of steps for presenting 
multiplication by two-digit factors that 
are not multiples of 10 is as follows: 

1. Have the class give the positional 
value of each digit in both factors. 


2. Multiply, using the distributive 
property of multiplication, as shown 
in (b). 

3. Have the class tell the seciuence 
of steps, as in (c). 

4. Have the class inter- 

change the factors and mul- g. 12 
tiply, as in (g). The factors ^ 

may be interchanged be- ^eo 

cause of the commutative 408 

property of multiplication. 

Checking multiplication 

There arc two acceptable ways of 
checking multiplication by a two-place 
number. One method is to go over the 
w'ork; the other is to interchange the 
factors and then multiply. Both are satis- 
factory. It was demonstrated earlier 
that the pupil should discover different 
procedures for clujcking addition and 
subtraction. The same is true for multi- 
plication and division. Two other pro- 
cedures for checking multiplication by 
a two-place factor include (a) an api)li- 
cation of the distributive property and 
(2) casting out nines. 

A check for the example 23 X 35 con- 
sists in giving each digit its total value 
in a factor. Thus the example may be 
written as (20 + 3) X (30 + 5) to illus- 
trate the distributive property, as 20 X 
(30 + 5) + 3 X (30 + 5). The pupil per- 
forms the indicated operations. The 
final answer provides a check of the 
product found in the conventional al- 
gorism. 

Casting out nines 

Casting out nines provides a useful 
check for multiplication. This form of 
checking is based on the excess of nines 
in the factors. The excess of nines in a 
number is the remainder resulting from 
dividing that number by 0. Thus, the 
excess of nines in 43 is 7. Tlie excess of 
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nines in a number may be found by 
adding the digits in that numeral. The 
sum of the digits in 43 is 7. 1'he sum of 
the digits in 45 is 9, which is a multiple 
of 9; therefore the excess of nines in 45 
is 0. (See page* 219 for a description of 
how to use the excess of nines to check 
multiplication and for an explanation 
of why the check works.) 

The example below checks by cast- 
ing out nines. The product of the ex- 
cesses of nines in the factors is 35. The 
t^xcess of nines in 35 is 8, which is the 
same as the exc(*ss of nines in the prod- 
uct of the two factors 32 and 547. Very 
* 4 ^robably the product, 17,504, is correct. 



Excess 
of 9’s 

547 

7 

3? 

^ 5 

'1094 

35 

^641 

17504 

i 

1 

1 

:8i 

--r 1 8 , 


Till* reader who is not fajiiiliar willi 
this method of checking multiplicalion 
should check the products in tin* follow- 
ing exampli*s. 


76 

b 

409 

« 35 


X 26 

2660 


10.634 

356 

d 

749 

■ 47 


■ 54 

16.632 


40.446 


One of the products given is not cor- 
rect. A cheek by casting out nines will 
detect this incorrec t product. 

Example (<*) checks b\ casting out 
nines. However, the second partial 
produc t is misplac c*d. The 8 of this p- *d- 
uct should be* in hundreds’ place and 
not in tens’ jilacc*, therelore (he product 
of the exainjile is not corrc'c t. The num- 
ber 534 was nuiltiplic*d b\ 23 and not 
l)y 203: • 



Excess 


of 9's 

534 

— 3 

^ 203 

— ^ X 5 

1602 

15 

1068 


12282 

4, 

lei 

- Fei 


3’he difference between these numliers 
is 180 (203 — 23), which is a multiple 
of 9. If the order of the digits in a nu- 
meral is clianged, the excess of nines 
will be the same. Thus, the excess of 
nines in 213, 312, or 123 is the same, 
'rherefore if the* product of two factors 
is 312 and the pupil writes 321, the ex- 
ample will check by casting out nines. 
This check will not reveal an error re- 
sulting from the misplacement of digits 
in a numeral, such as occurs when re- 
versing the* order of certain digits. Manx 
left-handed pui)ils have a tei.dencv to 
reverse digits in a numeral, as 736 for 
7(>3. Coasting out nines will not reveal 
an c*rror of this kind. If an answc*r doc*s 
not chc‘c*k bv casting out nines, the ex- 
ample* is incorrect. If an answer checks 
by casting out nines, the example could 
c-ontain an error resulting from mis- 
placc*inenl of one or more digits in the 
soIuH'.'m. Howeve r c*rrors of this kind 
are iii Miuent. 

A three-place factor 

The* i)ui)il who undc*rstands how to 
multiplv by a two-place factor should 
readilv understand how to deal with a 
three-place factor, such as 235. The 
numeral 235 ina> be expressed in cx- 
pandc*(l form as 200 + 30 + 5. To mul- 
tipl> in the examples at the 
right, nuilliplv 413 1)> the 413 
total \ alue of each digit. The ^ ^35 
])roduct of 235 and 413 is 
the* sum of the three partial products. 
Then combine the three examples, as 
in (cl). 
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413 

b 

413 

X 5 


X 30 

2065 


12390 

413 

d 

413 

^ 200 


\ 235 

82600 


2065 



12390 



82600 


97055 


significant di^it. Each of the numerals 
34, 476, and 705 contains only one sig- 
nificant di^it when rounded off, as 30, 
500, and 700, respectively. 

The product in (a) is sensible because 
2774 is near 2800. The answer in (b) is 
not sensible because the product must 
be greater than 210 , 000 : 


An example of the kind 
.i^iven at the ri^ht shows why 423 
theO of the multiplier should \ 204 
be treated as a i)lace holder. 

The number 204 is equal to 200 + 4. 
The pupil multiplies by 4 ones and then 
b\ 2 hundreds. The solutions j^iven in 
(a) and (c) are acceptable. Solution (b) 
is not recommended. 


a 423 b 423 c 423 
N 204 - 204 V 204 

1692 1692 1692 

84600 8460 846 

86292 86292 86292 


In (a) the zeros in the second partial 
l)rodnct hold the em])ty places. In (c) 
the zeros are omitted. The pupil usinjj; 
this form should understand the work 
and have discovered that the lirsl digit 
of a i)artial i)n)duct is always written in 
the same column as the correspnnding 
digit of the multiplier, 'fhis pupil uses 
a mature method and can opt*rate effi- 
cienth withv)iit the use of the zeros to 
hold the emprs places. 

In (b) the pupil uses the terminal zero 
as a guide in the placement of the ])artial 
product. This procedure is meaningless 
and may result in serious error if the 
multiplier contains zeros in alternate 
positions, as in the numeral 20,304. 

Rounded numbers 
in multiplication 

The use of rounded factors provides 
a good check on wh(*ther a i:)rodnct is 
sensible. The pupil should round off 
each factor so that it contains only one 


a 73 70 

\ 38 \ 40 

584 2800 

219 
2774 

b 736 700 

^ 304 V 300 

2944 210.000 

2208 
25024 

When the factors are two-digit num- 
bers that are not multiples of 10 , the 
teacher should have the pupil round olf 
each fac'tor to the two nearest multiples 
of 10. The given factor will be between 
these two multii)les. The' two nmltii^les 
of 10 that are nearest to 34 are 30 and 40. 

Th(‘ iM'oduct of 34 and 76 must be bt'- 
tween the products of 30 X 70 and 40 
X 80. The product of the smaller mul- 
tiples of 10 is the lower limit of the 
product of the two given factors. The* 
product of the larger multiples of 10 is 
the upper limit of the gi^'en factors. In 
(c) the product of the fac tors is 2584, 
which is between 2100 and 3200, there- 
lore the answer is sensible. The class 
does not check all products of two-j^lace 
factors by this i)rocednre. The tc^acher 
uses this method chiefly as a means of 
enriching the pupil’s understanding of 
numbers. 

J80 

c. 76/'j70 40 -^ 80 -3200 

- 34 \(40 30 <70-- 2100 

304 130 

228 
2584 
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DIVIDING BY A 
TWO-DIGIT NUMBER 

Grade placement of the topic 

I^ivisioii by a two-di^it iuiml)C'r is one 
ol the most difficult topics in cornimta- 
tional arithinetii*. There is a ^reat ranjije 
ol difficulty in division of this kind 
when the standard al^^orism is used, as 
in examples (a) and (h). In (a) the esti 
mated quotient is the true quotient. It 
is not necessary to regroup in eithtu* 
multiplication or subtraction. In (h) the 
revt'rse is true. The estimated quotient 
Js not the true quotient, and re^^ron])in^ 
Is needt'd in both multi ])lication and 
subtraction. Because of the wide ranj^e 
in difficulty, j^reat care should be exer- 
cised in gradation of examples if the 
pupil is to use the aljjjorism shown. The 
proc(*(hr’es in (a) and (b) r('])resent adult 
usa^t‘ of division by a two-place di\ isor* 

56 r 14 
b 16)910 
80 
110 
96 
14 

T'he ])npil should not bt'.i^in division by 
a two-place divisor by usinjj: an adult 
proc(‘dnre. 

For eas(' in learn inJL^ to divide by a 
two-place divisor, two points must bt* 
considert'd if ouIn the standard aljioiism 
is presented. First, tlu‘ topic must be 
spac(*d through two or more grades, and 
second, the examples must be selected 
carcdully with rt'sp<H*t to difficnlt\ . II 
the pupil begins to divide b> a two-place 
divisor by nsinj^ the subtractive method 
or the p>ramid method and then i a- 
iXrvssvs to the adult pattern, the grada- 
tion of examples accordin^i to difficulty 
is not as important as when onK the 
adult procedure is used. The pu])il usin^ 
the? standafd adult pattern in (c) esti- 


mates 9, but the true quotient is 7. He 
uses the subtractive method in (d). Now 
a varie?ty of estimations are possible, so 
that he has little difficulty in finding 
the (piotient; 

_7r12 _ 

c 24)180 d 24)180 5 

168 120 

12 60 

48 f 
12 7r12 ' 

solution in fd) is easier than that 
in (c) because in (d) it is not nec'essary 
to estimate the true (piotient dij^it, while 
in (c) this must be done. In a projLiram 
usin^ only the adult procedure, an e\- 
am])le of the type 24)180 would be de- 
ferrc'd until the ])n]:)il had mastered the 
process when the estimated (luotient 
is the true (piotient. The* work in (d) 
shows that the pupil can solve the ex- 
ample when he understands the mean- 
ing of division as repeated subtraction. 

Although the problems of grade place- 
ment of topics and of graduation of ('x- 
aniples are* not as vital to success in 
learning division in a modern program 
as in a conventional ])rogram, each fac- 
tor deserves some consideration. The 
work in grade 4 involving division b> a 
two-digit divisor should be c'onfined to 
divi*^. ' that are nniltiples of 10, as in 
the e\. iple 20)80. Di vision by an> two- 
place divisor can be comi)leted in grade 
5 b> the i)yramid method. Many i)n])ils 
may not achieve mastery of the adult 
pattern for division bv a tvvo-])lace di- 
visor until grade 0. At least the topic 
shoulr’ b(* s])aced through giades 4 and 
5. By the time the pupil completes 
grade 5 he should know how to divide* 
any number by a tvv^o-place divisor by 
the pvranud method. In grade 6 he 
should be abh* to rt*fine this method so 
that it will be the same as the standard 
me^^hod. According to this plan, the 
topic will be spaced through grade's 
4, 5, and 6. 


21 

a 31)651 

's 

31 
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Methods of estimation 

There are maii\' methods of estimation 
of the quotient by a two-digit divisor. 
These methods may be grouped under 
the one-rule method or the two-rule 
method. According to the one-rule 
method, the divisor is rounded off 
downward to the nearest 10. The di- 
visors in a decade, such as 21-29, would 
be rounded off to 20 for purposes of 
estimation. 

If the two-rule method is used, the 
di\’isor ma> be rounded off both down- 
ward and upward. For the divisors 
20-24, the divisor is rounded off as 20; 
for divisors 25-29, the divisor is rounded 
off' upward as 30. This plan follows the 
usual pattern for rounding off whole 
numbers. In man\ arithmetic textbooks, 
for estimation purposes divisors ending 
in 5 are rounded off downward, and onI\ 
divisors ending in 6, 7, 8, and 9 are 
rounded off’ upward. 

The tens’ digit of a two-place divisor 
is the guide figure. The guide figure may 
be given either its cardinal value or its 
total value. By the one-rule method, 
the guide figure for each of the divisors 
31-39 may be given its cardinal value 
of 3 or its total value of 30. 

There are man\' arguments for the 
relative merits of each procedure. Ex- 
perimental evidence indicates that there 
is no significant difference in the results 
obtained with the two methods, and 
adult competence can be achieved us- 
ing either method.^ 

It is possible to use a one-rule method 
and round off the divisor upward instead 
of downward. By the upward method for 
the divisors 21-29, the divisor is con- 

*A (Irtuilecl appruisul of the two methods is 
given in Foster E. (wrossniekle and Leo J. Hrueek- 
ner, Disroveriufi Meaniiifis itt Arithmetic (New 
York: Holt, Rinehart and Winston, Ine., 1959), 
pp. 220-224. 


sidered to be 30. Hartung demonstrated 
that this method will produce greater 
accuracy in estimation than when the 
divisor is rounded off downward.*'^ Since 
it is rarel>' used, no further considera- 
tion will be given here to the upward 
method. 

The modern mathematics program 
does not emphasize the method of esti- 
mation to the extent that the traditional 
program did. This is true because the 
modern program gives greater consider- 
ation to the inverse relationshi]) be- 
tween multiplication and division than 
the traditional program. 'The value of a 
given method of estimation of the quo- 
tient in a modern program has not been 
determined by experimentation. 

Examples 

There are three situations in division 
when the divisor is a two-digit number: 

1. When the divisor is a multiple of 10 

2. When the divisor is not a multiple 
of 10, but the estimated quotient is tlu* 
true (|uotient 

3. When the estimated (luotieut is not 
th(‘ true quotient. 

The first situation is the easiest, and 
tile teacher would use a divisor that is a 
multiple of 10 to introduce the topic to 
the class. The ])upil should discover the 
relationship bc'tween the eqiiations 

Factor ^ factor — product 
Product factor ^ factor 

to enable him to deal with examples in 
this classification. 

The teacher is confronted with the 
problem of what materials to employ 
and to what extent they should be used. 
The use of objective materials shoidd 
be limited in dealing with a two-place 

L. Hartiifig, “Estimating the Qiioticmt in 
Division, “ The Arithmetic Teacher. April 1957, 
4:I(K)-1I1. 
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divisor. Such materials arc valuable in 
helping the pupil to discover the mean- 
ing of division, and they should be em- 
ployed lor this purpose with a one-digit 
divisor. Their use is not effective in en- 
abling the pupil to estimate the quotient. 

Divisor a muitipie of 10 

The teacher can introduce division by 
a multiple of lO by using the following 
])robleni: 

llow many bundles of 20 tick(‘ts each 
can be made with 00 tickets? 

Most ol the class can give the answer 
to this ])roblem without writing the 
^minerals. Th(‘ teacher should use this 
easy problem to (ojable the pn])il to dis- 
cover a pattern for finding the (piotient. 

First, determine the number of i)laces 
thcR* will be in th(‘ (iiiotient by nmlti- 
l)lying the divisor by a i)o\V(*r of 10: 

'HO 20 20 60 

10 • 2n 200 200 60 

'The nnmher scnlcnc(‘s on the right show 
that the (pioti^ n1 is gr(*ater than I but 
h\ss than 10, hence the quotient is a om - 
l)lacc nunil)(U'. 

S(*con(l, ha\e the pupil discover the 
relationshii) between multiplication and 
division: 

2 ‘ 20 - 20)40 - 2)4 

3 • 20- ' ■ 20)60 - 2)6 

rhe teaclu'r may emplo> a number ray 
to have the piqoil find the number of 
twenti(‘s in 00 (Fig. 11. .’3) or use addi- 
tion or subtraction to find that numbiu*. 
Regardless of the means used, the pupil 
should (liscoxer that he can alwaxs find 
the ausxver by either ol the lollox\iug 
proccHlures: 

1. Make a table using the divism :s 
one factor and tlu‘ digits in order begin- 
ning with 1 as the sc'cond lactor. C'on- 
timie the tabh‘ until a product is the 
given dividend or until th(‘ dividend is 
between tvVo consecutixe products. 


0 20 40 60 80 

Figure 11.3 

2. Divide the number of tens of the 
dividend by th(‘ number of tens in the 
divisor for a on(?-i^lac*e (iiiotient. 

Both procedures are correct, but the 
use of a table is time consuming and in- 
elficient. The* pu])il should be able to 
apply his knowledge of the multiplica- 
tion or division facts to estimate the quo- 
tient. The second plan uses this knowl- 
edge. The point may be raises! that the 
pupil xvill not understand the mathe 
matical basis of this i)rocedure. This 
critic ism may be true for tcMchers who 
assume that a pupil must understand 
ewery ])hasc of any computational pro- 
c(‘durf\ All pupils max not understand 
that both dividend and divisor are multi- 
plied by or divided by 10. T1 k‘ teacher 
can give a fexv illustrations of the folloxv- 
ing tx'pe to enable* the* class to see that 
the (|uotient remains the same xvhen di- 
visor and dixidend are dixaded bx- 10. 

a 40-10-4 c 60 20 ^3 

4-1-4 6-2-3 

b. 80 -.20 -4 d 90 - 30 ^ 3 
8-^2 --4 9^3_3 

Fxam, *s (a-d) illustrate the use of the 
identitx element of 1. The example 
20)00 max be i*\pressed as 

60^6-10 

20 2 ■ 10 

If xve multi plx each set of factors b' 
-jT), the e*\ampl(' becomes 


Even if ail pupils do not discoxer the 
a])plication of the* identitx element for 
multiplication in the illustrations, the 
])unil should divide the uumber of tens 
in tlu^ dividend bx the number of tens 
in the divisor to find a one-place cjiio- 
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tient. The pupil should uuderstaud the 
meaning of division, the sequence of 
steps in the solution, and how to deter- 
mine the number of ])laces in the (pio- 
tient. The procedure for estimating a 
quotient digit does not affect the funda- 
mental meaning pertaining to division. 
Therefore it is relatively immaterial to 
meaningful learning whether or not the 
pupil uuderstands this time-saving pro- 
cedure for estimating the quotient. 

The next situation involves a three- 
place dividend, as 20) 1 20. The pupil 
follows the pattern described. First, he 
discovers that the cpiotient is a one-place 
numeral by multiplying 20 b> a power 
of 10. Second, he thinks, “12 -r- 2 = 6.“ 
The third situation includes those ex- 
amples in which the dividend is not a 
multiple of the divisor, such as 20)42, 
20Tn\ 20)123, and 201137. The pupil 
follows the same pattern for estimation 
of the (piotient in the examples of this 
t> ])e as he used when the dividend was 
a multiple of the divisor: 

_2r 14 

20154 54 - (2 ^ 20) 14 

40 
14 

The illustration shows the pattern for 
the written work. It is important to 
have the pupil write the corresponding 
number sentence in multiplication, as 
shown. 

Divisor not a multipie of 10- 
estimated quotient true quotient 

The pu])il should apply the same pat- 
tern for dealing with divisor of the type 
21-29 when the estimated quotient is 
the true (luotient as he applies when the 
divisor is a multiple of 10. Ft)r the initial 
treatment of divisors that are not multi- 
ples ol 10, the examples should be lim- 
ited to one-place quotients. In the ex- 
ample 21)M, the though'- pattern for 


estimation would be as. follows: “Very 
probably the number of twenty-ones 
ill 63 is the same as the number of twos 
in 6.“ 

There is a great range of difficulty in 
examples in division in which the esti- 
mated (luotieut is the true (piotient and 
the divisor is not a multiple of 10: 


a. 21)63 

Two-place dividend a multiple 
of divisor 

b 21)126 

Three-place dividend a mul- 
tiple of divisor 

c. 21)'65 

Remainder In quotient 

d 21)75 

Guide number not a factor of 
number of tens 

e 24)72 

Regrouping In multiplication 

f 23)74 

Regrouping in subtraction 

g 34)142 

Combination of e and f 

h. 34)325 

Apparent quotient seems to 
be 10 or more 


In examples of the Iasi type, the esti- 
mated (piotient seems to be 10 or more. 
In this case the pupil always multiplies 
the divis(n' mentally by 10 and com])ares 
this product with the number to be 
divided. Since the dividend is not 10 
times the divisor, he estimates tin* ([iio- 
tieiit to be 9. Of coursi*, 9 is not the true 
(piotient in all estimations of this kind, 
as, shown by the example 24)213. Kx- 
amples of the latter type rei)rcsent a 
ver> difficult ]^hase of division. 

In all of these examples the estimated 
(]uotient is the true (luotient. The pupil 
may not always estimate correctly, hence 
he should have a means of finding the 
(piotient. He should also be able to use 
the subtraction method, as shown, or 
the pyramid im^thod: 

24)1'55 5 

120 
35 1 

24 

11 6r11 

The two methods are similar and are 
effective when the pupil is unable to 
estimate the true (piotient. 
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Two-or-more-place quotients 

After the pupil becomes skillful in 
finclinj^ a one-place (piotieiit, he should 
be able to find a quotient with two or 
more digits. Regardless of the number 
of digits in the quotient, the procedure 
is the same. The steps are as follows: 

1. Determine the number of digits in 
the quotient by inultii)lying the divisor 
by a power of 10. 

2. Estimate each (luotient digit. 

3. Cuve each digit in the quotient its 
total value. 

4. Write the inimber sentence for 
each example'. 

^In (a) the pupil determines the num- 
ber ol places in the quotient as follows: 

10 • 21 -'-210 210 ' 672 

100 * 21 -2100 2100 -672 

a 

2 

30 

21)6‘72 

‘42 

_42 

Check: 672 - 21 > 32 

'rile two number sentences containing 
the iiK'epialities show that the (luotient 
is between 10 and 100, hence it is at\\o- 
digit numbt'r. 

'file pupil c'stiinates the (piotient by 
rounding off 21 as 20 and then thinks 
6 -r- 2 = 3. Since the (piotic'nt is a two- 
place number the 3 is 3 tens, or 30, 
which he writes. He uses the ]^yramid 
method. Example (a) gives the complete 
solution. 

The final step consists in writing the 
number sentence. The teac’her may have 
the pupil express the quotient in ex- 
panded notation. The number sentence 
woidd then be as follows: 


672 21 X (30 + 2) Expanded notation 

for 32 

- (21 X 30) 

-I- (21 > 2) Distributive property 

— 630 + 42, or 672 Renaming numbers 
672 = 672 

The illustration shows that the number 
sentence is true, and therefore the solu- 
tion is correct. 


Estimated quotient 
not true quotient 


Examples (a-c) 

show that 

the esti- 

mated (piotient is 

not always the true 

(piotient. 



a 24)1776 80 

c ?6)1776 

50 

1920 

1300 



476 

10 


260 


b 24)1776 70 

216 

7 

1680 

182 ‘ 


96 4 

34 

1 

96 

26 


74 

8 

68 r 8 


1776 - 24 ^ 74 

'The first stej) in division is to deter- 
mine the number ol places in the (pio- 
Uent numeral. Since 177b is Ix'tween 
240 and 2400, the (juolient is a two-digit 
number. In (a), tlu' pupil rounded off 
24 as 20 and estimated the first quotient 
digit a. which is S tens, or SO. Since 
the proi A of 80 and 24 is greater than 
the dividend, the estimated quotient is 
too la.ge. When the divisor is rounded 
off downward and the estimation is not 
correct, the estimated number is alwa\ s 
too large. 

In (bV the pupil rewrote the t xainple 
and used 7 tens as the trial quotient. The 
(luotient is 70 + 4. or 74. The number 
sentence lor the exanqile is 1776 
= 24 X 74. 

In (c ), the dix isor 26 may be rounded 
off either downward or upward. Because 
of ease of solution, the 26 should be 
rounded off u])ward as 30. The first es- 
timated digit is then 5, which represents 
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5 tens, or 50. Tlie remainder is greater 
than the divisor, henee another estima- 
tion is made. The quotient digit is 1 ten, 
or 10. Since the remainder of 216 is less 
than 10 times the divisor, the next (ino- 
tient number will he a one-digit num- 
ber. The estimated quotient is 7 (3)21), 
hut the remainder 34 is greater than the 
divisor, so 34 is treated as a new partial 
dividend. The (piotient is the sum of 
50, 10, 7, and 1, or 68, witli a remainder 
of 8. The numher sentence for tlie ex- 
ample is 1776 = (26 X 68) + 8. 

In (c), the first and tliird estimates 
were incorrect, hut it was not neces- 
sar\ to erase the product of divisor and 
(juotient because each remainder is con- 
sidered to he a new partial dividend. If 
the divisor is rounded off upward and 
the estimated quotient is not the true 
quotient, the estimated (luotient is al- 
ways too small. TUv correction can tlien 
he made h> including an extra estimate, 
as in (c). The quotient may he written 
at tlie right of the dividend, as in (h) and 
(c) (the subtractive method), or above 
the dividend as in the pyramid method. 

Since the pupil should always multi- 
ply the divisor by a power of 10 to de- 
termine the number of places in the 
quotient, he knoyvs the product that is 
10 times the diy isor. Half this product is 
5 times the divisor. He should yvrite the 
l)roduct of 5 times the divisor as a guide- 
line or a supplenumtary aid ii. estima- 
tion. Examples (d) and (e) shoyv hoyv to 
use such guidelines. 


d 10 ^ 24 - 

240 

e 10 ' 26 - 

260 

5 ' 24 ^ 

120 

5 ■ 26 - 

130 

24)1776 

60 

26) '1776 

60 

1440 


1560 


336 

10 

216 

' 7 

240 


182 


96 

4 

34 

1 

96 


26 



74 

8 

68 

11 (d), the 

pupil 

estimates 1 

S. Since 


5 X 24 = 120, very probably the pupil 


can see that 8 would be too large, so he 
tries 6. He can then be certain that 10 
is the next estimated quotient. In (e), 
the pupil estimates 5 tens as the first 
(piotient digit. Since 5 X 26 = 130, he 
sees that the quotient yvould be at least 
6 tens, yvhich is the true (piotient. The 
other two estimations also give the true 
quotient. 

The illustrations show that the follow- 
ing sequence of steps should be fol- 
lowed in finding the quotient by a two- 
place divisor: 

1. Multiply the divisor by a ])ower of 
10 to determine the number of places 
in the quotient. 

2. Write 5 times the divisor as aguidc*- 
line in estinuition. 

3. For purposes of estimation, round 
off the divisor in the same way that any 
whole number is rounded off. Thus, 
round off 21-24 as 20; round off 25-29 
as 30. 

4. If the remainder is larger than the 
divisor, treat this remainder as a new 
partial dividend. 

5. Record the (juotient to the right of 
the dividend or above it, ])relerably 
above it. This procedure illustrates the 
pyramid method of division. 

6. Write a number sentence to illus- 
trate the example. 

7. The best check for division is to 
show that the number sentence in (6) 
is true. 

Refining the method of division 

The pattern for refining the intro- 
ductory method of division by a one- 
place divisor applies for a two-place 
divisor. The pupil begins with the sub- 
tractive niethod and changes very 
quickly to the pyramid method. He re- 
fines the pyramid method which he 
uses in grades 4 and 5 for a two-place 
divisor. At the grade 6 level he uses the 
conventional algorism for division. Ex- 
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amples (f-i) illustrate different levels 
of maturity in dealing with a two-plaee 
divisor. 

f. 10 >.36-^360 g 10 -36 -360 
5 X 36 - 180 5 \ 36 - 180 

54 
4 

_50 

36)1944 36)1944 

1800 1800 

144 144 

144 1^4 

54 

1944 - 36 54 1944 -36 - 54 

h 10 '^ 36-^360 I 
5 ^ 36 - 180 

54 54 

36)1944 36)1944 

1800 180 
144 144 

144 144 

1^'’4 - 36 - 54 1944 - 36 ^ 54 

Examples (f) and (jj;) illustrate the sub- 
tractive and pyramid methods of sub- 
traction, respectively. In (h), the ])upil 
estimates 5 and writes 5 in tons’ phu t 
in tlu* (quotient. He mulli])lies the di- 
visor by 50 and not 5. In (i), lu* ^i\es 
(*ach (jiiotient dij^it its cardinal value, 
but he writes (*aeh digit in its correct 
place. At the adult level, as in (i), tl • 
pupil numtally compuh's the product 
of divisor and the estimated digit to be 
sure that the quotient digit is correct. 
It is then of little significance' wliether 
he uses a one'- or a two-rule procedure 
(o estimate a (piotient digit. 

Checking division 

One of the best ways to check division 
is to show that the number sentence for 
an example is true. The number se 
tence for the example given is 895 
= (34 X 26) + 1 1. The pupil 
verifies the statement by 26rii 
showing that (34 X 26) + 11 34)895 

and 895 are different nu- 


merals for the same number. He can 
write one of the factors in expanded 
form, as follows, to show that the state- 
ment is true: 

895 - (34 26) f 1 1 

= 34 X (20+6) i 11 
- 680 +204 + 11 
895 - 884 t 11 - 895 

The pui)il must understand the func- 
tion of a c heek, why it is used, and the 
relationship between the inverse oper- 
ations involved. (Checking that is done 
in a mechanical, meaningless manner 
should bc' eliminated from the mathe- 
matics program. 

Casting out nines in division 

It has already been recommended 
that the more able pupils check multi- 
plication by casting out nines. This 
check also should be used by the same 
group for division. Casting out nines in 
multiplication applies to division, pro- 
vided the final remainder is 0. Then the 
divisor is a factor of the dividend. If the 
divisor is not a factor of the 
di\id(md, as in the c^xample 26r28 
at the right, subtract the final 
remainder from the divi- 
dend. ' he difi'ereiH e between these 
two nil )ers is a multiple of the di\ i- 
sor. In tile given example, subtract 28 
from ^'12. The difference is 884, which 
is a multi]ilc* of 34. Then the example, 
34 X 26 = 884, is c heeked by casting 
out nines as an\ other example in niul- 
liplic*ati'''i is chc'c*ked. 

Enrichment in multiplication 

An effecti^'e exercise for enriching 
the multipli, ation program C‘onsists in 
ha\ ing the ])upils rank examples accord- 
ing to the size of the product in ex- 
ample's of the following ty])e: 

I 57 57 57 57 57 

V 6 -12 ^ 
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II 36 71 14 03 27 

X 15 X 15 X 15 X 15 X 15 

The teacl]cr lias the pupil try to rank 
the examples by inspection before niul- 
tipK ing. If he cannot discover the ]iat- 
tern to enable him to rank the examples, 
he can multiply and then rank them. 
The teacher should challenge the \'er>' 
superior pii])il by having him write a 
generalization that applies to each set 
or to both sets. A concise generalization 
pertaining to the two sets is as follows: 
If one of the two factors in different ex- 
amples is the same but the second fac- 
tor is different, the smaller (or larger) 
the unequal factor, the smaller (or larger) 
will be the product. 

The work with whole numbers should 
not be limited to finding the value of a 
variable in an equation. The pupil 
should be able to soK e for the variable 
in an inequalit)' of the type 3 X 12 > 3 
X n. Any whole number less than 12 
will make the sentence true. lu order 
to limit the number of answers that 
will make the sentence true, the pupil 
should supply the largest or smallest 
whole number that the variable may 
represent. Thus, the greatest whole 
number that may replace n in the math- 
ematical sentence 3 X 12 > 3 X /* is II. 
Similarly, the smallest whole number 
that ma\' replace n in the matlnunatical 
sentence 4 X 15 < 4 X is 16. If the 
variable in a mathematical sentence is 
an element of the larger member of the 
inequality, the pupil should find the 
smallest number that may replace that 
\ariable. In the reverse situation, the 
pupil should find the largest miinbev 
that may replace the variable. 

Enriching work in division 

The plan described for enriching the 
mathematics program in multiplication 
can be followed in division. The jnipil 


ranks examples of the* type that follow 
according to the value of the missing 
numerals. He then checks his rankings 
by solving the exam])les. In case he 
cannot discover from inspection the 
pattern to use to rank the examples, he 
solves the examples and then ranks 
them. The following sets of examples 
show how divisor, quotient, and divi- 
dend may vary. 


1 8 

48 

2 

16 

?)144 

?yi44 

?)144 


II. 24 

24 

24 

24 

'?J576 

'>)UA 


?)720 

In (I), the 

dividend is c 

onstant. Hie 

divisor and 

quotient 

var\'. 

If the prod- 


net of two factors is a constant, an in- 
crease in one factor causes a corrt*- 
s])onding decrease in the other factor. 
If the divisor is multiplied or divided 
by a number, the quotient is divided or 
multiplied by that number. The superior 
pupil in grade 6 should be able to ex- 
press verbally the relationship between 
the factors as illustrated in (1). 

. In (II), one factor is constant, but the 
other factor and the product vary. As 
the given factor increases or decreases, 
'there is a corresi)onding increase or de- 
crease in the dividend. The exami)les 
in (II) above corres])ond to th(‘ exam])les 
in (I) and (II) in inultiplicatiou on page 
201 and at the top of this page. 

RELATIONSHIPS BETWEEN 
MULTIPLICATION AND DIVISION 

A iJupiTs depth of understanding of 
multiplication and division depends 
upon his ability to identify points of dif- 
ference between these operations. The 
teacher should have tlu? class point out 
these differences in a pair of examples. 
Table 11.1 lists the differences between 
multiplication and division in the set of 
whole numbers. 
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TABLE 11.1 

Comparison of Multiplication and Division 

Multiplicution Division 


1. Multiplication is a shortened form of 
addition of equal addends. 

2. Usually we operate from right to left 
on a numeral. 

3. Two factors are given to find the prod- 
uct. 

4. Zero times any number is^ero. 

5. One is the only number multiplied by 
itself that has a product of 1. 

6. If a counting number a is multiplied 
by a counting b, Increasing b increases the 
p)roduct. 

7. Multiplication is commutative. 

8. Multiplication is associative. 

9. Both left and right hand distributive 
properties apply to multiplication. 

10. The identity element for multiplica- 
tion is 1. 

11. The set of whole numbers Is closed 
with respect to multiplication. 


1. Division is a shortened form of re- 
peated subtractions. 

2. Usually we operate from left to right 
on a numeral. 

3. The product and one of two factors 
are given to find the second factor. 

4. Zero may not be used as a divisor. 

5. Every number (except 0) divided by 
itself has a quotient of 1. 

6. If a counting number a is divided by 
a counting number b, increasing b de- 
creases the quotient. 

7. Division is not commutative. 

8. Division is not associative. 

9. Only the right-hand distributive prop- 
erty applies to division. 

10. There Is no Identity element for di- 
vision. 

11. The set of whole numbers is not 
closed with respect to division. 


EXERCISES 


1. List at least four different ways of find- 
ing the product in the example 6 x 58. 

2. Show how the distributive property 
may be applied in the example 4)72. 

3. Evaluate the use of short and long divi- 
sion for a one-place divisor. 

4. Illustrate four different levels of matur- 
ity in solving the example 7)5T04 (see 
p. 190). 

5. Express the factors 34 x 57 in ex- 
panded notation and multiply by apply- 
ing the distributive property. 

6. Check the example 26 x 38 = 988 by 
casting out nines. 

7. The example in problem 6 will check 
by casting out nines if the digits in the 
product are rearranged, as 898 or 889. 
Why is this true? 

8. Use rounded numbers to give the upper 


and lower limits of the product of 36 
X 53. 

9. Sor" - teachers do not present any 
meti . i of estimating the quotient. The 
pupil multiplies the divisor by the 
di^jits, beginning with 1. Evaluate this 
plan. 

10. Find the quotient In the example 
38)2485. Check the solution by casting 
out nmes. 

11. Refer to sets (A) and (8). Give all the 
examples that use the members of each 
set. 

A; {12,15,180} 8; {912,15,57} 

12. Enumerate some of the procedures a 
teacher should use to help a slow learn- 
ei^ succeed in division with a two-place 
divisor as well as ways to challenge the 
quick learners. 
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PRIMrS, COMPOSITES, 
AND INTEGERS 


Chapters 7-11 considered tlie set of 
whole iuimh(*rs, {(), I, 2, 3, 4, 5, (i, • • - f. 
Ill the loj^ieal development of the num- 
ber syshnn. the whole or cardinal num- 
bers are followed by the integers, 
{• • • , —3, —2, —1,0, +1, +2, +3, • • •}. 

I'lns t h.iptrr d'Ml^ with llu' si t oi iii- 
t('g(‘is and some inip(»ilaiit Md>>.cts of 
the integeis. flu* diseussioii will in- 
elnde the followiim (opu s; iiinitiiih's v»t 
a number, prime numbers; <'omi)()site 
nnmix'rs and common multiples, sigm 
numbers, modnlai aii(lmK’li<‘. 

MULTIPLES OF A NUMBER 

The ability to recognize important 
eharacteristies of a number is useful to 


the pp’ *^ in his study of mathematics. 
Ideiitifi. Mon of the multiples of a num- 
ber demonstrates recognition of an im- 
poitai t relationship. The number 35 is 
a multiple of both 5 and 7 because 35 
= 5 X 7. If ;3 = xtj, then the integer 
is a multiple of both and ij.' The num- 
ber zer^' is a multiple of every whole 
number. Since 45 is a multiple of 9, it 
follows that 9 is a factor of 45. If 2 is a 
multiple of v, then x is a factor of z 
(divisor of 2 / provided 2 is not equal to 
0. The three stages in identif>ing the 

'Evfn niU'Kvr is a nuiltiplt' of itself and the 
opposite of itself and the nuinhers —I and -HI. 
Thus — l.'o is a multiple of 5 and —5, 3 and —3, 
-H I and — 1 , +15 and — 1 5. 
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distinctive characteristics of number at 
the elementary level are; 

1. Recognition of patterns 

2. Formulation of a rule 

3. Informal mathematical proof. 

The following set of graded activities 

illustrates the manner in which many 
pupils might learn about multiples of 
3 in the stages indicated. 

a. The sequence 3-6-9-12 is written 
on the chalkboard. Pupils are asked to 
supply additional numbers in the same 
pattern. Most pupils in grade 1 can per- 
form this type of activity without know- 
ing multiplication facts if the\ are given 
a reasonable amount of practice. 

b. The pupil should become familiar 
with the name of this sequence by hear- 
ing the teacher refer to it b\' its name. 
When the pupil knows the multiplica- 
tion facts, he should be able to write the 
sequence when it is called for by name. 

c. As work progresses, the pupils 
should be able to formulate rules or de- 
scriptions of the properties of the se- 
quence. One such property is that each 
member of the sequence is divisible 
by 3. A less obvious rule is that the sum 
of the digits of a numeral representing 
a multiple of 3 is also a multiple of 3 
(or is divisible by 3). 

d. An informal proof can be con- 
structed for the fact that the sum of the 
digits in a numeral representing a mul- 
tiple of 3 is divisible by 3. The first step 
in developing this proof involves the 
recognition of multiples of 3 in less ob- 
vious forms such as: 

4x 6 5 x 9 7 X 66 4 > 99 

Alert pupils will observe that a product 
is a multiple of 3 if at least one factor is 
a multiple of 3. 

The following are also multiples of 3: 

6-f9 2x9 + 24 4 X 99 -^3X9 

The distributive property should help 


the pupil to recognize that the sum of 
two multiples of 3 is also a multiple 
of 3. 

The final stage of the “proof* involves 
the renaming of numbers, such as 432 
and 487, in the following manner: 

432 - 4 X 100 ^ 3 X 10 + 2 

-4(99 + 1) +3(9 +1) +2 

- (4 \ 99 + 3 X 9) + (4 + 3 12) 

487 --4 \ 100 + 8 \ 10 -I 7 

-4(99 + 1) +8(9 f 1) +7 

- (4 X 99 + 8 \ 9) + (4 f 8 + 7) 

These and similar examples should 
aid the learner in recognizing that if A/ 
is a whole number, it can be renamed 
in the following manner: N = a multiple 
of 3 + the sum of the digits. 

It then becomes a consequence of the 
distributive property that if the sum of 
the digits is divisible by 3, the number 
xV is divisible by 3. It is a valuable and 
important skill in mathematics to be 
able to recognize conseciuences of 
in athe in at i cal pro perti es. 

A formal proof would use the same 
fundamental ideas given above but 
would involve a degree of generality 
and attention to detail not appropriate 
at this level. 

- It is important to recognize that pat- 
terns can often be used as effective 
guides before verbal rules are given. 
Some of the typical patterns that can be 
used effectively at the early elementary 
level are: 

0. 1, 2, 3, 4, 5. • • • Whole numbers 
1. 3, 5, 7, 9, ■ • ■ Odd numbers 
0, 2. 4, 6, 8, 10, • • • Even numbers 
0, 5, 10. 15, 20, ■ Multiples of 5 as well as 
multiples of other 
whole numbers 

RULES OF DIVISIBILITY 

* The following rules for divisibility 
may also be discovered and “proved” 
by many elementary school pupils: 

1. A whole number is divisible by 2 
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(or is a multiple of 2) if its numeral ends 
in 0, 2, 4, 6, or 8. It is acceptable class- 
room language for all but the most fas- 
tidious to say that a number is divisible 
by 2 if it ends in 0, 2, 4, 6, or 8. Over pre- 
cise language may be more confusing 
than helpful (see p. 75). 

The “proof’’ first requires that the 
learner recognize that a number is di- 
visible by 2 if its numeral ends in 0. 
Such a whole number has a factor of 10 
and 10 has a factor of 2. It is then a con- 
sequence of the distributive property 
that numbers with numerals ending in 
0, 2, 4, 6, 8 are divisible by 2 because 

22 - 20 -f-- 2 34 -= 30 + 4 

56 -50 f6 138 -=130 h 8 

2. A whole number greater than 100 
is divisible by 4 if the number repre- 
sented by the last two digits in its nu- 
meral i.> divisible by 4. For example, 
12,348 is divisible by 4 because 48 is 
divisible by 4. On the* other hand, 3455 
is not divisible by 4 becaus(' 55 is not 
divisible b\ 4. The proof follows that 
for divisibility by 2, numbers such as 
12,348 are renamed as 12,300 + 48. A 
number represented by a numeral end- 
ing ill two zeros has a factor of 100 and 
is therefore divisible by 4. The distrib 
utive jjroperty requires that a number 
of the form 12,300 + n be divisible by 
4 if n is divisible by 4. 

A whole numlier greater than 1^00 is 
divisible by 8 if the number represented 
by the last 3 digits in its numeral is di- 
visible by 8. For example, the number 
125,888 is divisible hv 8 because 888 
is divisible by 8. The “iiroor* is again 
similar to that lor divisibility by 2 and 
4. The number 125,888 may be rename 
as 125,000 + 888. The* number 125,000 
(and any other whole number repre- 
sented by a numeral ending in three 
zeros) has a factor of 1000 and is there- 
fore divisible^ by 8. As before, the dis- 
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tributive property then requires that 
every number of the form 125,000 + n 
be divisible by 8 if n is divisible by 8. 

A whole number represented by a 
numeral ending in 0 or 5 is divisible 
by 5. A whole number represented by 
a numeral ending in 0 has a factor of 
10 and is therefore divisible by 5. A 
number such as 325 may be renamed as 
320 + 5 and therefore must be divisible 
by 5 because of the distributive prop- 
erty. 

A whole number is divisible by 9 if 
it is represented by a numeral that has 
the sum of its digits divisible by 9. The 
“proof* is similar to that for divisibility 
by 3. 

The number 486 may be renamed as 
follows: 

486 -^4 > 100 1-8 \ 10 + 6 

■-4y (99 -hi) f8> (9 +1) ^-6 
=- (4 X 99 -f 8 \ 9) f (4 -f 8 -f 6) 

multiple of 9 sum of digits 

In a similar manner, any whole num- 
ber may be renamed as the sum of a 
multiple of 9 and sum of the digits. The 
distributive property then insures that 
if the sum of the digits is divisible by 
9 the number must be divisible by 9. 

PRIME NUMBERS 

Eveiy natural numl)er greater than 1 
is either a primv }iumbcr or a cotiipositc 
number. The number 1 is called a unit 
and is neither prime nor composite. A 
prime number has exactly two unequal 
natural number factors, the number it- 
self and 1. Every prime number is di- 
visible only by itself and I. The num- 
ber 2 is the first prime number and is 
the only even prime number. Every 
even number greater than 2 must be a 
conipj,site number. A composite num- 
ber is a nonprime natural number 
greater than 2. A com])osite number is 
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divisible by a natural number other 
than itself and 1. The number 4 is the 
first composite number because it is 
divisible by 2 (other than itself and 1). 
The number 9 is the first odd composite 
number. 

Pupils may ask why the number 1 is 
not a prime number. The number 1 is 
not a prime number by definition. Such 
an answer will not usually satisfy many 
pupils. A more satisfactory answer may 
be given by showing that the number 
6 will not factor into prime factors in 
only one way (uniquely) if the number 
1 is a prime number. 

6=2x3 6=2\3\1 6=2x3\1x1 

If the number 1 is not a prime num- 
ber, the number 6 factors into prime 
factors uniquely except for the order in 
which the factors are written. 

The fundamental theorem of arith- 
metic states that every composite num- 
ber factors uniquely into a product of 
prime fac*tors except for the order in 
which they are written. It is sometimes 
agreed to write the factors in the order 
of their size, as follT)ws: 

6 = 2x3 

12 = 2 \ 2 O. or 2- ^ 3 
300 = 2 ^ 2 A 3 ^ 5 X 5, or 2“ X 3 x 5- 

VVhen this convention is followed, 
prime factorizations can be performed 
in only one way. 

The following activities may be use- 
ful in introducing prime numbers and 
in helping pupils discover some of the 
important properties of these numbers. 

1. The sequence-pattern approach 
may be useful in introducing ^ prime 
numbers. Have the pupil practice with 
some familiar sequences in which he 
supplies additional numbers in the 
same pattern (see p. 206). Now write the 
following sequence on the chalkboard: 
2-3-5-7-11-13. Ask the pupils to give ad- 


ditional numbers. Some hints may be 
given, for example, that there is no fixed 
rule to get from one number to the next 
but that all the numbers in the set have 
a common property. Several brief ses- 
sions of this nature will provide excel- 
lent readiness for the introduction of 
prime numbers. 

2. The renaming technique is also 
useful in introducing prime numbers. 
After a brief session of renaming num- 
bers, restrict the renaming to the use of 
multiplication. This restriction still 
allows the renaming of 3 as 6 X Fi- 
nally, the renaming should be restricted 
to the use of multiplication and the set 
of whole numbers greater than 1. VVitli 
this restriction, 15 can be renamed as 
3 X 5 or 5 X 3. After the class has re- 
named several composite numbers in 
this fashion, introduce a prime number. 
A prime number cannot be renamed 
under these restrictions. 

3. One of the most well-known ac- 
tivities for determining the set of prime 
numbers is the sieve of Eratosthenes. 
Construct a table similar to Table 12.1. 


TABLE 12.1 

^Determining the Set of Prime Numbers 


1 

(D 


X 


X 

7 

8 

9 

10 

11 

12 

13 

14 

15' 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 


The number 1 is eliminated by defini- 
tion. Circle the numeral 2 (the first 
prime) and cross out every second nu- 
meral following 2. This procedure elimi- 
nates all multiples of 2 (even numbers) 
greater than 2. Now move to the nu- 
meral 3 (the next numeral that is not 
crossed out). Cross out every third nu- 
meral following 3. This eliminates all 
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multiples of 3 that are not even num- 
bers. The multiples of 3 that are even 
were eliminated in the first step. Now 
proceed to 5 (the next numeral not 
crossed out). Cross out every fifth nu- 
meral following 5. This eliminates all 
multiples of 5 that are not even (ex- 
cept 5). Now move to 7 (the next mi- 
meral not crossed out. Cross out every 
seventh numeral after 7. By proceeding 
in thi s manner, all composite miinbers 
are eliminated and only primes are left. 

There is an advantage to using six 
columns, as in Table 12.1. All the 
primes then fall in the first or fifth col- 
iftnn. Numbers named in the first col- 
umn are one more than a multiple of 6 
and numbers named in the fifth column 
arc one less than a multiple of 6. It is 
not difficult to prove that all prime num- 
bers are one more or less than a multiple 
of 6 (t‘xccpt loi 2 or 3). All whole num- 
bers greater than 5 can be expressed in 
the form fin, fi/i + 1, fin + 2, fin + 3, 
fin + 4, or fi/i 4- 5 All of these except 
fi/4 + 1 and fin 1 5 have a factor of 2 or 
3 and cannot be prime. Thus all primes 
must be in the form fin + 1 (one mon* 
than a multiple of fi) or fin + 5 (one less 
than a multiple of fi). 

4. A well-known conjecture in matht • 
matics (tht* Coldbach conjecture) is that 
all evtm composite numbers may be 
written as the sum of two prime num- 
bers. 'rhis theorem has never been 
proved or disproved and is therefore 
still an open question mathematically. 
The evidence collected over many years 
indicates that the gue> ^ is probabK c or- 
rect, but a statement about an infinite 
set cannot be proved by a finite number 
of examples. 

It is a worthwhile activity to have pu- 
pils rename even numbers as the sum of 
prime numbers. Some numbers can be 
renamed as the sum of two primes in 
more than one way. 


8=^3 -h5 
10-=3+7^-5+5 
16 --3 -f 13 = 5 -h 11 

Since every even number greater 
than fi can be written as the sum of two 
even composite numbers, such numbers 
can be written as the sum of four primes 
if the conjecture is correct. 

8 - 4 4- 4 - (2 -f 2) -h (2 -f 2) 

26- 12 -f 14 -(5 4-7) -f (3 + 11) 

5. Help more able pupils to recognize 
that there can never be more than four 
primes in any A number greater 

than 9 with a numeral ending in 0, 2, 4, 
5, 6, or 8 cannot be a prime, since it has 
a factor of 2 or 5. Have the pupils look 
for sequences of consecutive composite 
numbers, as 24, 25, 26, 27, and 28. Also 
have pupils look for twin primes, as 11 
and 13 or 17 and 19. There is one set of 
triple primes, 3, 5, and 7, and there is 
only one set of consecutive primes, 2 
and 3. 

COMPOSITE NUMBERS 
AND COMMON MULTIPLES 

The set of natural niinil)ers can be 
partitioned into the set of prime num- 
bers, til' set of composite numbers, and 
the set • .mtaining the number I. The 
set of composite numbers is infinite, 
since the set of ('ven numbers greater 
than 2 is infinite. Euclid proved in a 
famous mathematical theorem that the 
set of primes is also infinite. 

Separating composite numbers into 
prime factors is an important mathe- 
matical activity. The tree diagram pro- 
vides a grapliic illustration of the proc- 
ess of decomposing composite numbers 
into products of prime factors. Figure 

*A dci*ad(* is a set of 10 consooiitive whole mini- 
hers iK'^inniiij; with a iniinher (represented 1)\ a 
niinieral) endinj^ in 0 . { 70 , 72 , • • • , 79 } and 
{ 140 , 142 . • • , 149 } are examples of decades. 
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12.1 illustrates two ways in which the 
number 12 may be written as the prod- 
uct of prime factors. 


/\ 

3 4 

/\ 


2 2 


/\ 

/\ 


12 = 3x2X2 12 = 2X2 

Figure 12.1 


X 3 


When using the tree diagram, be cer- 
tain that the pupil uses the diagram to 
rename the original number. Figure 
12.2 illustrates how 84 and 90 may be 
renamed as the product of prime fac- 
tors with the help of a tree diagram. 


84 


90 



4 3 9 10 

/\ /\ /\ 


2 2 3 3 2 5 

84 = 2 X 2X3X 7 90 = 3X3X2 X 5 

Figure 12.2 


A more efficient method of renaming 
a number as the product of prime fac- 
tors is repeated division by prime 
factors, as illustrated below; 

42 21 7 

2)84 2)42 3)^ 84 - 2x2x3 X 7 

When the pupil is familiar 
with the short method of di- 
vision, the divisions can be 
recorded in a more compact 2j84 

arrangement, as shown at 2 )42 

the right. This method is 3 )21 

probably most efficient when ^ 

each division is performed 
by the smallest prime num- 
ber possible. 


The number 48 is a multiple of both 6 
and 8 (by definition). The number 48 is 
called a common multiple of 6 and 8 be- 
cause it is divisible by 6 and 8. A com- 
mon multiple of two or more numbers is 
divisible by each of the numbers. The 
number 48 is not the lowest common 
multiple of 6 and 8 because a smaller 
number, 24, is also a common multiple 
of 6 and 8. The lowest common multiple 
of a set of numbers is the smallest whole 
number divisible by each number in the 
set. The lowest common denominator o{ 
a set of denominators is the lowest com- 
mon multiple of the denominators in 
the set. The following activities are use- 
ful in helping pupils understand the 
concept of the lowest common multiple; 

1. Have the class write the multiples 
of 6. Ask if 6 is a multiple of 8; if 12 is a 
multiple of 8; if 18 is a multiple of 8; if 
24 is a multiple of 8. In this manner the 
class should discover that 24 is the 
smallest multiple of 6 that is also a mul- 
tiple of 8. Now have the class work with 
multiples of 8 in the same manner and 
di.scover that 24 is the smallest multiple 
of 8 that is also a multiple of fi. Repeat 
this activity with other pairs of numbers, 
some without common factors. 

2. Use tlie numbers 6, 10, and 15. 
Have the class write the set of multiples 
for each number as follows; 

{6. 12. 18, 24. 30. 36. 42. 48, 54. 60. 66. • • •} 

{10. 20. 30.40,50,60.70, • • ■} 

{15,30, 45.60.75. ■ 

The number 60 can then be recog- 
nized as the lowest common multiple. 
The class should then discover that it is 
not necessary to write all three sets of 
multiples. Repetition of this activity 
with other sets of numbers should en- 
abie the pupils to discover that the 
lowest common multiple can be ob- 
tained most quickly by examining the 
multiple:^ of the largest number in the 
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set and choosing the smallest such mul- 
tiple divisible by the other numbers. To 
determine the lowest common multiple 
of 8, 12, and 18, examine the multiples 
of 18 and discover that 72 is the smallest 
such multiple divisible by 8 and 12. 
Therefore, 72 is the lowest common 
multiple of 8, 12, and 18. This method 
for determining the lowest common 
multiple is efficient for most sets of 
numbers normally encountered by the 
elementary school pupil but is not effi- 
cient for larger numbers. When largtu' 
numbers are involved, the most efficient 
method probably is to use prime factors, 
as,j;j)utlined in (4) below. 

3. Write the following pairs of num- 
bers on the chalkboard. Also write? the 
product of each ]jair, as shown. 

6. 8 48 

5. 7 35 

4 5 20 

9,1' 135 

8, 9 72 

This activity should help the pupil to 
recognize that the product of two num- 
bers is always a multiple of tlu‘ numbers 
(by definition) but is not always the low- 
est common multiple. The class should 
then try to predict wlnm the jiroduct of 
two numbers is the lowest coimnon mul- 
tiple of th(‘ numbers. (Construction of a 
table similar to Table 12.2 may be help- 
ful in this regard. 

TABLE 12.2 

Finding the Lowest Common Multipie 
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The class should then discover that 
the product of two numbers is the low- 
est common multiple of the numbers 
only if the two numbers have no com- 
mon natural number factor other than 1 . 
An alert pupil may notice that if the 
product of the two numbers is divided 
by the highest common factor of the two 
numbers, the quotient obtained is the 
lowest common multiple. 

4. Have the class find the lowest 
common multiple of 10 and 15 by exam- 
ining multiples of 15. Now have the 
pupil rename 10 and 15 as products of 
prime factors. Next have him tell how 
the correct answer of 30 can be obtained 
Iroin 2x5 and 3 X 5. In this case, the 
correct answer is obtained by multiply- 
ing the three different prime factors, 2, 
3, and 5. This activity should be re- 
peated with other pairs of numbers in 
which no prime factor occurs more than 
once. Now choose the pair 15 and 20 
and determiiH? that the lowest common 
multiple is 60. Rename these two num- 
bers as products of prime factors, 2x2 
X 5 and 3 X 5. Have the pupil tell how 
the lowest common multiple can be 
determined from these prime factoriza- 
tions. The answer is 2 X 2 X 3 X 5. The 
prime fac’or 2 is used as a factor twice 
because .i occurs twice as a factor in 20. 
Now examine 20 and 30 and let the 
pupil discover that the lowest common 


Number Pair 

Numbers Renamed as 

Products of Primes 

Product 

LCM 

6, 8 

2x3, 2x2x2 

48 

24 

5.7 

5,7 

35 

35 

4. 5 

2X 2, 5 

20 

20 

9. 15 

3 X 3, 3 X 5 

135 

45 

8, 9 

2X2X2, 3X3 

72 

72 

18.60 

2X3X3, 2X2X3X5 

1080 

180 
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multiple is still 60. The prime factor 2 
is again used twice because it occurs no 
more than twice in either factor. Similar 
activities should be performed with sets 
of two and three numbers. The goal is to 
have the pupil discover that the lowest 
common multiple of a set of numbers is 
the product of the different prime fac- 
tors of the numbers in the set. Each 
factor is used the greatest number of 
times that it occurs in any one number. 

5. It may provide some variety and 
appeal to some pupils to examine the 
multiples of different sets of numbers 
by means of a set diagram. Figure 12.3 
illustrates how the multiples of 6 and 8 
are related. The set intersection of the 
set of multiples of 6 and the set of mul- 
tiples of 8 is the set of common multi- 
ples of 6 and 8. Only multiples less than 
50 are shown in the diagram. 


Multiples of 6 Multiples of 8 



Figure 12.4 illustrates how the mul- 
tiples of 4, 6, and 9 are related. The in- 
tersection of these three sets is tht* set 
of common multiples of 4, 6, and 9. Only 
multiples less than 40 are shown in the 
diagram. 

6. Find the common multiples by 
using the concept of set intersection. 
Ask the pupils to write the set of mul- 
tiples of 8 (less than 80) and the set of 
multiples of 12 (less than 80). Now ask 
them to write the intersection of these 
two sets. Help them discover that this 
intersection is the set of common mul- 


Multiples of 4 Multiples of 6 



Multiples of 9 

Figure 12.4 

tiples and that the smallest number in 
the set is the lowest common multiple. 

The use of prime factors in determin- 
ing the lowest common multiple is fun- 
damental in arithmetic and algebra and 
should not be neglected. 

The following generalizations are 
important: 

1 . Every number has itself and 1 as a 
divisor. 

2. Every prime number has only itself 
and 1 as a natural number divisor. 

3. The product of two prime numbers 
is always the lowest common multiple 
of the numbers. 

4. The product of two numbers is the 
lowest common multiple of the two 
numbers only if the numbers have no 
common natural number factor (other 
than 1). 

5. A product is divisible by a number 
n if at least one of its factors is divisible 
by n. 

6. A composite number has at least 
one factor different than itself and 1. 

8. The lowest common multiple of a 
set of numbers is the product of the dif- 
ferent prime factors of the numbers. If 
a prime factor occurs more than once, 
use this factor the greatest number of 
times it occurs in any one number. 
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9. The set of common multiples of x 
and y is the intersection of the set of 
multiples of x and the set of multiples 
of y. 

SIGNED NUMBERS 

The number line is one of the best 
means to enable a pupil to recognize 
whether a new symbol represents a new 
number or is another name for a familiar 
number. When the symbol^ is assigned 
to a point that previously had no name, 
the symbol is a name for a new number. 
When the symbol —1 is assigned to a 
point to the left of 0 that previously had 
no name, the symbol names a new num- 
ber. When the symbol f2 is assigned to 
the point that also has the name 2, then 
"f2 is a new name for a familiar number. 
Such numbers as —2 or +3 are called 
, signed (or directed) mimhen. Signed 
numbers 0 constitute the set of in- 
tegers. 

The pupil is familiar with signed 
numbers from expr(‘ssing temperature 
readings on a th mroineter. He is famil- 
iar with such .statements as “below 
zero,” “above or below sea l(‘vel,“ and 
similar phrases. He may not hv familiar 
with the notation for signed numbers. In 
grades 5 and 6 the pupil should learn 
how to interpret signed numbers on a 
number line, 'fhe teacher now uses a 
)iu?uher Ufie and not a number ray to 
introduce signed numbers. 

The pupil is familiar with the number 
ray for representing 0 and numbers 
greater than 0. Now the number line 
is used for representing numbers less 
than 0 (on the left) as well as numbers 
greater than 0 (on the right). 

One plan of action is to places a num- 
ber line on the chalkboard in which 
points on both sides of the point for 0 
are named with unsigned numerals, as 
in Figure 12.5. The class should tell 
why the first. point to the left of 0 can- 
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not be named as indicated. Two differ- 
ent points cannot be named by the same 
number. Hence different names must be 
given to points to the left of 0 than to 
those to the right of zero. If the class is 
asked for suggestions, some interesting 
answers may result. The teacher then 
tells the class how to label the point as 
” 1 and to read the number as “negative 
one” and not as “minus one.” The terjn 
“minus” designates the operation of 
subtraction. The term “negative” in- 
dicates the sign of direction opposite to 
positive (not plus). In the same way, the 
symbol '*^5 should be read as “positive 
five” and not “plus five.” The term 
“plus” is used to designate the opera- 
tion of addition, while the term “posi- 
tive” is used to indicate the sign of 
direction opposite to negative. 

5432 10123 *v 5 

Figure 12.5 

The teacher then has each pupil draw 
a number line and name the first five 
points on either side of the 0 point, as 
in Figure 12.6. The number positive 5 is 
frequently written as ^5 in early work 
with sic H'd numbers. In a similar man- 
ner, the miber negative 6 is written as 
"6. Raising the + and — signs is useful 
in heloing the pupil distinguish be- 
tween the use of the signs for indicating 
addition and subtraction, as in 4+5 and 
4 — 2, and their use as a sign of direc- 
tion, as in ^5 and "3. 

5 4 3 2 1 0 1 2 ’3 4 5 

Figure 12.6 

After the pupil understands how to 
name and read signed numbers, he per- 
forms the operations of addition and 
subtraction with the aid of the number 
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line in a manner similar to that for per- 
forming addition and subtraction with 
whole numbers. The number line pro- 
vides a visual aid for introducing addi- 
tion and subtraction of signed numbers 
just as sets of concrete objects provide 
visual aids in early work with whole 
numbers. 

The teacher should review addition 
and subtraction of whole numbers on 
the number line. Addition of ^3 and ^2 
can be performed as indicated in Fig- 
ure 12.7. The pupil identifies ^3 on the 
number line and uses this point as the 
initial point for an arrow of length 2 
pointing to the right. The tip of the 
arrow shows that the sum is ^5. 


In working with whole numbers, ar- 
rows point right for addition and left 
for subtraction. By adding only positive 
numbers in the previous examples, the 
arrows always point to the right. In 
introducing subtraction examples, it is 
important to subtract only positive num- 
bers, so that arrows always point left in 
order that the transfer from whole num- 
bers to signed numbers is accomplished 
with a minimum of confusion. 

Subtract M from ^2 by placing the 
initial point of an arrow of length 4 at ^2 
and pointing the arrow to the left. The 
tip of the arrow indicates that the differ- 
ence is ~2 (see Fig. 12.10). 




2 

Figure 12.7 

To add M to “2, place the initial point 
of an arrow of length 4 at "2 and point 
the arrow to the right. The point of the 
arrow indicates that ~2 + M = ^2 (see 
Fig. 12.8). 


2 + - 4 =^ 2 


Figure 12.8 


Add ^2 to “3 by placing the initial 
point of an arrow of length 2 at 3 and 
pointing the arrow to the right. The tip 
of the arrow indicates that the sum is 
-1 (see Fig. 12.9). 

5 3 10 *5 ' 


34 -- 2 = 1 


Figure 12.10 


<2 -’ 4 -- 2 


Figure 12.9 


Subtract "^2 from 3 by placing the in- 
itial point of an arrow of length 2 at “3 
and pointing the arrow to the left. The 
tip of the arrow indicates that the differ- 
ence is “5. 

In early work with signed numbers, 
every numeral should be written with 
its sign of direction indicated. After the 
brief introductory period, ^4 is usually 
written as 4. Somewhat later, possibly 
not until junior high school, ~4 will be 
written as —4. 

To add a positive number, as ^2, on 
the number line, move 2 units to the 
right. To add “2, move 2 units to the left. 
To add "5 to ^3, place the initial point of 
the arrow of length 5 at ^3 and point the 
arrow to the left. The tip of the arrow 
indicates that the sum is “2 (see F'ig. 

12ai). 

. Have the class indicate which way to 
point the arrow for subtracting "4 if the 
arrow is pointed to the left for subtract- 
ing M. To subtract "4 from ^2, place the 
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2 0 *3 



Figure 12.11 

initial point of an arrow of length 4 at 
*2 and point the arrow to the right. The 
tip of the arrow indicates that the differ- 
ence is ^6 (see Fig. 12.12). 


5 0 ‘2 -5 ‘6 



Figure 12.12 

The class may acce])t the above siib- 
Iraetion problem more readily if the 
addition subtraction-pattern is reviewed 
at this time, as indicated below (see 
p. 119). 

7 \ t = 7 *6 r 4-- '2 

5 + 2 - r -4 H- '6 -- ‘2 

7~5-^2 2- '6- 4 

7-2^5 2-4- 6 

The above exinnple shows that the 
addition-subtraction pattern applies to 
signed numbers (integers) as well as to 
whole numbers. The pupil should learn 
to apply this pattern to sentences in- 
volving signed numbers, as follows: 

114 2-6 3 - \ -- 5 

2 4 n - 6 3 -5 A 

6 - 1 .1 - 2 A I 5 - 3 

6 - ■ 2 -■:- ! ! 5 4- A - 3 

When a pupil recognizes that the 
equation 6 — ”2 = □ can be rewritten as 
□ + "2 = 6, he can use the number line 
to determine that if une addend is 2 
and the sum is 6, then the other addend 
must be 8 (see Fig. 12.13). 



8 

figure 12.13 


A second number line may be used in 
place of the arrows shown in previous 
illustrations. The 0 point on the second 
number line is used as the initial point 
of the arrow. Positive numbers will be 
used in place of an arrow pointing to the 
right and negative numbers in place of 
an arrow going to the left. To add ^5 to 
~3, place the 0 of the lower number line 
in Figure 12.14 at 3 of the upper num- 
ber line and read the sum of *2 on the 
upper line above ^5 on the lower. 


5 3 0 *2 ‘5 



5 0 -5 


Step 1: Place 0 of Step 2: Read sum of 

lower number line "2 on upper number 

at 3 on upper line above "5 on 

number lire lower number line 

Figure 12.14 

It may be a useful activity to ask the 
pupil to interpret a situation on the 
number line of Figure 12.15 with an 
equation. The pupil should discover 
that both ^2 + ^3 = ^5 and +2 - "3 = ^5 
apply. Such activities ma\' help the 
pupil understand that subtracting “3 


5 0 2 5 



3 

Figure 12.15 


gives the same answer as adding ^3, a 
basic principle in dealing with signed 
numbers. The following patterns are 
related to this situation: 

1 » ■ 1 -- - 0 '^ 2^-1 
2+2-0 , \ 3 -- 1 

3 \3 0 ; N 4 1 

Both of the above patterns show pairs 
of inverse numbers. The pairs on the 
left are additive inverses because their 
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sum is 0 (the idcMititx’ element for 
addition). The pairs on the ri^ht are 
multiplicative inverses because their 
product is 1 (the identity clement for 
multiplication). The point to be made 
here is shown by the similarity in the 
following statements: 

To divide by a number (as t), multiply 
by its multiplicative inverse (2). 

To subtract a number (as 2), add its 
additiv^e inverse (2). 

These two statements help to il- 
lustrate the similarity in structure be- 
tween subtraction and division. 

Elementary pupils usually add and 
subtract only by using the number line, 
but the teacher should be alert for op- 
portunities to lay a sound foundation for 
the understanding of the concept of 
pairs of inverse numbers, as; 


It is important to recognize that both 
0 and 7 are now associated with the 
same point and therefore represent the 
same number. In beginning work of 
this kind, it is probably best to use 0 as 
illustrated in Figure 12.17. 

The curved number line is now used 
to perform basic operations in a manner 
similar to that used with a straight num- 
ber line. Figure 12.18 illustrates how 
these basic operations can be performed. 




2 6 ■ 
2 -f (2 i- 4) - 
( 2 4-2) f 4 - 1 
0 4-4- 


’ V 6 - 

1 'V (2 • 3) - ^ 
[ 2 - 2 ) 3 -^. 

1 .s 3 -- 
3 - 


4 

MODULAR ARITHMETIC 


Modular, or clock, arithmetic may be 
introduced by taking a segment of the 
number line illustrated in Figure 12.16 
and bending it to make the circular 
number line shown in Figure 12.17. 


0 1 2 3 4 5 6 7 


Figure 12.16 


0 



Figure 12.17 




Figure 12.18 

'fables of basic facts can be con- 
structed as illustrated in Table 12.3. 

The set with seven numbers {(), 1, 2, 
.3, 4, 5, 6} is usually referred to as the 
set of integers mod 7, often abbreviated 
mod 7. 

The two tables of Table 12.3 list the 
facts for addition and multiplication 
and are used as the tables of facts in 
ordinary arithmetic. 

Enter the addition table at 3 on the 
left and continue across on this line to 
the column under 5 and find that 3 + 5 
= 1 . 
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TABLE 12.3 


Addition Facts Muitipiication Facts 


+ 

0 

1 

2 

3 

4 

5 

6 


X 

D 

1 

2 

3 

4 

5 

6 

0 

0 

1 

2 

3 

4 

5 

6 


0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

2 

3 

4 

5 

6 

0 


1 

0 

1 

2 

3 

4 

5 

6 

2 

2 

3 

4 

5 

6 

0 

1 


2 

0 

2 

4 

6 


3 

5 

3 

3 

4 

5 

6 

0 

1 

u 

2 


3 

0 

3 

6 

2 

5 

1 

A 

4 

4 

5 

6 

0 

1 

2 

3 


4 

0 

4 

1 

5 

2 

6 

3 

5 

5 

6 

0 

1 

2 

3 

4 


5 

0 

5 

3 

1 

6 

4 

2 

6 

6 

0 

1 

2 

3 

4 

5 


6 

0 

6 

5 

4 

3 

2 

1 


^ Enter at 5 on the left and continue 
across to tlie column under 3 and find 
that 5 +3 = 1. in this manner it can 
he shown that addition is commutative 
in thi s system. 

Enter at 4 on the l(‘(t and continue 
acToss <ni til’s line until an entry of 1 is 
reached. Read 4 at the top of this col- 
umn and conclude that 1 — 4 = 4 or 
4 + 4 ■= 1. 

Enter at 5 on the left and move acrosi. 
until an entry of 0 is n’ached. Read 2 at 
the top of the column and recognize that 
5+2 = 0 or that 2 and 5 form a pair of 
additive invers(‘s. 

4’he system is closed with n'spect 
addition and multiplication hi’cause 
the only (Mitrii'S oecurrinjj; in both tables 
are memix’rs of the set {(), 1, 2, 3, 4, 5, O}. 
'rherefore, when addition or multipli- 
cation is performed on any two mem- 
bers of the sc’t, the result is always a 
member of the set. 

In a similar manner, enter the multi- 
plication table at 4 on the left and move 
across to the column under 2 and deter- 
mine that 4X2=1. This also indicate 
that 4 and 2 form a jxnr of mulli])licative 
inverses. 

Enter the multiplication table at 2 on 
the left and move across to the column 


under 5 and determine that 2x5 = 3. 
Now enter the table at 3 on tlu' left and 
move across to the column under b and 
read 4, which shows that (2 X 5) X 6 
= 4. In a similar manner, show that 
2 X (5 X 6) = 4. 

Enter at 5 on the left and move across 
until an entr\ of 1 is reached. Read 3 at 
the top of this column to show that 5 
and 3 arc multiplicative inx erses. 

If the circular number line has nine 
points, a set of nine meml)ers called 
mod residts. The circle may be used 
with n points if /i is a whole number, 
.i^iving the set of integers mod /i. The 
term ■ odular arithmetic'* is used to 
nder to me or more of these finite sets 
with one or more operations. The study 
of modular arithmetic is helpful because 
the finite sets have many properties in 
common witli the sets of numbers used 
in arithmetic. These properties (‘an be 
proved u> testing all possibilities be- 
cause the sets are finite. It is usually 
sufficient, however, to try- enough cases 
to convince lie class that the properties 
do apply and in this manner to provide 
a review (d these properties. Important 
properties that can be \'erified are: 

Closure for addition and multiplica- 
tion. 
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The associative property for addition 
and multiplication, 

The commutative property for addi- 
tion and multiplication, 

The distributive property of multipli- 
cation over addition, 

The existence of an identity element 
for both addition and multiplication (0 
for addition and 1 for multiplication). 
The fact that each number in a modu- 
lar system has an inverse for addition. 

The fact that each number in a system 
with a prime modulus (as in mod 7 or 
mod 11) has an inverse for multiplica- 
tion (except for 0). 

The above summary indicates that a 
modular system with a prime modulus 
forms a field (see p. 80). A study of 
modular arithmetic should lielp rein- 
force important concepts that apply in 
ordinary arithmetic. One example in- 
volves the recognition that 0 and 7 rep- 
resent the same point and therefore the 
same number in mod 7. A consequence 
of this is that 9 and 2 must also name 
the same number: 9 = 7 + 2 = 0+ 2 
= 2 (in mod 7). This procedure can be 
applied to any integer: 

37 = 5v 7-h2=-5x0-f2 = 0+ 2 = 2 (mod 7) 

By proceeding in the above manner, 
the pupil should be able to discover 
the rule for replacing any integer by 
its equal number in the basic set 
{O, 1, 2, 3, 4, 5, 6}. This rule is to divide 
the integer by 7 and to use only the re- 
mainder. The rule explains why some 
people refer to modular arithmetic as 
remainder arithmetic. By this rule, 75 
= 5 (mod 7), 36 = 1 (mod 7), and so on. 

The inverse property for both* addi- 
tion and multiplication, can be rein- 
forced. The following equations in- 
dicate the existance of inverses for 
addition and multiplication (except for 
0 in multiplication) in mod 7: 


0-h0 = 0 1X1=1 
1 +6 = 0 2X4 = 1 
2+5=0 3X5=1 

3+4=0 6x6=1 

The addition-subtraction pattern holds 
in modular arithmetic as in ordinary 
arithmetic. The following illustrate cor- 
responding patterns in modular arith- 
metic and ordinary arithmetic for ad- 
dition and subtraction as well as for 


multiplication 

and division: 


4+5 = 9 

4+5 = 2 

(mod 7) 

5 +4 = 9 

5+4=2 

(mod 7) 

9-4 = 5 

2-4 = 5 

(mod 7) 

9-5 = 4 

2-5=4 

(mod 7) 

3x4 = 12 

3x4 = 5 

(mod 7) 

4 X 3 = 12 

4\ 3 = 5 

(mod 7) 

12^ 3 = 4 

5-3 = 4 

(mod 7) 

12^4 = 3 

5^4=3 

(mod 7) 


By comparing the equations 2 — 4 
= 5 and 2+3=5 (both in mod 7), it 
can be recognized that subtracting 4 
gives the same result as adding 3. The 
number 3 is the additive inverse of 4 in 
mod 7 and 4 is the additive inverse of 3 
because 4 + 3 = 3 + 4 = 0. Hence, 
modular arithmetic follows the same 
pattern as ordinary arithmetic where 
subtraction of “3 is the same as adding 
3. The number 3 is the inverse of 3 be- 
cause ‘3 + 3 = 0 (see p. 215). 

The similarity between the operations 
of addition and subtraction and those of 
multiplication and division can be 
shown by examining the two equations 
5 -i- 3 = 4 and 5x5 = 4. This pair of 
equations demonstrates that division 
by 3 in mod 7 is the same as multiply- 
ing by 5. The number 5 is the multipli- 
cative inverse of 3 because 3x5 = 1 
in mod 7. 

^ The calendar 

The calendar is probably the simplest 
application of the integers mod 7. By 
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assigning numbers to the days of the 
week, as illustrated, the following prob- 
lems may be solved. 

Sunday 0 

Monday 1 

Tuesday 2 

Wednesday 3 

Thursday 4 

Friday 5 

Saturday 6 

Problem: What day occurs 10 days 
after a Wednesday? 

Solution: The number for Wediu'sday 
in the table above is 3. Add 10 to 3 and 
obtain a sum of 13, which is equal to 6 
mod 7. Therefore, 10 days later than 
a Wednesday is a Saturday. 

Problem: What day is 365 days after 
Saturday? 

Solution: The number for Saturday 
is 6. Add 6 to 365 and obtain a sum of 
371 , which is ec|ual to 0 in mod 7. There- 
fore, 365 days later than a Saturday is a 
Sunday. Since 365 = 1 in mod 7, there 
will always be an advance of one day 
for a given date in consecutivti years 
when no leap year is involved. Thus, 
if March 7 falls on Tuesday in a given 
year, it will fall on Wednesday the next 
y(‘ar if no leap year is involved. 

Casting out nines 

The check of casting out nines is an 
application of mod 9. The numerals 9 
and 0 represent the same number (0) in 
mod 9 in the sam<* way that 0 and 7 rep- 
resent the same number in mod 7. 
Hence, 10 = 9 + 1 = 0 + 1 = 1 in mod 
9. Also, 10=^ = 10 X 10 = 1 X 1 = 1 in 
mod 9. Therefore, in mod 9, 10" = J. A 
consequence of the fact that 10" = 1 i 
mod 9 is as follows: 

321 3 X lO'-f 2 \ 10 4 1 

= 3x1H-2x1-h1=-3+2 4-1 (mod 9) 

34 =3 X 10-1-4 

= 3x1-|-4-=3-f4 (mod 9) 
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The given examples illustrate that to 
rename a number in mod 9 in terms of 
the basic set {O, 1, 2, 3, 4, 5, 6, 7, 8}, it is 
sufficient to add the digits in the nu- 
meral. Hence, in mod 9, 321 =3+2 
+ 1, or 6. This may be verified by di- 
viding321 by 9 and using the remainder. 
In a similar manner, 483 = 4 + 8 +3 
= 15 in mod 9, but 15 = 5 + 1, or 6. 
Therefore, 483 = 6 (mod 9). In the cAse 
of 45, where the sum of 4 and 5 is 9, the 
numeral 0 is used rather than 9. Here is 
a check by casting out nines: 

321 6 

< 34 X 7 
1284 42 

963 

10914 -( 6 ) 

In mod 9, 321 and 6 name the same 
number, as do 34 and 7. Therefore, the 
product of 321 X 34 and 6x7 must be 
the same in mod 9. The fact that the 
product of two numbers is always inde- 
pendent of the numerals used to repre- 
sent the numbers is the basis for the 
check by casting out nines. 

It must be recognized that the check 
by casting out nines is a check and not a 
proof. An incorrect answer that difi'ers 
from tl c" correct answer by a multiple 
of 9 wi heck, for example: 

134 8 

V 201 * 3 

134 24 -(6: 

268 

2814 -:6 ' 

Casti. g out nines indicates that the 
above answer is correct even though it 
is wrong because the difference be- 
tween 26,93 1 (the correct answer) and 
2814 (incorrect answer) is 24,120, a mul- 
tiple of 9. 

In summary, the properties of clo- 
sure, associativity, and commutativit\ 
apply to both addition and multiplica- 
tion of integers. Zero is the identity ele- 
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TABLE 12.4 

Comparison of Integers and Whole Numbers 


Properties 

/ nte^ers 

Whole Numbers 

Closure for addition 

Yes 

Yes 

Closure for multiplication 

Yes 

Yes 

Closure for subtraction 

Yes 

No 

Closure for division 

No 

No 

Associative for addition 
and multiplication 

Yes 

Yes 

Commutative for addition 
and multiplication 

Yes 

Yes 

Identity for addition 

Yes (0) 

Yes (0) 

Identity for multiplication 

Yes (1) 

Yes (1) 

Additive inverse 

Yes 

No 

Multiplicative inverse 

No 

No 

Distributive (multiplication 
over addition) 

Yes 

Yes 


mcMit lor addition and 1 is the identity 
element for multiplication. The distrib- 
utive property holds for multiplication 
over addition. Ever\' integer has an in- 
verse number for addition (additive in- 
verse). No integer has an inverse for 
multiplication (multiplicative inverse) 


1. Write the set of multiples of 7 that are 
less than 50. 

2. Write the intersection of the set of mul- 
tiples of 10 less than 61 and the set of 
multiples of 12 less than 61. Describe 
this set verbally. 

3. Why is it desirable not to include 1 in 
the set of prime numbers? 

4. Find two sets of five consecutive com- 
posite numbers greater than 30 and 
less than 80. 

5. Write the set of prime numbers greater 
than 30 and less than 50. 

6. Find the lowest common multiple of 
each of the following sets of numbers 
by examining multiples of one of the 


except the number 1. Table 12.4 com- 
pares the set of integers and the set of 
whole numbers; 

The reader should recogni/e that the 
existence of inverse elements for an 
operation implies closure lor the in- 
verse (opposite) operation. 

EXERCISES 

numbers in the set: 

A: {6,8,9} C; {9,10,12,15} 

B: OO, 15, 18} ■ D: {12,16,18,24} 

7. Determine the lowest common multiple 
of the sets in problem 6 by first finding 
the prime factors of the numbers in 
each set. 

8. Make addition and multiplication tables 
for the integers mod 3 and determine 
the pairs of inverse numbers for addi- 
tion and multiplication. 

9. Use the information from problem 8 to 
■ change the subtraction 1 — 2 into an 

addition problem. In place of subtract- 
ing 2, add the inverse of 2 for addition. 
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10. Use the information from problem 8 to 

change the division 1 2 into a multi- 

plication problem. In place of dividing 
by 2, multiply by the inverse of 2 with 
respect to multiplication. 

11. Use a circular number line (clock) to 
verify the results in problems 9 and 10. 

12. Use a number line to perform the fol- 
lowing operations; 

a. 3-1-7 c. 5-^3 

b. 3- 3 d. 4-f- 5 

13. Use a double number line (slide rule) 
to perform the operation indicated in 
problem 12. 
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14. Use the addition and multiplication 
tables given for mod 5 below to com- 
plete the following: 

a. 3 X 4 

b. 3 -f 4 

c. 2 X (3 X 4) 

d. (2 X 3) X 4 

e. 2 -h (3 -h 4) 

f. (2 -h3) +4 

g. Find the additive Inverse of 3 in 
mod 5. 

h. Find the multiplicative Inverse of 2 
in mod 5. 

i . In Table 1 2.5 Is mod 5 closed for ad- 
dition? multiplication? division? 


♦ 

TABLE 12.5 


1- 

D 

1 

2 

3 

4 


\ 

m 

1 

2 

3 

4 

a 

0 

1 

2 

3 

4 


m 

n 

0 

0 



0 

1 

I 

2 

3 

4 

0 


1 

0 

1 

B 


H 

2 

2 

3 

4 

0 

1 


2 

0 

2 

a 

1 

B 

3 

3 

4 

0 

1 

2 


3 

0 

3 

1 

4 

2 

4 

4 

0 

1 

2 

3 


4 

1 

0 

4 

,3J 

2 

1 
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ADDITION 

AND SUBTRACTION 

OF RATIONAL NUMBERS 


Neither a carpenter using a ruler gradu- 
ated in inches nor a merchant using 
scales marked in pounds would find his 
measuring instrument satisfactory. For 
greater accuracy the carpenter would 
want the inch divided into halves, 
quarters, or eighths, and tlie merchant 
would want the pound similarly divided. 
Such needs gave rise to a new type of- 
number that may be ex-pressed as 
■J, j, and the like. 

Chapter 11 indicated that the set of 
whole numbers is not closed with re- 
spect to division. It is not possible to 


divide 3 by 4 and-obtain a quotient that 
is a whole number. The number system 
therefore had to be expanded to meet 
two problems; namely, to increase ac- 
curacy in measurement and to make it 
possible to divide any two whole num- 
bers. The inclusion of fractional num- 
bers in the number system lent increased 
accuracy to measurement and made it 
possible to have closure in division ex- 
cept when the divisor is 0. 

This chapter deals with fractional 
numbers and includes tlie following 
topics: rational numbers; instructional 
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TABLE 13.1 

Properties of Rational Numbers 


Properties 

Addition 

Multiplication 

Closure 

Yes 

Yes 

Associative 

Yes 

Yes 

Commutative 

Yes 

Yes 

Identity element 

Yes (0) 

Yes (1) 

Existence of inverse element 
for each member of set 

Distributive (multiplication over addition) 

Yes 

Yes (except 
for 0) 

Yes 


aids; ()i)t‘rali()ns with rational niiinlxMs; 
^‘oncvpls conv(‘y(.‘(l by IVactional innn- 
bcrs; addition ol Iraitional innnbtTs; 
subtraction of fractional nninbcas. 

RATIONAL NUMBERS 

A rafioua* number is the quotient of 
two integers \u which the divisor is 
not 0. In this chapter rational numbers 
are referred to as fractional numbers. 
The numerals that represent rational 
numbers are designated fractional nu- 
merals. The rational number j can be 
obtained by many (piotients, for ex- 
ample, 3 -r- 4, 6 8, 9-H- 12, and so on. 

A rational number may be indicated bv 
a single (piotient. The rational numeral 
^ indicates one of the infinite number 
of quotients (6 -f- 8) that determines the 
rational number j. The rational minieral 
jhas a numerator of 3 and a denomina- 
tor of 4, while the rational number f 
does not have a numerator or a denom- 
inator. In traditional arithmetic the word 
“fraction” sometimes referred to a hae- 
tional number and at other times to a 
fractional numeral. It was up to i e 
reader to determine which usage was 
intended by the context of the sentence. 
Sentences similar to the following oc- 
curred frequently in traditional arith- 
metic: 


1. Add the first fraction to the second. 

2. Multiply the numerator and de- 
nominator of the fraction by 2. 

In the first sentence, the word “frac- 
tion” refers to a fractional number. 
Only numbers (not numerals) are added. 
In the second sentence, “fraction” re- 
fers to a fractional numeral. Only nu- 
merals (not numbers) have a numerator 
and denominator. Some educators be- 
lieve that confusion residted from this 
dual use of the word “fraction,” and 
then* is still no uniform interpretation 
of the word. Some programs use the 
word “fraction” to represent a numeral, 
while others use it to represent a num- 
ber. 

Properties of fractional numbers 

Thv" system of fractional (rational) 
numbers with the operations of addition 
and multiplication form a number field 
(see p. 8()\ This fact is summarized in 
Table ^3.1. 

Whole numbers do not have inverses 
with respect to addition and multiplica- 
tion.’ Each rational number, however, 
has an inverse in these operations ex- 
cept for 0 ill multiplication. For every 
fractional number, such as there is 

'blxcept for 0 and 1. 0 + 0 = 0, tliorcforc 0 is 
its own additivf invorso. I X 1 = 1; therefore 1 is 
Its own multiplicative inverse. 
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another number, for example, ^ if a and 
b 0. The product of these two num- 
bers is equal to 1. Each number is the 
multiplicative inverse of the other. Two 
numbers that have a product of 1 are 
also called reciprocals. The inverse or 
reciprocal is a key concept in division of 
rational numbers, as demonstrated in 
Chapter 14. 

INSTRUCTIONAL AIDS 

Both pupil and teacher should have 
supplementary materials to use in deal- 
ing with fractions. Each pupil should 
have a fractions kit consisting of a set 
of disks and fractional cutouts for model- 
ing fractional numbers. The cutouts 
should be made from disks about 5 
inches in diameter. The fractional cut- 
outs should correspond to the fractional 
cutouts the teacher uses for class demon- 
strations. (See Appendix for directions 
for making the cutouts.) A 6-inch manila 
envelope is convenient for storing the 
cutouts. 

Instructional aids for the teacher 
should include a flannel boarcL a num- 
ber raij, and a set of fraction charts. The 
teacher’s kit should include a set of 
disks and cutouts about 10 inches in 
diameter to be shown on the flannel 
board. The disks should be covered 
with flannel or some other material that 
has a good nap to enable them to adhere 
to the flannel board. The use of difler- 
ent colors on each side of a cutout, as 
red and green, increases the clarity of 
a demonstration of fractional numbers 
on a flannel board. 

The pupils’ set of disks should in- 
clude at least four whole disks an^ two 
disks each cut into halves, thirds, fourths, 
sixths, and perhaps eighth's, as shown in 
Figure 13.1. The diameters of all the 
circular disks should be the same so as 
to show the equivalence of certain frac- 
tional parts. 



The teacher’s number ray (see Fig. 
13.2) may be made of plastic or sonic 
other type of materitil or it may be a 
drawing on a chalkboard to serve* as a 
visual aid. The ray should include at 
least two arrows of each dimension 
shown in Figure 13.2. The arrows on a 
number ray may be used either as a 
manipulative instrument or as a visual 
aid. A number ray with arrows is one of 
the most effective ways of showing the 
meaning of a fractional number and its 
uelationship to other numbers. 

A fraction chart (Fig. 13.3) shows a 
unit segment of a number ray, as the 
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Figure 13.2 
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Figure 13.3 


segment from 0 to I . This unit is divided 
into congruent (same size and shape) 
parts. In one chart the unit may he 
divided to show halves, fourtlis, and 
(‘ighths. Another chart may have tlie 
unit divided to show thirds, sixths, and 
fweHths. Each of tliese charts is inex- 
pensive and easy to make. 

A more desirable* fraction chart than 
the poster type is a chart with movable* 
parts. The frame of the chart includes 
panels lor cards, as shown in Figure 
13.4. The cards in each of the panels 
are interchangeable. Thus the pupil can 
remove a card showing a half and re- 
place it with a card showing two fe)urths 
or four eighths. There should be a set 
of cards to corre*spond to the two sets 
of fractions mentioned for the post(*r 
charts. 
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OPERATIONS 

WITH RATIONAL NUMBERS 

The sequence for introducing the 
four operations will be the same lor 
rational numbers as for whole numbers. 


Since a positive rational number is the 
quotient of two natural numbers, the 
quotient may be interpreted as a rate 
or a ratio if the physical situation lead- 
ing to division is known. The quotient 
of two numbers without any reference 
to a specific situation cannot be identi- 
fied as eithc‘r a rate or a ratio. Beginning 
work with fractional numbers should, 
however, be identified with situations 
that can be recognized as a rate or a ratio. 
The ratio of the lengths of one pair of 
line segments may be ^ and of another 
pair These two ratios would not be 
added, since the answer would be mean- 
ingless. Therefore only fractional num- 
bers that represent a rate are added in 
solving a problem having social signifi- 
cance. 

The pupil usually experiences a mini- 
mum of difficulty in renaming two frac- 
tional numbers expressed with unlike 
denominators if one of the denominators 
is a multiple of the other. If the de- 
nominators are not related as multiples, 
the problem of renaming such numbers 
is difficult for many pupils. Not only is 
the example difficult but for many pupils 
it has no ai)])licatioiis except as a compu- 
tational procedure they do not under- 
stand. 

Diffei - itiation of the curriculum 

The curriculum dealing with frac- 
tional numbers should be differentiated 
to meet the needs of two unlike grou])s. 
One group, consisting of slow learners, 
should deal with those fractional num- 
bers that have applications in ever\da> 
life; the other group, consisting of more 
able learners, should deal with an> 
fractional m inbers that ma\ be useful 
in illustrating the mathematical prin- 
ciples and properties of numbers. 

The group that understands the char- 
acteristics of prime numbers and th(* 
properties of addition may solve an ex- 
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ample of the type f + "g +1^ and profit 
from the experience. A pupil in this 
group would understand how to find 
a common denominator and how to re- 
name any fractional number. The ex- 
ample does not represent a problematic 
situation that usually has an applica- 
tion in daily affairs. Slow learners should 
not be required to add fractional num- 
bers that illustrate only mathematical 
structure and principles but rather those 
that occur in problematic situations. The 
more able learners, on the other hand, 
would add fractional numbers with 
emj^hasis on structure and properties 
of the operation. 

CONCEPTS CONVEYED 
BY FRACTIONAL NUMBERS 

Renaming numbers 

Fractional cutouts for both teacher 
and pupil are effective instructional aids 
for modeling fractional numbers. The 
teaclier holds up before the class a large 
disk and a half disk and asks what each 
represents. The pupil then selects 
similar materials from his kit. He demon- 
strates two things with the cutouts. 
First, he arranges the halves on the disk 
to show that two halves make one whole. 
Second, he shows that the two halves 
are equal. A more precise term is 
“congruent.'* Congruent cutouts have 
the same size and shape and match 
throughout when superimposed on each 
other. The pupil demonstrates the con- 
gruence of halves of disks by showing 
that they match throughout. 

The teacher now has a pupil demon- 
strate on the flannel board thdt two 
halves make one whole. The teacher 
shows the class how to symbolize this 
fact, as 1. The class reads the num- 
ber sentence as, “Two halves are equal 
to one.** The number sentence shows 


that “I is anothei* name for 1 and 1 is 
another number name for 4- In the same 
way, the pupil demonstrates with thirds, 
fourths, and sixths. He symbolizes each 
experience as shown: 



The cutout demonstrations should 
enable most pupils to discover the pat- 
tern for renaming 1. The teacher has the 
pupil give other number names for 1 
when the whole is not divided into more 
than 10 equal parts. The class should 
be able to rename 1 as f, y, f, or jjJ. 
To challenge the more able pupil, have 
him rename 1 as ^ when 1 is divided 
into equal parts. 

Next, the teacher helps the class to 
understand the numeral that names a 
fractional number. The pupil learned 
that a half is one of the two equal parts 
into which a whole is divided. The sym- 
bolization is as follows: 


^ ^ , .1 Numerator 

Fractional numera - 


The use of a number ray should follow 
the work with cutouts for representing 
fractional numbers. Begin with a ray 
scaled to represent whole numbers, as 
in Figure 13.5. Each point identified 
is expressed as a whole number and as 
a rational number. Thus, 2 and ^ name 
the same number. Now have the class 
tell how to represent a half on the ray. 
Most pupils should be able to state tliat 
a point placed on the ray midway be- 
tween 0 and 1 will represent a half, as 
shown in Figure 13.6. Be sure the class 
can explain why 0, ^ and ^ name the 
same number. 

Another ray. Figure 13.7 should be 
divided to show fourths. The same scale 
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should be used on each ray, and the 
rays in Figuies 13.6 ai d 13,7 should be 
combined as in Figure 13,8. 

The ray in Figure 13.8 shows how a 
fractional number may have* ditferemt 
names. The first pair identified is ^and 
j. In a similar way other whole numbers 
and fractional numbers have different 
names. 

The pupil should use the number ray 
and his cutouts, if needed, to answer 
(lucstions such as the following: 

1. How many halves in 1? in 2? in 3? 

2. How many quarters (or fourths) in 
1? in 2? in 3? ^ 

3. How many quarters make a half? 

4. Give another number name for j, 
for -k. 

5. Select the larger number named: 

1 1. K 1 1. 1 

a. 2? :{> u. 2, 4^ c. .j, 4. 

Next, the teacher should have the 
class scale a ray to show eighths. 

The teacher explains to the class how 
to read a fraction. The fraction [ is read, 
“one fourth” or “one quarter.’ The 
fraction may be interpreted as one of 
the four equal parts of a whole or unit. 


Modeling fractional numbers 

The pupil has identified fractional 
numbers represented on a flannel board 
or on a number ray. The next step in the 
presentation consists in modeling them 
with geometric; figures. The pupil should 
model such fractions as halves, fourths, 
and eighths. He may represent these 
numbers b> folding paper or by making 
drawings or by both means. He divides 
a squav to show fourths. The usual 
wa\ s to V ivide a square to show fourths 
are depicted in Figure 13.9. 



Figure 13.9 


Working with eighths 

An effective way to introduce eighths 
is to have the pupil fold a rectangular 
sheet of paper to show eighths. He 
.should disc'over that an eighth is half 
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of a fourth and that a fourth is equal to 
two eighths. Similarly, he should dis- 
cover other relationships among halves, 
fourths, and eighths. 

Next, the pupil should model eighths 
by dividing a square or a rectangle into 
eighths. The teacher should challenge 
the class to demonstrate as many ways 
as possible to represent eighths in a 
square. Most pupils discover the five 
ways shown in Figure 13.10. All the 
parts in each diagram are congruent. 



It is possible for a square to be divided 
into eight equal parts that are not con- 
gruent as shown in Figure 13.11. 
Ecjual parts, as used here, refers to parts 
with ecpial measure (see p. 347). Each 
of the parts of the square in Figure 13.11 
encloses the same amount of space, but 
all the parts do not have the same shape. 
The pupil who discovers that equal parts 
do not necessarily have to be congruent 
understands that an eighth of a square^ 
encloses space equal to one eighth of 
the space included within the square. 
One boy expressed the idea of eighths 
as meaning equal spaces in the follow- 
ing descriptive phrasing: “Each part 
contains the same amount of room.” 



Figure 13.11 


The pupil should discover that an 
eighth is half of a quarter and/or that 
an eighth is a fourth of a half. He would 
divide the square into halves or quarters. 
From that point he would divide each of 
these parts so as to form eighths (Fig. 
13.12). He could then be certain that 
one of the small parts would be one 
fourth of a half, (-^), or half of a quarter, 
(■^). The three parts represent some of 
the wa\ s a pupil may discover to reprc'- 
sent an eighth. 


Figure 13.12 

All pupils who understand the mean- 
ing of an eighth should be able to dis- 
cover four of the five representations 
shown in Figuie 13.10. The more able 
pupils should be able to discover at 
least three representations of eighths 
of the type shown in Figure 13.12. One 
of the writers observed a grade 5 pupil 
discover 20 different ways to divide a 
square to represent eighths. This pupil 
completed the task in approximately 40 
minutes, or an average of 2 minutes per 
square. In order to understand an accom- 
plishment of this kind, the reader should 
try to duplicate the achievement of 
this pupil. 

After the pupil becomes familiar with 
the set of fractions having denominators 
of 2, 4, and 8, he should deal with thirds 
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and sixths. The same activities used for 
teaching halves and fourths apply to 
teaching thirds and sixths. The pupil 
uses his kit material and a number ray 
to discover relationships among frac- 
tional niunbers and to rename these 
numbers as 7 and f, f and 1 , and I, 
^ and 2 , and the like. 

Identifying parts 

As soon as the pupil devtdops an 
understanding of the fractions in the 
set ol halves and of thirds, he should 
be ready to identify different fractional 
parts in othcM* geometric figures. Work- 
books that contain geometric designs 
’fcl the kind shown in Figure 13.13 are 
effective for determining the pupiFs 
ability to identify different fractional 
parts. He should color one part of each 
figure and write this part as a fraction. 
He should then have another set of the 
same figures. In this set the part of each 
figure to be colored would be indicated 
in symbolic form. If he were to color 
two thirds of the rectangle divided into 
sixths, be should color any four of tlu^ 
six parts to rc^present two thirds of the 
rectangle shown. The pu[)il who colors 
any nanu'd fractional part of a figure 
deinonstrattvs that he is abh* to model 
that fraction. 



Figure 13.13 


It is also possible and desirable to 
model fractions by using the concept 


of a set and its subset, as illustrated by 
the following: 

i I. f ). IJ, I ]} Help pupils recog- 

nize that I of 
the members 
are circles and 
I are squares 

{ #. #. •, ^ •, ' K •} Help pupils recog- 

nize that a of 
the circles are 
solid and a ^re 
not 

Other geometric examples may be 
given, but there are also many class- 
room situations that should be used. 
Use fractional numbers to descTibe the 
number of red books in a set of books, 
the number of boys in a set of pu])ils, 
the number of empty chairs in a set of 
chairs, and so on. 

Braumfeld and Wolfe have described 
the use of slrelchers and shrinkers to 
help pupils understand fractional num- 
bers.- Whole numbers greater than 1 
arc called stretchers, while unit frac- 
tions (of form are called shrinkers. 
The two max be interpreted geometri- 
cally (see Table 13.2). 

The fraction 7 ^ max then be inter- 
preted as a stretcher of 2 applied to a 
shrinker of (2 X ^). 

Apply a irinker of lO 1 and get -l-H-H 

Apply a stretcher of 2 to — 

: : 1 1 2 
and get -I-. - or 
5 5 5 

In terms of modeling fractions, there 
is little involved in this method that is 
not treated by the number ray or frac- 
tion chart, but as an additional means 
of helping pupils understand multipli- 
cation, this method deserves serious in- 
xestigation. 

-rfliM nrainnif'ld and Marlin Wolfe, “Fiac*- 
Hoii.s lor Slow Lt'aniers.” The Ariiht)ictir Tcarhrr, 
Doeeinhcr 1 966, 14:647-65.5. 
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TABLE 13.2 

Graphic Interpretation of Stretchers and Shrinkers 


Start with 

Unit Length 

Appltj 

To Get 


Stretcher of 2 



Stretcher of 3 



Stretcher of 4 



Shrinker of i 

_ 


Shrinker of i 

• - - - 


Shrinker of 5 

- 


Comparison of fractional numbers 

The final activity in developing the 
meaning of fractional numbers consists 
in comparing such numbers. A pupil 
often finds it difficult to realize that a 
fourtli is less than a third. Since 4 is 
greater than 3, he assumes that the same 
relationship exists between a fourth and 
a third. Adults have been known to 
make irrational business transactions 
because they incorrectly interpreted 
the value of a rational number. When 
the first successful oil well in this coun- 
try was discovered in Titusville, Penn- 
sylvania, in 1859, oil companies leased 
the land in the region and usually of- 
fered the owner of the land a royalty of 
a quarter of the value of the oil mar- 
keted. One writer has noted that “seve- 
ral farmers greedily refused to lease 
their lands to hurriedly formed com- 
panies for one-fourth royalty, and cun- 
ningly held out for one-eighth or even 
one-twelfth because it sounded big- 
ger.’*^ - i 

The pupil uses his cutouts to compare 
halves, thirds, fourths, sixths, and 
eighths. He shows that a third is less 

■*Hiidegarde Dolson, The Great Oildorado (New 
York: Random House, Inc., 1959), p. 6. 


than a half by superimposing one frac- 
tional part on the other. Similarly, he 
shows that a fourth is less than a third. 
He should then write the unit fractions 
in order of value as follows: 

11111 
2 3 4 6 8 

The series should enable the pupil to 
discover that when the numerators are 
the same, the larger the denominator 
the smaller the number named. The pu- 
pil also should discover that wlien the 
denominators are the same, the larger 
the numerator the larger the number 
named. 

If two fractions do not have the same 
numerator, as ^ and f , the pupil should 
change the fractions to fractions having 
like denominators and then compare 
the numbers named. If a, h, and c are 
whole numbers and h # 0 , any two frac- 
tional numbers expressed with like de- 
nominators maybe com])ared as follows: 



The pupil learns to change fractional 
numbers expressed with unlike denomi- 
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nators to fractional numbers expressed 
with like denominators by applying the 
identity element For multiplication (see 
p. 235). 

Fast learners may discover a short way 
to compare two fractional numbers by 
comparing the products resulting from 
multiplying the numerator of one frac- 
tion and the denominator of the other. 
The arrows connecting the 
fractions in the example at ^ 
the right indicate the factors 
of each product. The numerator 3 is a 
factor of 27 and the nuinerator 7 is a 
factor of 28. Since 27 is less than 28, f 
is less than 

- II j and ^ were renamed with nu- 
merals having the lowest common de- 
nominator, each denominator would 
be expressed as thirty-sixths. The nu- 
merator of the numeral j would be ex- 
pressed as 3 X 9 and the nuinerator of 
the numeral Tf would be expressed as 
4x7. In general terms, if and ^repre- 
sent any two fractional numbers, these 
numbers may be compared by compar- 
ing ad with be. 

The teacher should be c(*rtain that 


the pupil discovers and understands 
the short-cut procedure lor comparing 
two fractional numbers. It should be 
pointed out thiit use of the rule of crf)ss- 
nmltiplying a numerator and a denomi- 
nator to compare two rational numbers 
can be the epitome of rote learning. 

The steps in teaching the pupil to 
compare two fractional numbers are as 
follows: 

1. Have him u.'-e cutouts. 

2. Show the numbers on a number 


ray. 

3. Rename the numbers with frac- 
tional numerals having like denon na- 
tors and then compare the numerators. 

4. Compare the products that result 
from multiplying the numerator of one 
fraction and the demominator of the 


other. This procedure is for the more 
able pupil. 

The incomplete number sentences 
that follow illustrate the type of ex- 
ample to give the class to compare ra- 
tional numbers. The pupil writes in the 
circle the symbol, =, >, or <, that 
makes the statement true. 

a. ^ ^ ) 3 d. 4'^H 

b. 3 ^ ' r, 6 4 >3 G 

eld f 

An effective challenge for the more 
able pupil consists in having him write 
examples or fractions that meet condi- 
tions pertaining to an inequality. The 
following are samples of the type of 
problem to be given: 

1. A fractional number that has a 

value less than a fourth but greater than 
a sixth, as ^ < |. 

2. Several numbers, each of which 
has a value' less than an eighth but 
greater than a twelfth, as /o < |o < 

3. A fractional numeral expressed 
with a numerator of 2 that has a value 
less than a half but greater than a third, 

asi<t<i 

A fractional number 
as part of a group 

A L ctional number may represent a 
part V a unit or group. Thus j of an 
orange means one of the four equal 
pai iS of the orange. One fourth describes 
a subset of one member with respect 
to an original set of four members. Also 
\ of a dozen oranges means one of the 
lour t pial parts into which 12 oranges 
have been div ided. Finding a fractional 
part of a group, such as 7 of a dozen 
oranges, is the same as sorting 12 oranges 
into four eciuivalent subsets of three 
oranges each. 

One of the two uses of division is to 
find the size of one of ti equivalent sets 
into which a given set has been parti- 
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tinned. Partitive division is the same as 
finding a fractional part of a imniber. 
Thus finding 7 of 12 is the same as 
dividing 12 by 4. The ])roblein of find- 
ing a fractional part of a number is dis- 
cussed in detail in Chapter 14. The pupil 
should discover that miiltii)lying by j 
is the same as dividing by 4. This is one 
of the l)asic mathematical results of the 
inverse relation between multiplica- 
tion and division. 

A fractional number 
as a ratio 

A ratio is the quotient of two num- 
bers used to compare sets with similar 
members. In Figure 13.14, the ratio of 
(a) to (b) is indicated. The diagrams 
show that the ratio of two numbers is 
a rational number. The 3 disks in (a) 
may be compared by division with the 
4 disks in (b). The quotient of the num- 
ber in (a) divided by the number in (b) 
is j. If we interchange the divisor and 
the dividend the quotient is 7 . The 
quotients j and ^ represent the ratio of 
3 to 4 and 4 to 3, respectively. 


b 



Figure 13.14 


The pattern for introducing the ratio 
concept of a rational number is similar 
to the plan used to introduce the parti- 
tive concept. The sequence of steps for 
the ratio concept is as follows: 


1. Compare two groups with markers, 
such as 2 disks compared with 3 disks. 

2. Change the size of the two groups 
but keep the ratio between them con- 
stant. Thus add 2 disks to the first group 
in item (1) and 3 disks to the second 
group. Then 7 and 7 are different names 
for the same number. 

3. Have the class model a ratio by a 
drawing, such as represented by 7 or j. 

4. Express the ratio of the number in 
each of two groups of objects in the 
classroom, such as books or pupils. 

Rate, ratio, sets, 
and rational numbers 

The quotient 4 cannot be identifit'd 
as a rate or ratio until the situation de- 
scribed by the quotient is known. A 
ratio compares sets of like objects, while 
a rate compares sets of unlike objects.^ 
Both a rate and a ratio of 3 indicate that 
the cardinal number of one set is 3 times 
that of the other. In the same manner, 
a rate and a ratio of 7 indicate that th(' 
cardinal number of one set is 7 that of 
the other. 

A rate of 3 miles per hour indicates 
that for each subset of 1 hour obtained 
(by a partition into eciuivalcnt subsets) 
from a set of hours, there is a subset of 
3 miles obtained (by a partition into 
equivalent subsets) from a set of miles. 
The following diagram indicates how 
the comparison of a set of 12 miles with 
a set of 4 hours leads to a rate of 3 miles 
per hour. 

{ X.X.X . X.X,X , X.X.X . X.X.X } Set of 12 miles 

x\ 

>} Set of 4 hours 

The quotient of 3 indicates the num- 
ber of miles in each of the 4 equivalent 
subsets obtained by the partition of the 

^Kor a ratio, out* of the two sets may lie a siili- 
set of the other. 
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set of 12 miles. The quotient of 3, there- 
fore, represents partitive division. 

The breaking of an orange into quar- 
ters can be visualized in terms of a com- 
parison ol sets by interpreting it as the 
result of distributing 1 orange equally 
among 4 people. For cacli subset of 1 
person (from the set of people) there is 
a subset containing j of an orange (ob- 
tained trom the set resulting when the 
orange was divided into 4 equal por- 
tions). The quotient of j indicates the 
number of oranges in eacli sul)set ob- 
tained by partitioning the set of 4 quar- 
ters of an orange into 4 equivalent sub- 
^sets and therefore represents partitive 
division. T'he answer, j orange, would 
be impossible without fractional (ra- 
tional) numbers. 

If a set of 3 oranges is conH:ared with 
a set of 12 pt'ople, tin* quotient y may 
be int ^‘1 preted as i^idicating that for 
each subset of I people there is a sul)- 
set containing 1 orange. 

A rate such as 3 miles per hour is 
sometimes calletl a one-to-inany corn'- 
spondence, since each hour corresponds 
to more than oiu* (3) mile. A rah' of y 
orange per person may then bi* referred 
to as a nuiny-to-onc correspondence, 
since 4 people corrt'spond to 1 orange. 

That both the situation involving 
miles and hours and that involving 
people and oranges represent i)artilif>n 
division can also b(' illustrated b> tiu* 
following s('t sent('nc('s. 

A set of 12 miles may be broken into 
4 sets of II miles (n = 3). 

A set of 1 orange ma\ be broken into 
4 sets of n orangt's (n = y). 

A ratio of 3 is obtained when set /V 
(with 12 members) is compared with ^'t 
K (with 4 similar members), where set /I 
may or may not b(' a subset of set A. The 
(luotient 3 indicates that set A may be 
partitioned into 3 subsets, each ol which 
is equivalent to set B. Since the mem- 


bers arc similar, it is difficult to di-stin- 
guish these 3 sets from set B. For this 
reason it is sometimes said that set B 
is contained 3 times in set A (even 
though the sets may be disjoint). 

In this case, set A is broken into sub- 
sets of 4 members, and the quotient 3 
indicates that there are 3 such subsets, 
the characteristic of a comparison, meas- 
urement, or quotitive division. The 'de- 
scriptive set sentence is: A set of 12 
members may be broken into ii sets of 
4 members (n = 3). This •sentence also 
indicates comparison division. If the 
sets are compared in the opposite order, 
the ratio is 1 to 3, or y. A set sentence 
may help to make this fact clear: A set 
of 4 members is broken into n sets of 12 
members (ii = y). The term “y of a set” 
is not common usage in the mathematics 
of sets Some students may prefer to say 

of a colh'ction or group of 12 members. 

Levels of maturity 
in renaming fractions 

The fractional number 4 is expressed 
in siinf)lcst form, in standard form, or 
in lowest terms. The fractional number 
y can be renamed in standard form as y. 
A fractional numeral is in standard form 
w'hei* ^ is the hugest natural number 
factor 'at is common fo both terms. 
When the fractional numeral y is re- 
plac 'd by y, the number is renamed in 
higher terms. The pair y and y repre- 
sents e(iuiealent fractional numerals 
because tliey name the same number. 

TIh'’'*' are three* levels of maturity in 
dealing with the renaming of fractional 
numbers in higher or lower terms. The 
first level may be designated the eu- 
ploratonj htel. At this level the pupil 
uses suppl(*mentar>' aids to show the 
equivalence of fractional numerals. He 
operates at this level when he uses cut- 
outs, a fraction chart, or a number ray to 
show that y, f, and y are different names 
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for the same number. Number rays 
(A-C) of Figure 13.15 show the equiva- 
lence of these numerals. 


0 


1 


2 

0 

? 

1 

2 

2 

3 

2 

4 

2 

0 


1 


2 

Q, 

2 

4 

6 

8 

4 

J 

7 

4 

4 

0 


1 


2 

0 

4 

a. 

12 

16 

8 

8 

8 

8 

8 


Figure 13.15 


Geometric figures may also be used 
to rename fractional numbers on the 
exploratory level, as illustrated by the 
two rectangles in Figure 13.16. The 
class should identify the shaded area 
as T of the rectangle. An additional line 
should then be drawn, as illustrated, 
which divides the rectangle into fourths. 
The pupils can then recognize that the 
shaded portion is now j of the rectangle 
and that ^ and ^ name the same frac- 
tional number and therefore are equiva- 
lent fractional numerals. 




Figure 13.16 

The subset concept may also be used 
on the exploratory level. From early 
work in fractional numbers pupils 
should recognize that jj) of the members 
of the following set are solid: 

#,0. 0.0. 0. 0.0} 

The set may then be rearranged into 
a set of pairs of members, as shown be- 


low. The class should -then recognize 
that f of the pairs contain solid mem- 
bers, or that ^ of the members of the 
set are solid. 

{•#, •#. oo. oo. oo} 

Since f and Yjy name the same num- 
ber, they are therefore equivalent frac- 
tional numerals. Further work on the 
exploratory level should help the pupil 
discover that and ^ are names 

(fractional numerals) for the same frac- 
tional number. The following set of 
equivalent numerals for t may then be 
written: 

(1 2 3 4 _5_ _6_ I 

12’ 4’ 6’ 8‘ 10* 12’ I 

The pupil should recognize the pat- 
tern in the above set and continue it 
to produce as many additional numerals 
of the set as the teacher requests. 
Similar exploratory activities should 
help pupils write and recognize the 
pattern for sets of equivalent fractional 
numerals similar to the following: 

I 2 3 _4_ [ 

3’6’9’12’15’ I 

J1 2 _3. _i A I 

14' 8’ 12’ 16’ 20’ 1 

|2 4 6 _8_ jO 1 

13’ 6’ 9’ 12' 15’ ■ ■ ’J 

|2 1 JL ± 12 1 

15’ 10’ 15’ 20’ 25’ ’ ‘ I 

With this background the pupil should 
then be able to work with open sen- 
tences of the following type: 

l=b! 1 -:.I 2 

2 6 4 n □' 16 

2 =Li 1=^^ 

'3 12 5 10 4 f ' 

(many possible answers) 

In conjunction with this work, fre- 
quent brief renaming sessions should 
be held in which the pupil renames 7 as 
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2x1 .W 1 II ,1x2 '* 

2x2°*^ 3X2*^^ ^^T7r5 5- i^Upils 

should be able to rename as a result of 
writing sets of equivalent fractional nu- 
merals, as illustrated above. If a pupil 
has trouble with a particular example, 
have him write the appropriate set of 
equivalent fractional numerals. Pupils 
should then be able to deal effectively 


with open 
types: 

soiitences ol the 

following 

1 _ 4 .V 1 

3 _ 5 ■. 3 

2 - 3 ' 

2 4 ^ rj 

4 [ U 4 

2-4 8 

2 _3 X 2 

2__L1 ^ 2 

CM 

1 

CO 

3 3-1 

5 2 « 5 

3-5 A 


This type of activity should enable 
^nipils to rename fractions on the sec- 
ond level, the ()))rrati(>nal level, as 
follows: 


1 

3 - 

1 

_ 3 

8 

4 

■ 2 

_2 

2 


2 

“6 

12 

“4 

■ 3 

’3 

3 

- - * 

3 

15 

15 

3 

V 5 

5 

4 

5 < 

4 

20 

18 

■ 3 

< 6 

■ 6 


While the above proct*durc can be 
described in terms of multiplying and 
dividing the numerator and denomi- 
nator, the modern tendency is to use 
the nonverbal-pattern approach, as out- 
lined above. The t(‘acher must learn 
which i)upils will Inmelit from verbali- 
zation and provide such help as neeck d. 
Able pupils should be (Micouragcd to 
interpret results verbally. 

The third level of renaming fractions 
is the structural level, in winch the 
identity concept provitles the* mathe- 
matical basis, as illustrated below. 

2 ~^ ' 2 ~ 5 ^ 2 ' 5 - 2 10 

3_ 3^4 3 4 ■ 3 _ 12 

4 ' " 4 4 ' 4 ' 4 • 4 16 

_9_ _ 3j_3 3 3 ^^33 

12"3'4 3^4 ^4 4 

The pupils will quickl> abbreviate 
the above to the following: 


1 _ 5 X 1 _ 5 

2 5x2 10 

• 3.„ 4x3 _12 
4 4 4 16 

9 _ 3 X 3 _ 3 
12 3x4 4 

It should be recognized that the ab- 
brewiated procedure based on struc- 
ture is identical to the operational pro- 
cedure previously described. However, 
the method now has a sound mathe- 
matical basis, which will be stressed 
in the junior and senior high school as 
well as in the ui)per elementary grades. 

The pattern approach to the opera- 
tional level is required because it is 
needed at a time when multiplication 
of fractions has not yet been studied. It 
should be clear that the structural ap- 
proach to renaming fractions cannot be 
introduced until multiplication of frac- 
tions is understood. 

Steps in renaming fractions 

Fractional numl)ers may be renamed 
in one seciuence of steps, as shown in 
example (a). This plan is based on the 
fact that th(» pupil selects the largest 
factor common to both numerator and 
denominator in order to express a frac- 
tion in its simi)le':t form or in k^west 
terms. 1ien the terms of a friiction con- 
tain iiiL.c than one common factor, the 
pupil may not be able* to discover the 
highest common factor. In that ev^ent 
tht*rc would be two or more sequencers 
of steps in renaming the fraction in 
simplest form, as in example (b). 


16 _ 

8 • 

2 

_ 2 

24 

8 - 

3 

“3 

16 

4 - 

4 

_4 

24 

4 

6 

6 

4 _ 

2 > 

2 

_ 2 

6 ■ 

2 - 

3' 

3 


In \a) the pu])il identified the highest 
common factor of 16 and 24 as 8 and in 
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one sequence of steps renamed ^ as f . 
In (b) the pupil did not identify the 
highest common factor of both terms. 
Two sequences of steps were then 
necessary to rename ^ as If a pupil 
is not able to factor a pair of numbers as 
shown in (a), he should use the pro- 
cedure shown in (b). The more able 
pupils should be encouraged to use the 
procedure illustrated in (a). The teacher 
should have these pupils find the high- 
est common factor of such number pairs 
as (18, 30), (24, 36), and the like. 

ADDITION OF 
FRACTIONAL NUMBERS 

Fractional numbers expressed 
with like denominators 

Addition of fractional numbers is 
most readily performed when the num- 
bers are expressed with numerals hav- 
ing common (like) denominators. Ad- 
dition of fractional numbers expressed 
with like denominators can also be per- 
formed on three levels — the exploratory, 
operational, and structural. 

The explorator>' phas(? of adding frac- 
tional numbers relies on manipulative 
materials such as the number ray and 
other geometric representations. A dif- 
ferent t\ pe of model may be used to find 



Problem (1) 


the sum of the rational numbers in each 
of the following problems (see Fig. 
13.17): 

1. How much is one quarter of a pie 
and two quarters of a pie? 

2. -The length of one piece of ribbon 
is f yard and the length of another 
piece is yard. What is the length of 
both pieces? 

3. Ruth walked ^ mile from her home 
to the post office and then walked j mile 
to school. How far did she walk from her 
home to school? 

The teacher writes an open-number 
sentence on the chalkboard for each 
problem. The pupil finds the number 
named by the missing numeral in each 
problem by reference to models. He 
uses his cutouts to find the sum in (1), a 
number ray in (2), and a diagram in (3). 

The number sentences are as follows: 

1. i+i-=» 

2 . 

3 . i+f=n 

xAfter sufficient work on the explora- 
tory level, pupils should learn to rename 
examples like ^ ^ as . More able 

pupils may be able to rename “ + “ as 

(I f I ) 

When the basic pattern indicated 
above is mastered, pupils can add frac - 


1 

1 

1 

1 

1 

5 

5 

5 

5 

5 


ProblemO) 


0 * 1 .. 2 


c i £ 3 i 2 6 7 8 9 10 ’ IJ 12 n 14 Lli J_6 

^8cJ8fc &B888 8 S8F8B8 


Problem (2) 

Figure 13.17 
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tional numbers with like denominators 
•on the operational level; for example:*'* 



These two basic ideas lead to addition 
of fractional numbers on the structural 
level, as follows: 







On the operational level, it is desira- 
ble that the pupil rename the sum f + f 
as j without writing the intermediate 
expression On tlie other hand, it is 
desirable that the pupil frequently re- 
name as ^ Such renaming is es- 
sential for a pupil to understand how 
to renamt‘ the fractional number ^ with 
the mixed numeral l4. This procedure 
?an be understood l)\ performing the 
following steps (set^ p. 243): 

.3 1 

3 3 3 3 3 3 

The structural levcd of adding frac- 
tional nuinotrs (‘xp.essed with like 
denominators depends on two ideas: 

1. Multiplication and division are in- 
verse operations; in place* of dividing 
by 6, multiplication by ^ may be per 
formed. When this idea is understood, 
the frac'tion j- may be renanuMl as 2 X 
^\\\cv the fractional number is the quo- 
tient of 2 and b (and also of 4 and 12, and 
so on). It is equally important that 
pupils be able to rename 4 X ^ as il 
the structural level of adding Iractional 
numbers is to be understood. 

2. Multiplication is distributive with 
respect to addition. 'Hiis statement 
means that 2(3 + 4) can be renamed as 
2 X 3 + 2 X 4. It is important to rec- 
ognize that the distributive propc*rt> 
also indicates that 3 X 10 + 4 X 10 can 
be renamed as (3 + 4) X 10. In a similar 
manner, the distributive property - 
dicates that 3 X ^ + 2 X ^ t-aii be re- 
named as (3 -f 2) X 

Til tiu* last (‘.xamplc listed it slionld not ho lu*- 
cfs.sary to rrnaHio f; with tlu‘ iniM'd tractional 
unmoral in oarly additions (soo ji. 241). 


Not all elementary school mathe- 
matics programs introduce the struc- 
tural method of adding fractional niuii- 
bers, so that this method may be 
delayed until the junior high school. 
The method does offer another way in 
which the curriculum may be differ- 
entiated to challenge more able pupils. 
Addition of fractional numbers cannot 
have* a sound mathematical foundation 
until the structural level of adding such 
numbers is understood. 

Work with open sentences of the fol- 
lowing type may be useful even if the 
structural method of adding fractional 
numbers is not introduced: 

'? 1 
3 ' 3 


1 

' 6 " 6 
i _ 4 

I i , 3 , 

3 1 ^ 2-1 (3-r2> 


Able pupils should make the follow- 
ing generalizations: 

1. Fractional numbers to be added 
should be expressed with like denomi- 
nators. 

2. Add the numerators to find the nu- 
merator of the fraction in the sum. 
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3. The denominator of the fraction 
in the sum is the same as the denomi- 
nator of each fraction. 

Fractional numbers expressed 
with unlike denominators 

If two fractional numbers are to be 
added, either the denominators in- 
volved are like or they are not. The 
procedure with like denominators was 
outlined in the previous section. If 
the denominators arc unlike, the luiin 
bers are renamed with nuinerals hav- 
ing like denominators.*' Addition can 
then proceed as previously indicated. 

Addition of fractional numbers ex- 
pressed with unlike denominators can 
be performed on the exploratory, opera- 
tional, and structural levels. However, 
work on the exploratory' level should be 
very brief. Probably onl\’ the number 
ray should be used at this stage. Adding 
such pairs of numbers as + i itnd 
* + j on the number ray is good readi- 
ness activity for introducing the opera- 
tional level. 

On the operational level, the pupil 
replaces numerals having unlike de- 
nominators with equivalent nuinerals 
having like denominators; for example: 



1 + 

6 4 12 ^ 12 12 


The structural leveF of adding num- 
bers expressed with unlike denomina- 
tors combines the ideas outlined in the 


**On the seientific and engineering level, frac- 
tional numbers with unlike denominators are 
frequently expressed as decimals to facilitate the 
operation ol addition (as well as of other oj^era- 
tions). This is particularly true when computing 
equipment is used. 

^It should be noted that the structural-level 
approach cannot be performed until multiplica- 
tion of fractions is understood. 


discussions of renaming fractional num- 
bers on the structural level and adding 
fractional numbers expressed with like 
denominators) is the lowest common 
denominator (see p. 210). 


- 2 , 3 , 

« ^ 1 1 ^ \ 1 

Identity for multipli- 

3 4 

cation 

2 4^3 3 

Rename 1 as 3 

3 4 4 3 

and 4 

2x4 3\3 

Multiplication prop- 

3 \ 4 4x3 

erty of fractional 

8 9 

numbers 

■ 12 12 

Multiplication of 
whole numbers 

-= 8 X -W 9 < - 

Multiplication by 12 

12^ 12 

in place of divi- 

- (8 f 9) 

sion by 12 

Distributive property 

= '^-12 

Addition of whole 

numbers 

.. 17 

Division by 12 in 

12 

place of multipli- 
cation by 72 


Addition on a structural basis, as illus- 
trated above, is usually performed in the 
junior high school and not in the clc- 
•mentary school. A combination of the 
oi)crational and the structural levels, as 
illu.strated below, however, may be ap- 
propriate for many elementary school 
pupils. 

1 ^ 2_5 

2 3 2 x 3 3 -,? 6'6 6 

l+3.-l_^4 3x3--2.4-A.-il 

6 4 6 X, 2 4 > 3 12 12 12 

The preceding discussion is over- 
simplified to the extent that it gives no 
indication as to how the pupils are to 
find the common denominator (prefer- 
a1)ly the lowest common denominator) 
and then rename the given numbers 
with numerals having the required com- 
mon denominator. Renaming fractional 
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numbers at random is a useful activity, 
but renaming a number to obtain a nu- 
meral having a specified denominator 
is more difficult. Activities with open 
sentences similar to the following may 
be useful for this purpose: 

1 n X 1 ^ 

2 ‘ i J X 2 ~ 12 

2 _ LJ X 2 A 

3 " 4 X 3 12 

3 __ A X 3 

4 “ 12 

2 _ L] X 2 _A 

5 CJ >' 5 ■■ 10 

8 16 

4 _I_J 

5 5 

1- A 

5 n 

Some r( naming sessions should be 
specifically directed at renaming num- 
bers with numerals having a specified 
denominator. 

Finding a common denominator 

As discussed in Chapter 12, there are 
several plans that may be used to find 
the lowest common denominator of two 
fractions of the type + j. One method 
is to find the intersection set of the st- 1 
of multiples of the denominators. The 
teacher should have the pu])il write at 
least six elements of the set of multiples 
of 3 and of 4, as shown. 

Set A {3. 6. 9. 12. 15. 18. • ■} 

Set B {4. 8. 12. 16, 20. 24. • } 

Set C- {12. 24. 36, } 

Set C = A n B. Set C contains the 
elements that art* multiples of numbers 
in A and hence these elements are 
common denominators of fraction n 
merals having 3 and 4 as denominators. 
The smallest number in the intersection 
set is the lowest common denominator 
(12). 


An able pupil may abbreviate the 
above method by examining only the 
set of multiples of the largest denomin- 
ator. The first such multiple that is also 
a multiple of the other denominator (or 
denominators) is the lowest common 
denominator (see p. 210). 

The method of intersection of sets of 
multiples or its abbreviated form is 
probably the most efficient method^ of 
determining the lowest common de- 
nominator for most sets of denominators 
encountered in the elementary school 
and can be done mentally by many 
pupils. When the numbers are larger 
than 20, the method of intersection of 
set of multiples may be too cumbersome 
for practical purposes. Under these con- 
ditions, the method of prime factors is 
probably the most efficient. In this 
method the lowest common denomin- 
ator is the i>roduct of all the prime fac- 
tors, where each prime number is used 
as a factor the greatest number of times 
it occurs in anv one denominator (see 
p. 211). 

Problems in the addition (or subtrac- 
tion) of fractional numbers may be clas- 
sified according to the relationship 
among the denominators of the frac- 
tional numerals in the following man- 
ner: 

1. KK.ctions having like clenomina- 
iors. as Tj- 

2. Fractions having unlike hut related 

denoniinaturs, as ^ ^ 

3. Fractions having unlike and unre- 
lated denominators, as (a) ^ + f or (b) 

4 ^ fi- 

For sums of the type described in 
item (1), addition can be performed im- 
mediately. i'or sums of the type shown 
in item (2), the largest denominator is a 
multiple of the other denominator (or 
all the denominators) and is there- 
for** the lowest common denominator. 
For sums of the type shown in item (3a), 
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the unrelated denominators have no 
natural number common factor greater 
than 1 and the lowest common denom- 
inator is the product of the denomina- 
tors. For sums shown in item (3b), a 
natural number common factor greater 
than 1 exists and the lowest common 
denominator is less than the product of 
the denominators. In this case, the 
method of intersection of sets of mul- 
tiples or the prime factor method may 
be used if the pupil is not able to de- 
termine the lowest common denomi- 
nator by inspection. 

The preceding analysis suggests the 
following as a logical sequence of steps 
which a pupil might take in determining 
the lowest common denominator of 
two or more denominators that are not 
equal: 

Step 1. Examine the denominators to 
determine if one denominator is a mul- 
tiple of the other (or others). If such a 
denominator exists, it is the lowest com- 
mon denominator. If such a denomin- 
ator docs not exist, go on to step 2. 

Step 2. Examine the denominators to 
determine if they have a natural num- 
ber common factor greater than 1. If no 
such number exists, the product of the 
denominators is the lowest common 
denominator. If such a number does 
exist, proceed as in step 3. 

Step 3. L'se the method of the inter- 
section of sets of multiples, the abbrevi- 
ated multiple method, or the method of 
prime factors, depending upon the size 
of the numbers and personal preference. 

The new element in the addition of 
fractional numbers expressed with un- 
like denominators is to rename the nu- 
merals with like denominators. ‘ 

Fractional numerals 

Initial problems of adding fractional 
numbers usually involve those that are 
less than 1. It is not practical, however, 
to limit addition of fractional numbers to 


those with sums less than 1 for any 
length of time. In traditional arithmetic 
tlie impression was frequently given 
that an answer of ^ is wrong and must 
be given as 2-j. Such an impression 
should be avoided. There are many situ- 
ations in which the numeral ^ is pre- 
ferable to 2j. 

The fractional numeral 3-7 may be ex- 
pressed as 3 + ^or in fractional form as 
j. It is possible to change a mixed frac- 
tional numeral to a fractional numeral 
by apply the identity element of 1. The 
numeral 3 + ^ may be written as (3 X 1 ) 
+ The 1 may be renamed as and 
the numeral may then be expressed as 
(3 X -j) which is the equivalent 

ot ^ or j. Tlie numerals 3-7 and 

j name the same nnmber. 

A fractional numeral naming a nnm- 
bev greater than 1 may be expressed as 
a mix('d fractional numeral by revers- 
ing the_ procedure describ(‘d. Fhe nu- 
meral T nann^s the samt‘ number as 

4 + f + 4 + - 7 . If we replace 4 b\ its 

equivalent I, the numeral 5 + ? + ^ 
+ 4 may be written as I + I + 1 + 4 , or 
3 + 4, which is the same as 34. 

The pupil uses the long form until he 
discovers a short way of renaming -7 as 
a mixed fractional numeral. The frac- 
tional numeral 4 “ 4 vvhieh 4 is 

another name for 3, lumee 4> 
written as .3 + 4^ or 34. The work ma\ 
be simplified as in (a): 


When a mixed numeral is written in 
the form given in (a), the numerator of 
the fraction is expressed as the sum of 
two addends. One of the addends is the 
largest multiple of the denominator that 
is contained in tlie numerator. Renam- 
ing a fraction expressed in this form as a 
mixed fractional numeral involves the 
distributive property of division over 
addition, as shown in (b): 
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b 15 ^ +3 1 2 is the largest 

^ multiple of 4 in 15 

-1?-^ ^ 3 j 3 Distributive property 

4 4 

15 3 ! Renaming numbers 

4 4 


Ways of expressing the sum 

Only Iractions having like denomina- 
tors ean be added in symbolic form. The 
sum may be expressed by fractional nu- 
merals as follows: 

1. In simplest fonn: highest c'ommon 
(actor ol both terms is 1 , as v-, -7 

2. In standard form: in simple form 
and has a value less than 1 , as j 

3. \U)t in simplest form: fractions can 
be renamed as follows: 

a. In standard form as ^ f 

b. As a whole numlx'r, as = 2 

c*. As a «>'ixed fracHonal nunuual in 
siuijdest form a‘ if = l"^ 

The teach(*r decides the wa\ to e\- 
pr(*ss the sum of two or more fractional 
numbers. For tiu past several (U'cades 
most teachers ha\e had pupils express 
the sum in simplest lorm. Simplest 
(orm was interpreted to iiK'an two 
things: ( 1 ) one is the greatest common 
(actor of both terms of the Iraction, and 
( 2 ) the mnnerator is alwa\s less than the 
denominator. “Simplest form” as used 
in this text does not imply that the nu- 
uK'rator must be less than the denomin- 
ator. It is diHicuk to see how 1 ;; repre- 
sents a simpler lorm that 'I, sinet* both 
name the same number. 

Sinc(* man\' different ninnerals can 
exi)ress a snm, tlu‘ teachin* must indic ate 
how pupils should express the answer 
in addition and subtraction of Iraction il 
numbtus. We shall assume that the suiai 
shoidd be in simpli‘st lorm. This means 
that both the* numerator and the denom- 
inator have no common natural number 
factor greater than 1. If the fraction in 
simplest form is g.eater than 1 , the 


teacher may ask the pupil to rename the 
number as a mixed fractional numeral. 

Kinds of examples in addition 
of rational numbers 
expressed with like denominators 

Tlitue arc many structural types of 
examples in addition of rational num- 
bers expressed with like denominators, 
as illustrated in examples (a-e). 



'fhe sums in examples (a) and (b) are in 
simplest form while those in (c-e) are 
not. In (b) and (d) the sums may be 
changed to mixed Iractional numerals. 

Mixed fractional numerals 

The same patterns for adding rational 
numbers expressed with like denomi- 
nators apply to adding numbers named 
by mixed fractional numerals. The 
mixed fractii)nal numeral nia>' be ex- 
prevssed as the sum of a whole* number 
and a fraction: 

2; - e 23 - 20 -h 3 

-h3' _ -f 41 40 -f- 1 

5 I - 5 + 60 I 4=64 

or 5. 

The* similarit\ ol this ])rocess to carl> 
addition of whole numbers should be 
recognized. The* pupil adds the frac- 
tional numbers and the whole* numbers 
and then adds the* two sums. The frac- 
tiem in the sum is renamed in the same 
wa> as in addition of fractions. The pu- 
pil will not continue* to write a mixed 
fractional numeral such as 2 ^ in the 
long form as 2 + j. He uses the ex- 
panded notation when he first learns 
to add numbers expressed with mixed 
fractional numerals. 
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The pupil may add numbers named 
by mixed fractional numerals when the 
addends are written in horizontal form. 
He should then rearrange or regroup 
the numerals to simplify the computa- 
tion. The regrouping for finding the 
sum of 4^ and is as follows: 


4| *f l|=-(4+i) +(1 -h 
= (4 + 1) +(! 4- 


= 5 + -5 
= 5 -h( 3 ^ + ',) 
= (54-1)+:;. 
or 67 


In the same manner. 


Expanded notation 
) Consequence of 
commutative and 
associative prop- 
erties 

Renaming numbers 
Renaming numbers 
Renaming numbers 
and associative 
property 


23 +41 =(20 +3) +(40 + 1) 

= (20 + 40) + (3 + 1) = 60 + 4 = 64 

The example illustrates the principle 
that the wa\' numbers are rearranged or 
regrouped does not affect their sum. 
The sequence of steps applies to intro- 
ductory work involving addition of 
numbers of this type. As the pupil be- 
comes more familiar with the pattern 
for adding these numbers, he will use 
a shortened form. 


SUBTRACTION OF 
FRACTIONAL NUMBERS 

The pupil who can find u in example 
(a) can find /i in example (b). 

a '3 + 3 = r 7 b. 3 — 3 =r? 

After a pupil learns how to add fractional 
numbers having a sum less than I, he 
should be able to subtract in the corre- 
sponding examples with fractions and 
mixed fractional numerals provided no 
regrouping is needed in the latter group. 
As with whole numbers, the teacher 
should emphasize the inverse relation- 
ship between addition and subtraction 
of fractional numbers. 

The sequence of units of work in 


subtraction of rational numbers is as 
follows: 

1. Subtraction of rational numbers 
expressed with like denominators, no 
regrouping 

2. Subtraction of rational numbers 
expressed with like denominators, re- 
grouping 

3. Subtraction of rational numbers 
expressed with unlike but related de- 
nominators, all types 

4. Subtraction of rational numbers 
expressed with unlike and unrelated 
denominators, all types. 

As a pupil adds each of the four types 
of examples described he should be 
able to solve the corresponding ex- 
amples in subtraction provided the sum 
is not expressed as a mixed fractional 
numeral. The class may need special 
help to subtract with numbers named 
by mixed fractional numerals. The fol- 
lowing four kinds of examples are named 
by numbers of this kind. Similarity to 
subtraction of whole numbers should be 
noted. 

Subtracting a whole 

a- 4j number from a number 41 

~ ^ expressed by a mixed ~ 

' fractional numeral 


b. 6,i No regrouping needed 63 

— 2l to subtract — 21 


4 Interchange of 40 

^ < types of numbers in (a) 


Regrouping needed 

~~ 2 ^ to subtract ~ 22 


The examples involving subtraction of 
whole numbers at the right above are 
similar in type to those on the left in- 
volving mixed numerals. Examples of 
types (a) and (b) present no new dif- 
ficulty to the pupil because it is not 
necessary to regroup the numbers in 
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order to subtract. Examples (c) and (d) 
cannot be solved until the minuends 
(sums) are regrouped or renamed. 

Renaming fractional numbers 
in subtraction 


A visual representation with cutouts 
or a number ray may be used to introduce 
regrouping in subtraction of fractional 
numbers. Figure 13.18 uses cutouts to 
give a visual representation of renaming 
nuinbers in the example I — j. The 
steps visualized are as follows: (A) 
shows 1 regrouped as j; (H) shows j 
taken from j; (C) shows the answcT, 




C 

Figure 13.18 


The graphic re])resentation (ui the 
numbtu' ray in Figure 13.1') shows j 
subtracted from j. It is advisable to pre- 
sent both the horizontal and vertical 
notations for the algo* ism. 

Subtracting a mixed fractional 
number from a whole number 

A teacher introduced subtraction iii- 
v'olving a whole number and a mixed 
fractional number with the following 
problem: A piece of string Ij yards 


4 


^12 3 

4 4 4 4 

Addition Subtraction 

I4 1 - 1 1 - 3 

4^4” 4 ■ 4 4'4 

Figure 13.19 

long was c ut from a string 3 yards long. 
What was the length of the piece re- 
maining? 

The number sentence for the problem 
is 3 — 1^ = n. The following steps arc 
recommended for finding n: 

1. Use cutouts or a number ray. 

2. Make a visual representation, as 
in Figure 13.20. Diagram (A) shows 3 
regrouped as 2 and j; (B) shows sub- 
tracted from 2j; (C) shows the aitswer, 
or Ij. The pupil should identify each 
step in the representation. 

3. Have the class explain the steps 
in the following solution: 

3 - 2 4 - 1 =- 2 + ; 

1 + 

4 . Have the class explain the steps 
in the t tbook presentation. 

5. He.,; the pupils to recognize the 
similarity and difference between the 
previous example and the following 
familiar work with whole numbers: 

70 70 4 0 60 -h10 

20-^3 20 4 - 3 

40 f 7 47 

6. In frequent and brief renaming 
sessions, the following types of renam- 
ing should be stressed: 

a. Rcmame 5 as 4 + I and then as 5 
+ j, and so on 

1). Rename 7 as 6f or as 5^ 

c. Rename l-r as ^ + tt = ^ 
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Figure 13.20 


d. He name 7 as = 2 


+ i or 2 ^ 


c. Rename Syr as (4 + J) + ;^ = 4 + 


1 __ 


(1 + ^) = 4 ^ 


f . Rename 6 ^ as 


Some pupils encounter diffieulty in 
regrouping a whole number, as in sub- 
traction of fractional numbers. All re- 
grouping the pupil did before was in 
base ten. Regrouping now involves ex- 
pressing I as a fraction. Itnia> be neces- 
sary for some pupils to write the differ- 
ent steps in the solution, as shown in 
item (3) above. The pupil who must 
write out each step of a solution oper- 
ates at a low level of maturity in deal- 
ing with rational numbers. He should 
be able to eliminate the intermediate 
step in renaming 6 as 5^. 


Mixed fractional numerals 
classified according to 
denominators 

There are three kinds of examples in 
subtraction of numbers named by mixed 
fractional numerals when regrouping is 
involved. The numerals may have like 


denominators, unlike but re- 
lated denominators, and nn- a 1 ) — 4 ;; 
like and unrelated denoini- b 6^-3,. 
nators. Example (a) contains 
two unlike but related denominators; 
(b) contains two unlike* and unrelated 
denominators. Hy the time* the pupil is 
ready to subtract in an example of ei- 
ther kind, he sho!ild not find it neces- 
sary to write all the internu'diate steps 
to regroup the larger number, as in 
(a) and 6^ in (b). The inixt‘d fractional 
numerals should have the fractional 
parts with like denominators. Example 
(a) would then bx* expressed as: 


7 

-4 



--- 6 

_ 4 


(1 

b 


Subtracting numbers named 
by mixed fractional numerals 

The example 7j — 5j illustrat(?s sub- 
traction of two numbers named by 
mixed fractional numerals. The Tjmust 
be regrouped before the numbers can 



ADDITION AND SUBTRACTION OF RATIONAL NUMBERS 


245 


be subtracted by the decomposition 
method. Betore introdiicirij^ an example 
of this kind, the class should subtract in 
an example of the type 1 j — Figure 
13.21 is a visual representation of this 
example. The steps involved are as fol- 
lows: (A) shows Ij regrouped as f; (B) 
shows y subtracted from (C) shows 
that the answer is or tt. 



c 


Figure 13.21 

The symbolic ivprcscnlation of the 
subtraction operation is as follows: 


1 1 3 ,1,1,3 

0 4 2 4 1 I 4 I 2 U 2 


3 

4 

Figure 13.22 

The example I"!* if can be sub- 
tracted by the ecjual-additions method 
by changing l-j- to lif and if to 1-j. The 
transformation is difficult to rationalize. 
For that reason, the method of e(iual ad- 
ditions is not recommended for a mod- 
ern ])rogram. 

As soon as the pupil understands how 
to subtract in an example of the type 
It — he should c‘xi)crience little dif- 
ficulty in learning to subtract two niim- 
bers of tile type 6 ^ ”24. For introduc- 
tory work, the symbolic representation 
of the solution should be written as 
follows: 


6 ; - 6 r -(511)-^; 

- 2 ; - 2 t ; - 2 ! ' 


1 . 1 hi 


rhe representation shown is a long 
procedure. As the pu])il becomes famil- 
iar with the operation, he can short cat 
man\' of tlu' written steps and think 1 7 
as j. If the introductor> work with a 
new procc'dure is written in full as 
shown, th(‘ ne(‘d for exploratory and 
visual materials is greatly reduced, fhe 
number line ma>’ be preferable (see 

Fig. 13.22). 

Similarity to earh' work with wh(>^ ' 
numbers should also be stressed: 

31 30 f 1 20 f 11 

-8 -8 - 8 

20 -r 3 - 23 


- 5 1 (. f i) - 5 -I ; 

- 2 -f- - 2 I ’ 

3 f : - 3-: 

The solution shown illustrates the 
followMig properties of number or of 
an operation: 

1. Expanded notation for a numeral, 
as Byi = (S + T 

2. Renaming a number, as B = 5 + I 
or 1 = T 

3. 'rhe associative property of addi- 
tion, as 4 + (1 + •^) = (4 + 1) + 7 . A 
fourth propc \y not shown by the sample 
involves the idemtity element for multi- 
plication. This pr()])evty is used in ex- 
pressing an answer in simplest form, 
as 37 = 3-i . 
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1. State two needs that were met by ex- 
panding the number system to include 
fractions. Make a Venn diagram to 
show the subsets of the set of rational 
numbers. 

2. A teacher remarked as follows: "If a 
pupil writes out all the steps involved 
in an operation, supplementary aids are 
not necessary." Evaluate this statement. 

3. Give problems to illustrate the dif- 
erent concepts conveyed by a fraction. 

4. Give six illustrations to show how a 
square may be divided into eighths 
that represent congruent regions. 

5. Show how fractional numbers may be 
used effectively in teaching inequalities. 

6. Describe the different levels of maturity 
in the renaming of fractions. 


EXERCISES 


7. Show how the Identity element of 1 Is 
applied in changing a mixed fractional 
numeral to a fractional numeral. 

8. Identify ail the properties of addition 
that are applied in finding the sum of 
2j and 5?. 

9. Evaluate the different plans that may be 
used to find a common denominator of 
fractions having unlike and unrelated 
denominators. 

10. Use the factor method and find the low- 
est common denominator of fractions 
having denominators of: 

a. 8, 12, and 15 b. 6, 10, and 18 

11. Write the four examples that use the 
rational numbers In the following sets: 

A-H. hi} e.B.i. i} 
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MULTIPLICATION 
AND DIVISION 
OF RATIONAL NUMBERS 


Cliapter 13 dcmoiistratccl that the pat- 
tern for addition of whole numbers does 
not apply in full for addition of rational 
niiniliers. Th<‘ pattern for rnuliiplication 
of these two types of numbers is also 
different. The pupil learned that 3 X 5 
may be expressed as fj + 5 + 5. Multi- 
plication of whole numbers is a short 
form of addition of equal addends. Thi" 
definition will not apply to rationa. 
numbers. In the example j X 5, the 5 
is not added j times. In the example 
i X -j^, it is not possible to express mul- 
tiplication aj> the product of an array. 


The p’-oduct of the numerators (2 X 4) 
and the product of the denominators 
(3 X 5) ma\ be interpreted as arrays, 
but not the product of ^ and j;. 

Two ways of finding the product of 
two whole numbers are by repeated ad- 
dition and by an array. Neither of these 
methods may be used to multiply two 
rational murd ers. However, it is neces- 
sar>' to devise a method of multiplying 
two rational numbers. 

The relationship between multiplica- 
tion and division holds for all types of 
numbers. Each operation is the inverse 
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of the other. Thus once the pattern is 
established for multiplying two rational 
numbers, the pattern for division will 
be the inverse or undoing procedure. 

This chapter discusses tlie following 
topics: multiplying a whole number and 
a rational number; nuiltipKing two ra- 
tional numbers, di\ iding a wlioli* num- 
ber and a nitioual number: three txpc's 
of problems iinolving rational numbers; 
properties of whole numbers and ra- 
tional numbers. 

The term “rational number” as used 
in this chapter refers only to the non- 
negative rational numbers. 

MULTIPLYING A WHOLE NUMBER 
AND A RATIONAL NUMBER 

Types of examples in multiplication 
of rational numbers 

There are thrt^e types of examples in 
multiplication of rational numbers (frac- 
tional numbers). 

1. Multiplying a fractional number 
by a whole number, as 3 X j 

2. Finding a fractional part of a num- 
ber, as ^ X 6 or ^ of 6 

3. Multiplying a fractional number 
by a fractional number, as ^ X j. 

The first and second types are the 
same from a mathematical point of view, 
since multiplication of rational num- 
bers is commutative. Therefore the or- 
der of the factors does not affect the 
product, hence 3 X i" = 1 " X 3. In ver- 
bal problems or statements, however, 
there is a difference in usage between 
the two types of examples. The sym- 
bolic representation, or arithmetic ex- 
pression, 3 X j indicates that j is to be 
used as an addend three times. The ex- 
pression Y X 3 implies that -f of 3 is to 
be found. Two verbal problems will 
help to differentiate between the types. 


A ribbon is j yard Ipng. What will be 
the length of three of these ribbons? 

A ribbon is 3 yards long. What will 
be the length of a piece jas long? 

The answer to the first problem can 
be found by finding the sum of j + j 
+ J. Since the addends are the same, 
the answer can also be found by multi- 
plication. The second problem implies 
that a length of 3 yards of ribbon is to 
be divided into 4 equal ])arts and three 
of these parts are to be considered. 
Finding a fractional part of a number 
illustrates partitive division. Although 
the algorisms for finding the answers 
to the two problems are the same, the 
situations represented are different. 
The two forms should be taught simul- 
taneously because the' same numbers 
are involved in both problems. Both 
problems involve n groups of ni objects. 
The first is 3 groups of j \ard and the 
sec'ond is j of a group of 3 yards. 

A ribbon is j yard long. How much 
ribbon is needed for two pieces of this 
length? 

The teacher sliould have' the class 
discover wa\s to find the* answ(*r. The 
folle^wing are some of the proce'dure's 
,the' class should suggest: 

1. Measure a string or ribbon j \ard 
long and find the length of two of these 
pieces. 

2. Use fractional cutouts (Fig. 14.1) 
to find the answer. 

3. Find the answer from a number rav 
(Fig. 14.2). 

2 . - u 1 ; 

4. Find the answer by addition. 

5. Think, “j yard is j less than 1 
yard. The two j^ieces of j yard each 
would be ^ yard less than 2 yards, or 
1/j yards.” 

6. Think, “j yard is ecpial to v yard 
and J yard. i + i= l;:i' + i— i";! 
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Figure 14.1 



1 2 


a 12345628 
4^4 4444 44 


Figure 14.2 

+ ^ = 1 The sum of y \arcl and -j- 
Viird is 1 y yards/’ 

The teacher should have the entire 
class perform th(‘ activities eall('d for in 
items (2-4). Tlie class should also rc'ad 
and explain each stej) jj^iven in the de- 
\elopmeut in the textbook. Slow l('arii- 
ers should also find the answer to the 
problem by nu asureineut, as su^^esU^d 
in item (I). 

The teacher should then show th(‘ 
conventional ^’ot.>lion for multiplsinj^ 
a rational mm her by a whole numbci. 
Th(‘ algorism is as follows: 



c 2 ^ 4 ^ ^ ^ - 1 ■ . or 1 ^ 

d 2 \ ri , or 1 


Exami)le (a) shows that multiplying^ 
by a whole number is ecniival(Mit to 
repeated addition. I. example (b), 2 is 
renamed as and then eac’h factor is a 
fraction. 11ie ])rodiiet of the factors in 
the numerator is the numerator of t. ■ 
fraction in th(‘ product; the product oi 
the factors in the denominator is tlie 
denominator of the fraction in the prod- 


uct. The fraction in the product is j, 
which may be expressed a 1 or 1 7. The 
factors 2 X 3 and J X 4 are whole num- 
bers, hence the order of the factors dpes 
not affect the product. This fact shows 
that multiplication of rational numbers 
is commutative. Now the pupil writes 
the example j X 2 as follows: 


In initial work in multiplying a frac- 
tional number and a whole number, the 
solutions represented by (a) and (b) are 
recommended. As the pnpiTs under- 
standing of the work increases, solu- 
tions (c) and (d) are recommended. 
Alt(u* he disc ()\ers the pattern for finding 
llu? product of a rational number and a 
whole number, the pupil should gener- 
alize as follows: 

1. Rename tlu* whole number with 
a fractional numeral with a denominator 
of 1. Then find the ])roduct of the uu- 
ineraU and the p. oduct of the denomi- 
nators. 

2. Exiiress the product in ( 1) in stand- 
ard form. The generalization in 1 ma> 
be shortened as follows: 

3. MultipK the numerator by the 
whole nuiiiber aiul retain tlie given de- 
nomintaor in the product. Statement 
(2) remains inu hanged. 

Multiplication of a whole number 
and a unit f letion can be performed on 
lht‘ liasis of the renaming discussed 
above. 

2 X : - ; 3 X - r 


C X n ^ n 
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The product of 2 X « may then be 
obtained as follows: 

2xi— 2 x(3Xh) Rename I 

— (2 \ 3) \ i Associative property 

— 6 X i Rename 2x3 

= J (or I ) Rename 6 x i 

In a similar manner: 

a X c = a {b \ 1) Rename | 

~ {a \ b) \ I Associative property 
a X P Rename (a x P) x ^ 

c 

At this stage, renaming sessions 
should stress the following: 

Rename ? as 3 x L 

Rename 5 x as - 

D c ^ 5x2 

Rename 5 \ - as — 

Rename 4 v 3; as 4 x and 4 x 3 ^ 4 \ ! 

Rename 2 ~ 3 as *; 

Rename I as 3 4 

4 13 

Rename .. as ^ and then as 1 I 4 , or 1 4 

"Of” is associated 
with multiplication 

The phraseology for reading the ex- 
pression 2 X 7 is "two times three 
fourths.” The reading for ^ X 2 is "three 
fourths times two” or "three fourths of 
two.” In Figure 14.3, (A) shows that the 
product of 2 X ^ is 4 ; (B) shows that the 
product of 7 of 2 is 7 . Each diagram 
uses congruent regions to show that 
the two answers are the same. We read 
the sign X in the first expression as 
times and in the second expression as 



Figure 14.3 


of or tunes. Rational numbers are com- 
mutative for multiplication, and the 
models show that 2 X 7 = 7 X 2 . 

Is the answer sensible? 

The teacher should be careful to keep 
the work in multiplication of fractional 
numbers from becoming mechanical. 
It is possible for a pupil to develop skill 
in multiplying a fractional number by 
a whole number and not know whether 
the answer is sensible. In the example 
3 X 7 , the pupil may give the solution 

3 X ] - 3 X 3 . or 2 : 

To show that the solution is sensible, 
the pupil should think as follows: "The 
number 7 is more than 7 but less than 
1. 3 X 4 = 4, or l4, and 3 X 1=3. 
Therefore the product of 3 and 4 nmst 
be more than I 7 but less than 3. Since 
27 is between these two numbers, tlie 
answer is sensible.” 

Most pupils who have the necessary 
background to deal with multiplication 
of fractional numbers are able to multi- 
ply by 4 or 1. In almost all eases the 
pupil can multiply these numbers men- 
tally. Most pupils at th(‘ grade at which 
the topic is taught can find the product 
of 8 and 4 without a written solution. 
It should never be necessary to write 
the work to find the product of a num- 
ber and 1. To provide a check to see if 
an answer is sensible, round ofi' a frac- 
tional number less than 1 either as 4 or 
as 1. Assign one of these values to the 
rational number, depending upon the 
value of the given fraction. Then multi- 
ply by using the rational number hav- 
ing its assigned value. The pupil can 
then determine if a fractional number 
has a value greater or less than 7 by di- 
viding the denominator by 2 and com- 
paring that quotient with the numerator 
of the fraction. Thus 7 is less than 7 be- 
cause 4 is less than half of 9. 
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13 

8 


5 
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5 

8 

A 


2xj 2xi l| 

B 

Figure 14.4 


The thought pattern for clctennining 
whether the answer to an (wainple in- 
volving the multiplication of a frac- 
tional number and a whole number is 
sensible is illustrated in the following 


examplcvs: 


a 3 

n 2 , 

Think: i as 1, the product 
must be a little less than 3. 
(3x1)" 

b. 4 

■ ■; --- 1 . 

Think: as the product 

1 iust be a little less than 2. 
(4X 5)" 

c 

v6 -3' 

Think: as i: the product 

must be a little more than 3 
(2 X 6)" 

d :: 

oo 

Think: "f, as 1; the product 
must be less than 8 but more 
than 4. (1 x 8) or (y x C; 


Tlie plan of checking to determine if 
an answer is sensible is strongly recom- 
mended for superior pupils. 


Distributive property 
with fractional numbers 

We found that the commutative prop- 
erty of multiplication applies to that 
operation when the (actors are a frac- 
tional number and a whole numb •*.' 

'A whole .iiiiiiher is a latioiial iiiinihcr. The 
whole iiiiiiiiKT 2 is the quotient of 2 and 1. The 
discussion here deals with the special ca.se in 
which one of the rational nuinhers is also a whole 
niunher. 


The distributive property of multipli- 
catic^n over addition applies to these 
operations when dealing with a frac- 
tional number and a whole number. A 
few illustrations will demonstrate that 
this assumption is reasonable. The 
teacher should have the class use dia- 
grams or some other type of model to 
show that this property applies to these 
numbers. In Figure 14.4 (A) and (B) 
show the product of 2 X (4 + The 
number ray in (A) shows 2 X 4* ~ 

In this easc‘ the number named by j 
+ 4 expressed as p Diajjram (H) 
shows that 2X 4+2x4“ l^’ • 

Exar:;'hjs of this kind should illustrate 
that tl distributive property of multi- 
plication with respect to addition is ap- 
plicable. 

The sux)erior pupil should be encour- 
aged to devise methods of checking his 
work in multiplication of rational num- 
bers. "Hic* use of the distributive prop- 
erty of multiplication over addition and 
sid^traction affords a good check on the 
computation. To show that 3 X if = +, 
the i^upil can rename if as (-j + j) or as 
(t — t) and then multiplv as shown in 
(a) and (b). 

a 3 \ ( ; + j ? 4- “ - : 

b 3 \ (i - - V’ = i 
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1 

T 


The follows the same pattern 

in similar examples to cheek the solu- 
tion. An exercise of this kind serves 
two functions. First, it provides a good 
check on the work, and second, it en- 
ables a pupil to discover relationships 
among numbers and to apply the prop- 
erties of the operations. 

Multiplying a number named 
by a mixed fractional numeral 
and a whole number 

There are two effective wa>'s to multi- 
ply a whole number and a nunil)er 
named by a mixed fractional numeral.*^ 
One method is to rename the number 

“The term “mixed number ' has been used tra- 
ditioiialK to refer to a number and a numeral. 
Which usage is intended must be determined b> 
tlie context as illustrated b> the following: 

1. \lnltipl> a mixed nuinber b> a whole num- 
ber. In this common expression the term “mixed 
nuinber” refers to a number because numbers 
(not numerals) art' inulti])1ic'd. 

2. Change the mixed nuinber to a fraction 
(fractional numeral). In this example the term 
"mixed number” refers to a mixed fractional nu- 
meral (sometimes called a mixed numeral), since 
a number cannot be changed to a numeral. 

In this chapter the term “mixed number” will 
be used as an abbreviation for “rational number 
rt'presented by a mixed numeral.” In this context 
ever\ mixed number is a rational number, but a 
rational number is referred to as a mixed number 
only when represented b\ a mixed numeral. 
Ever> mixed number, as Ij, may be renamed by 
replacing its mixed numeral by a fractional nu- 
meral, as -p . The term “improper fractidh” is nc^ 
longer in general use as a description for ^ • 
Some modern programs no longer use the term 
“mixed number.” 

As used in this chapter, mixed numbers may 
be added, multiplied, or divided, but they ean- 
not be changed to fractions (fractional numerals). 
.Mixed numerals may be changed to fractional 
numerals hut cannot be added. 


with a fraction’’ and then multiply. The 
.second way is to express the number 
in long form as the sum of two addends 
and then multiply by the whole num- 
ber. The example 2 X 3-^ may be ex- 
pressed as 2 X (3 + -j^). Performing the 
indicated operations illustrates the dis- 
tributive property. 

In order to multiply by the first pro- 
cedure, it is necessary to rename the 
number with a fraction. The steps in 
changing a mixed numeral to a fraction 
are as follows: 

1. Use cutouts to find the fractional 
equivalents of such numbers as 1^, 
and Ij. 

2. Use a number ray (Fig. 14.5) to 
show how the same number may have 
different nam(*s. Thus, 3j and are 
different numerals for the same number. 

3. Write the example in long form for 
changing a mixed numeral to a fraction. 
To (express 3j in fractional form, pro- 
ceed as follows: 

3 1 - 3 - : ---(3 ^ 1) f 4 
--(3 « 4) 4 ; 

- f : ^ ’4^ 

The method of changing a mixed nu- 
meral to a frac tion illustrates the use of 

•‘III C^liaptcr 13 care wax taken to di.stinguisb 
between a fractional nuiTibcr and it.s fractional 
numeral. In this ehapter the coniinon convention 
of u.sing “fraction” as an abbreviation for “frac- 
tional nuineral” is used. The reader should under- 
stand that some other programs usi- “fraction” as 
aij abbreviation for “fractional number.” It is not 
important which usage is aeeepted for a given 
program, but it is important that the usage be con- 
sistent. If confusion results, it is probably best to 
use no abbreviations and refer only to fractional 
iiiiinbers .ind fractional numerals. 
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the identity element of 1. In the illus- 
tration, 1 is expressed as j. The exi)rcs- 
sion^3| = 3 + ^ = 3xl+| = 3 x| 

+ 7 also illustrates the order of per- 
forming the operations. The multiplica- 
tion operation with the numeral 8 X 7 
+ 7 is performed before the operation 
of addition. To the product of 3 X 7 , or 
, add 7 , giving a sum of y . Thus the 
two numerals 87 and -7 repr(^scnt the 
same number. 

When a mixed numbt'r is greater than 
10 , the usual plan to multipl> by a whole 
number is to apply the distributive 
proi)erty. Example (a) shows a conven- 
^tional notation for multiplying a mixed 
number by a whole number: 

a 15l 

V 6 

4] (6 ^ ]) 

90 (6 • 15) 

94 ' 

In (‘xamplc' (a), first imiltiidy f b>’ b and 
then 15 !)> 6 . The snm of tlu* two partial 
produets is ii •' product. Although ti c 
vertical notation in (a) is dilferent from 
the horizontal notation in (b), the pro- 
cedure used is the same: 

b 6 ^ (15 M) ■ 

6 - 15 f 6 • ; -- 
90 f 4 ’ 94 ’ 

The teac her should have the pupil tell 
why the order of finding the products 
c ould be interchanged. In (a) the prod- 
uct 90 ma\' be written first and followed 
by the product 47 . Similarly, the* inod- 
ucts of the addends .n (b) ma> be iiiter- 
chang(‘d because the commutative prop- 
erty applies to addition and multii^li- 
cation. 

Example ^c) shows the vertical nota- 
tion for multi ph i ng a whole number by 
a mixed number. Example (cl) shows the 
horizontal notation for expressing the 


same set of factors. Just as 8 X 7 and 
y X 8 are the same from the mathemati- 
cal viewpoint, so 3 X 15^ and 15-^ X 3 
are the same. 

c 38 

28j- (? - 38) 

114 (3 y 38) 

142; 

d 38 X (3 -f : ) -- 
38 ■ 3 f 38 ' ^ - 
114 4-28 - 1422 

Each expression may represent a differ- 
emt social application of number, but 
both expressions represent the same 
mathematical situation of finding the 
product of two factors. The i)upil should 
be taught to use* the notation that makes 
the' computation easier for him. 

The usual classroom procedure for 
multiplying a mixed number and a 
whole number when each factc^r is less 
than 10 is to change the* mixed numeral 
to a fraction, 'rims, to find the product 
of 8 X 87 , the procedure to use is as 
follows: 

3 X 5] 3 \ . or 16 

This I ■ m is satish c.tory provided the 
pupil . derstands that the same prin- 
ciple which applies to an example of 
the t» pe 67 X 25 also applic*s to an ex- 
ample of the t> pe 8 X 87 . Examples (e) 
and (f) show the horizontal and vertical 
notatiems for finding the product with- 
out el. .aging the mixed numeral to a 
fraction. 

e 5.'. 

• 3 

r (3 V ; ) 

15 (3 - 5) 


f 3 MS 4- ; ) - 
15 4- 1 2 
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The size of the number is not a com- 
pletely satisfactory guide for deciding 
whether to use a mixed numeral or frac- 
tion; for example, 

4 \ 5 ~ 4 X 5 t 4 '• 

= 20 12. or 22 

In this case use of the distributive prop- 
erty' is probably preferable even thougli 
is less than 10 . 

Is the answer sensible? 

The pupil should check to determine 
if the product of a wliole number and a 
mixed number is sensible. This is espe- 
cially true for the more able pupil. He 
should round off the mixed number both 
upward and downward. The products of 
the whole number and eac h rounded 
number represent the limits of the prod- 
uct of the given factors. In the example 
7 X 23-J, the number formed l)y round- 
ing off 23* u])vvard is 24 and by round- 
ing off 23* downward the number 
formed is 23. Therefore the products 
of 7 X 23 and 7 X 24 are the limits lor 
the product of 7 X 234. Since 23^ is 
nearer to 24 than to 23, the answer to 
7 X 23^ must be nearer to 168 than to 
161. The product of 7 X 23^ is 165^. 
An answer of 166^ to the example would 
be incorrect but sensible. An answer of 
171* to the example would be neither 
correct nor sensible. 

MULTIPLYING 

TWO RATIONAL NUMBERS 

Discovering the procedure 

An adecpiate readiness program deal- 
ing with multiplication of rational num^ 
bers should enable the pupil to answer 
questions such as the following: 

How much is 4 of 2 ^ 

How much is j of j? 

How much is j ( 3 f 


The pupil can use his cutouts to find 
the answer in case he does not know, or 
he can use these aids to verify his an- 
swer. The conventional notation for 
finding the answers to the above prob- 
lems is as follows: 


1 of ^ ^ X ' - ^ ^ ^ 

2 3 2 3 2^3 6 

^ of 2^-1^ 2^1 j^2_2^1 

2 3 23 2v3 6 3 

The numerals 4x4 and 7 represent 
the same number. Similarly, the nu- 
merals 4 x 4 ‘Oul 4 re])resent the same 
number and the numerals 4x4 ‘^od 7 
represent the same number. In each 
case the numeral on the right of the 
ecpial sign represents the product of 
two fractional numbers. The illustra- 
tions show that the i)roduct of two Frac- 
tional numbers may be found as fol- 
lows: 

1. Write the product of the numera- 
tors as the numerator of the fraction in 
the answer. 

2. Write the product of the denomi- 
nators as the denominator of tlu‘ fraction 
in the answer. 

. The procedure for finding the prod- 
ucts in the illustrations Follows thi* pat- 
tern the ])ui)il used For multiplying a 
fractional number and a whole number. 
In the example 4 X the 
pupil woidd rename 4 as 7 „ 8 

and multiply, as shown at 1*9 9 

the right. The terms of the 
fraction in the ]3roduct of the two ra- 
tional numbers are the product of the 
numerators and the product of the de- 
nominators. 

The pui)il should be able to explain 
why the product of two fractional num- 
bers, such as named by 4 and 7 , is less 
than either factor. He should be able to 
give answers to (piestions of the fol- 
lowing type: 
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1. Docs interchanging the factors in 
the example { X ^ affect the product? 

2. Is the value of the fractiorj in the 
product greater or less than either fac- 
tor? 

3. If either factor is multiplied by K 
what will be the product? 

4. Since each factor is less than 1, 
will ^ multiplied by a number less than 
1 give a product more than or less than 

5. Multiplying a fractional nuinbtu- by 
7 is the same as dividing b> what 
number? 

A pupil who knows how to multiply 
^umbers (‘X])ressed as Jinit fractions, 
such as 1 X j, can discover how to mul- 
ti]dy any two fractional numbers by ap- 
plying the princi])lc of regrouping of 
factors. We can illustrate the proc edure 
by multiplying ^ and 7 . 

, ' ‘ The factors 


2 ^ , 4 , 

Renaming each 
factor 

■ (2 ■ .) '4 ■ ' 

) Replacing j and r 
with their equals 

- (2 1) - l 

) Regrouping of fac- 
tors has no effect 
on the product 

-8 -’..or r, 

Renaming numbers 

1 1 

Renaming numho'r 


The last ste]) shows that the ])roduc*t of 
the numerators is ecpial to the* numera- 
tor of th(‘ fraction in the answer and the 
product of the denominators is ecpial to 
the denominator of the fraction in the 
answer. 

In gencM'al terms, ^ X ■§■ = pro- 
vided h ¥=■ 0 and d 7 ^ 0. The product 
shows that multiplication of nuy 
two rational numbers is commutative. 
Both the numerator a X c and the de- 
nominator b X cl iiYc the products of 
two whole numbers. Since the order of 
multiplying two whole numbers does 


not affeet the product, X = 'j' X ■£. 

Slow learners may not be able to un- 
derstand the sequence of steps given 
for multiplying two rational numbers. 
I’he teacher should use a diagram to 
show the produet of any two fractions, 
for example, X "rf (/> and cl 7 ^ 0). A 
model will not demonstrate the mathe- 
matical reason Ibr the procedure for 
multiplying two rational numbers. On 
the other hand, a diagram will show that 
the terms obtained by multiplying the 
numerators and the denominators are 
correc t. To find the product of ^ X 
use congruent regions, as shown in 
Figure 14.6. First, divide a rectangle 
into 5 congruent regions and shade 4 of 
them. Next, divide eac*h region into 3 
congruent regions to form 15 congruent 
regions. Now color 2 of each 3 shaded 
regions. The 8 regions in colc^r show 
the' number of congruent regiotis that 
are in f of j; of the rectangle, hence the 
product of ^ X it ~ uT* same an- 
swer can be found by multiplying the 
numerators and the* denominators as 

>1 ‘7 . A H 


4 

5 


1 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

□ 

nnn 

■ 


Figure 14.6 


The use of a model does not consti- 
tute a proof, but a few illustrations of 
this kind will make it seem reasonable 
that the pr' ern of multiplying numera- 
tors and denominators ap])lies to all ra- 
tional numbers. A plan of this kind is 
satisfactorv for pupils who are unable 
to understand a rigorous mathematical 
proof. 
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Figure 14.7 


The nuinher ray is also useful in visu- 
alizing inulti])lieation of fraetional num- 
bers (see Fiji. 14.7). To find an arrow 
one-half of a jiiven sejinient, the length 
of the arrow must be such that two sueh 
arrows “add’’ to give the original seg- 
ment. The shrinker idea may also be 
used (see p. 229). 

Multiply or divide first? 

Examples (a-c) show three ways to 
solve the example ^ X 


1 

^ 5 1 ■ 5 _ 5 

"" 3 ■ ^ “ 3 - 3 '9 

2 5 . 2 *. 5 _ 2.-5 _2 5 _5 

^ 3 ■ 6 3 > 6 “3 - 2 ■ 3 2 ' 3 ■ "3 9 

In (a) the answer, is renamed in 
standard form as 77 . In (b) the produet is 
renamed in standard form before the 
two given fraetions are multiplied. This 
is an abbreviated form for renaming 
as Indieated in (e). 

The term “eaneellation” has been 
used to designate the prineiple of re- 
naming the produet in standard form in 
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multiplication of rational numbers. Ex- 
ample (b) shows that cancellation is an- 
other way to indicate renaminj< of frac- 
tions. The teacher slioulcl not use the 
term in the classroom to designate the 
procedure illustrated in example (b). 
Rather, the pui)il should discover tliat 
the procedure sliown in (b) represents 
a different sequenee of operations from 
that shown in (a). 

It is important to recognize* that (b) 
is the final adult form and should not be 
introduced until the seeiuence in (e) is 
fully understood. Rote performance of 
the form indicated in (b) can lead to 
serious mistakes and misunderstand- 
ings. One of the most common errors 
in early algebra is to “cancer* the jc’s 
in the expression . Indiscriminate 
use of the word “cancel** and use of 
form (b) without adeepiate preparation 
contribute to sncli errors. 

It may be of value to stress the follow- 
ing types of r(*naming when multipli- 
cation of two fractional numbers is 
being introduced: 


o 6 3 

Rename - as : 

0 4 

D 6-9 

Rename ^ 

1 o • o 

Rename ^ 
7 6 


2 3 

‘ ^ and then as -- 
2 4 

2 3 3-3 

o ■ ■ c; ■ A 

t o 0-4 

2 2-5^,^ 10 

as 2 * 7 , 3 - 


9 

20 


Multiplying mixed numbers 

Two procedur(*s or methods may be 
us(‘d to introduce multii)lication ol 
mixed numbers. According to one i)lan, 
the mixed numerals are changed to frac- 
tions. Exaui])l(* (a) illustrates this pro- 
cedure. This is the conventional algo- 
rism for multiplying two mixed numbers. 


a. 2 I 



23 ^ 7 ^ 23 
4 ^ 3x4 


161 

12 


or 13 :2 


According to the second plan for mul- 
tiplying two mixed numbers, each mixed 
number is expressed as an indicated 


sum and then multiplied, as shown in 
example (b). 

The two factors 2^ and 5j would be 
written as follows: 

2';x 54 = (2 + 3) X (5 -f J) 

According to the distributive property, 
each addend of the indicated sum 5 + j 
is to be multiplied by 2 and then by 
or each addend of the indicated sum 
2 + is to be multiplied by 5 and then 
by j. Therefore the above expression 
may be written as follows: 

b (2 -f :,) ;< (5 -h 1 ) - 2 x (5 f- I (5 f 1 ) 

or 13 ,=• 
or 

(2 -h i) I ;) - (2 -h ;) ' 5 + (2 -H -\) > 4 
~ 1 0 -f 1 ■ J -f- 1 2 -h 4 , 

or 13 A 

Understanding the stei)s given in (b) 
will enalde the pupil to deal intelli- 
gently with the distributixe propertx 
in algebra. 

Multiplying three fractions 

If three fractional numbers are to be 
nmitiplu'd, two oftlu*m must be groupc*d 
becaus' the oi)eri:tion of multiplica- 
tion is L nary. The exampje 4 ^ ^ m 

mav be writtcni as 3 \ 5 ^ 9 . Sinc e both 
numerator and denominator contain 
whole numbers as factors, the ])roperties 
of inulti])lication of whole numbers 
will api)lx to multi i^lieation of frac- 
tional numbers. Therefore the associ- 
atixe* property of imdliplication a])plies 
to multiplication ol rational numbers. 
The* factors »n the numerator may be 
grouped as (2 X 3) X 7 or as 2 X (3 X 7). 
Similarix, the factors in tiie denominator 
may be* grouped. We max then conclude 
that the fractious max be grouped siiui- 
larlx , hence (f X ■5) X "9 = X (‘f’ X if)- 
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In general terms, ■fcX-5-X-f=(fx-f) 
X f = t X (f X f ). 

Wc found in dealing with multiplica- 
tion of whole nuinbcrs that the way 
factors are ananged or regrouped does 
not affect the product. This generaliza- 
tion is a consequence of the conunuta- 
tivc and associative properties. These 
same two properties of multiplication 
of whole nuinhers hold true for multi- 
plication of rational numhers. The se- 
quence of stei)s to show that rational 
numl)ers ma>' be rearranged without 
aflecting the product is as follows: 

The three factors 
Associative property 
Commutative property 
Associative property 
Renaming I x n 

An effective t\pe of exercise for the 
more able pupil consists in finding the 
product of three or more factors without 
the use of paper and pencil (m<‘ntal 
arithmetic). He should be able to make 
the groupings that will simplify the 
work. Such examples as follow ar<* typi- 
cal of the kind to use for this purpose. 

a X 8 1 ’ 

b. ^ >: 2 X ^ 

c 8*9x1' 

For ease in computation, these factors 
should be regrouped as follows: 

a . f ? ’*■ 1 T ) x' q 

b. : ^ ^ U 

c (: X 1.) ^ 9 

DIVIDING A WHOLE NUMBER 
BY A RATIONAL NUMBER 

Kinds of examples in division 
of fractional numbers 

There are only two types of examples 
in multiplication because of the com- 
mutative property of multiplication. 


Thus, f X 4 and 4X5 same 

from the standpoint of multiplication. 
Since division is not commutative, the 
corresponding examples in division are 
not the same as for multiplication. 
Therefore there are three types of ex- 
amples in division of fractional num- 
bers: 

1. Dividing a whole number by a 
fractional number, as 4 -t- f 

2. Dividing a fractional number by 

a whole number, as 5 4 

3. Dividing a fractional number by 
a fractional number, as ^ -j- 

Dividing a whole number 
by a unit fraction 

.A unit fraction has a numerator of 1. 
The pupil experiences little difficidty 
in dividing a whole number by a unit 
fraction. He intuitively knows the an- 
swer when a whole or two wholes are 
divided by -j, j, and so forth, and he 
can check the answer by using his cut- 
outs. A number ray also provides a good 
check for examples of this type: 

• 1 - 2 1 ■ ', = 3 1 - 4 

2 . ; 4 2 -r ; 6 2 -r- ; - 8 

•A number ray shows that the (piotient 
of 2 divided by } is 8 (see Fig. 14.8). 

The pupil used a model of 
some type to find the quo- 2 
tient of a whole number di- ^ 

vided by a unit fraction. He 1 
can check the work by mul- ~ • 

tiplication because division ^ 

is the inverse of multiplica- — L 

tion. if n X -2 = 3, then X n ; 

= 3. If half a number is 3, ^ 

the number is 6. The state- ° 

ment ^ X 6 = 3 is true, 
therefore the corresponding equation 
in division must be true. The pupil may 
also use repeated subtraction as indi- 
cated at the right. Four subtractions 
indicate diere are four -^’s in 2. 


(t X 9 ) X 

fl > (9 ^ ,‘^i ) 
^ V ( ^ 9) 

(2 9 

X 9 
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1 

T 


1 


i i i i 1 i 

4 4 4 4 4 4 


0 1 


01234567 
4 4444444 

Figure 14.8 


2 


8 

4 


Every example in division may be 
changed to an example in multiplica- 
tion. In any example in division the 
product of the divisor and the (piotient 
is evpial to the dividend. The equation 
6 -i- 2 = n may l^e expressed as 2 X ii 
= 6. Similarly, the equation 2 -i- ^ — n 
ihay b(* ex]jressed as ^ X n = 2. There- 
fore the (piotient of every exami)le hav- 
ing a fractional divisor can be found by 
solving the corresponding equation 
using multiplication. The pupil experi- 
ences little tlilliculty in solving an ecjiia- 
tion of t'ne type jrX n -=6. If the divisor 
is not a unit fraction, as in the equation 
27 = ti, the solution of the corre- 

s])onding ecpiation usiiig multiplication 
may be difficult for the ])upil to under 
stand. He must understand the mathe- 
matical basis for dealing with a frac- 
tional divisor. 

Identity element for multiplication 

Dividing by a unit fraction is an ap- 
plication of the identitN element for 
multiplication. T"he i)upil disc*overt*d 
that innltiplying or dividing a whole 
number by I dotvs not change the value 
ol that number. 

2 

The number nanu*d b\ T can be imil- 

i 

tiplied by 1 without changing tli(' mim- 

2 

her. Therefore we may nuiltii)ly j by I 

and rename 1 as j. The work may then 
be indicated as follows: 


2 


^ 1 
■ 4 




2 


4 2 ^ 4 

4 .r - 4 


or 8 

1 


In a similar manner the pupil can find 
the quotient in each example in which 
he found the answer by using models 
or by solving the corresponding ex- 
ample in multiplication. The use of the 
identity element in the solution of ex- 
amples in division is illustrated as 
follows: 


1 

2 ^ 


1 

2 

1 

3 



j 


1 

1 

2 



2 

6 


In each illustration the number is 
multiplied by 1 renamed so that the 
product in the denominators (divisors) 
of the fractions will be 1. The product 
ol (‘ac h pair of factors, such as 2 X -Jr, 
3 X and 4 X j is 1. Two numbers 
that have a product of 1 are multiplica- 
tive inverses or reciprocals. Each num- 
ber is called the reciprocal or inverse of 
the other. Every number except 0 has a 
reciprocal. One is the only number that 
is equal to its reciprocal, as 1 X 1 = 1. 
Since the reci])rocal of a number is also 
the multiplicative* inverse of that num- 
ber, multiplying by the reciprocal of a 
number is the same as multiplx ing by 
the* multiplicative inverse of that num- 
ber. 

The I .otient in fMcli of tlic illustra- 
tions was found by multiplying the divi- 
elenel by the inverse of the divisor. The 
(]uotient of 2 j is equal to 4 X 2, or 8. 
The* inverse or reciprocal of a unit frac- 
tie^n is the denominator of that fraction. 
Therelb.e di aiding b\ a unit fraction is 
the same as multiplying by the denomi- 
nator of that fraction. If a is an> whole 
number and 7' is an>' rational number, 
a = a X y or a X h. 

The pupil learned that dividing by 2 
is the same as multiplying by Con- 
versely, dividing by t is the same as 
multiplying by 2. The numeral for 2 
may be ex]Messed as -y, hence the twe) 
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reciprocals named by and f have 
their terms interchanged. Teachers fre- 
quently have designated the interchang- 
ing of the numerator and denominator 
of a fraction as inverting the fraction. 
Usually the pupil learned the following 
rule for dividing by a fraction; Invert 
the fractional divisor and multiply. 
Often he did not understand the pro- 
cedure but was able to find the correct 
quotient when the divisor was a frac- 
tion. As long as emphasis was placed 
on computational proficiency, this pro- 
cedure was satisfactor>'. 

The teacher should not use the term 
'‘invert” to describe interchanging the 
terms of a fraction. The pupil must learn 
the essential vocabulary of mathematics. 
The term “reciprocal” or “inverse” ex- 
presses the relationship between two 
numbers that have a product of 1 , such 
as 7 and f or 7 and 7 . The correct gen- 
eralization for division by a fractional 
divisor is: multiply by the reciprocal 
(multiplicative inverse) of the divisor. 
Of greater importance than terminology 
is the basic understanding that multi- 
plying by the reciprocal of the divisor 
is an application of the identity property 
of 1. (See the discussion of the mathe- 
matical basis for division, p. 261.) 

Dividing a whole number 
by any fraction 

The pupil learned to divide a whole 
number by a unit fraction. The proce- 
dure for dividing by a unit fraction ap- 
plies to any fractional divisor. The 
teacher should have the class engage in 
a variety of activities involving divid- 
ing by a fraction, as f . A problem of the 
following type may be used to introduce 
the topic: How many ^ yard pieces can 
be cut from a string 4 yards long? 

The class should suggest different 
ways to find the answer to this problem. 


Some of the ways mentioned should be 
the following: 

1 . Cut a string 4 yards long and meas- 
ure off 7 yard pieces. 

2. Draw four circles and divide them 
into thirds and find how many ^ parts 
there are in the four circles (see Fig. 
14.9). 



Figure 14.9 


3. Find the answer from a number 
ray, as shown in Figure 14.10. 

0 12 3 4 

0 12345 6789 10 UK? 

3 3 3 3 3 3 3 3 3 3 3 3" 

Figure 14.10 

4. Make repeated subtractions of 7 
from 4, or add enough ^'s to have a sum 
equal to 4. 

5. Think: “4 7 is 12, hence 4 di- 

vided by f will be half of 12 , or 6 .” 

' 6 . Think: “3 X ^ = 2, hence there 
are three ^'s in 2. In 4 there will be 
twice as many ^’s as in 2 , or 6 .” 

The class should perform either 
items (2) or (3) or both, as well as items 
(1) and (4). 

The experiments that the class per- 
forms indicate that the answer to the 
problem is 6 . This answer can be found 
by changing the example in division to 
an example in multiplication. The di- 
visor f in the division example is 
changed to the factor f in the multipli- 
cation example. 

It should be emphasized that this 
type of problem is basically no differ- 
ent from any other involving division 
by a fraction. 



MULTIPLICATION AND DIVISION OF RATIONAL NUMBERS 


261 


The teacher should help the pupils 
recognize that number sentences in- 
volving fractions belong in sets in the 
same vk'ay as do whole numbers. If 8 X 7 
= 4, then jX 8 = 4, 4-f-^ = 8 , and 
4 8 = ^. In a similar manner, each of 

the multiplication examples listed on 
the left is a member of the same set of 
number sentences as its corresponding 
division example on the right. 


^ X ^2 = P 

P 


a 6 5 "" 4 

a' 4 

\ -6 

b 8x 


b'. 6- 

■ ; - 8 

c. 12 \ 

. -- 10 

c'. 10 

0 - 12 


fj Most of the generalizations already 
learned pertaining to multiplication and 
division of fractional numbers apply to 
this situation. The teacher should have 
the class identify the following charac- 
teristics. 

1. One f actor in each multiplication 
example is a rational number less tlian 
1 and the other factor is a whole num- 
ber. 

2. The i)roduct is less than the whole 
number. 

3. The answer in item (2) is sensible 
because the product is the same as the 
whole number when the other factor is 

1. Sinc(* this factor is less than 1, the 
product must be less than the whole 
number. 

4. The dividend in division corre- 
sponds to the product in multiplication. 

5. The divisor and quotient corre- 
spond to factors in multiplication. 

6 . The quotient of a whole number 
divided by a rational number less than 
1 is greater than the number divided. 

7. The answer in item ( 6 ) is sensible. 
When the divisor is 1, the (piotient is 

^(a) and (a'), (I)) and (I)'), and (i ) and (c ) oacli 
sliow two .scntiMK'fs ot the four sentiMiees in t\\v 
inultiplicatioivdivision pattern. Tlie complete .set 
lor (a) and (a') i.s fi X 4 = 4, * X h == 4, 4 -r ^ 
= 6; 4 -i- 6 = itsee p'.’ 158). 


the same as the dividend. Since the 
divisor is less than 1 , the quotient must 
be greater than the dividend. Division 
is repeated subtraction. If the number 
subtracted is less than 1 , the number of 
subtractions must be greater than the 
number divided to have a final remain- 
der of 0 . 

8 . Multiplication and division are in- 
verse operations. If the product of a 
whole number and a fractional number 
is less than the whole number, then the 
(luotient of the whole number divided 
by that fractional number must be 
greater than the given whole number. 

The number of pupils who will be 
able to discover all of the generaliza- 
tions enumerated is limited. Only the 
more? capable learners will discover the 
last item. The teacher should be certain 
that the elass is encouraged to make as 
many discoveries as possible about the 
two operations dealing with rational 
numbers. 

Mathematical basis for division 
by a fractional number 

The mathematical basis for dividing 
one fractional number by another frac- 
tional number involves four funda- 
mental ideas: 

1. iV Ignition el I as the multipli- 
cative u-L'iitity. This is one of the basic 
proiierties of a number field. 

2. Every rational number except 0 
has a multiplicative inverse (recipro- 
cal), or for every j, 0 , there is a ~ such 
that 7 , X “ 1. This is also a basic prop- 
ert> of a number field. 

3. The product of f and ^ is 7 ^. This 
can be proved as a theorem based on 
field postula:es, but it is not appropriate 
to do so on the elementary school level 
where it must be accepted on the basis 
of models such as the rectangles in Fig- 
ure 14.3 or the number ray in Figure 
14.7. 
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4 . The quotient a b can he renamed 
as f purely by definition. Pupils should 
be able to rename ^ as 2^3 and 4-^5 
as 5. In the same manner, pupils should 

2 

be able to rename ^ -i- f as i»id finally 

a 4 

. (i . c h 

to rename ^ as -7 . 

d 

With the above ideas, the quotient § 
^ may be obtained as follows: 



__ j \ ‘ \ _ 2 4^8 

\ ' 1 = 3^3 9 

Applying the same ideas in Jieneral, 
one obtains: 

9 d a d 

l -£ - ^ C - 6 X C 

b d C ' d erf 

rf r rf ^ c 



The above proves that in i^laee of di- 
viding a number by 77, this number mav 
be multiplied by The division 3 4 

ma\ also be performed as follows: 

12 _ 12 _6 
5 ] ^2 : ^ 12 9 

The latter method is useful in early 
division of fractional numbers but does 
require the determination of the lowest 
common denominator to be efficient. In 
this method, 1 is renamed as where x 
is the ‘lowest common denominator of 
the fraction in both the numerator and 
the denominator. 

It can be shown that the following 
pattern, used frequently with whole 

numbers, also applies to rational num- 

bers. 


When a pupil determines that f 4 
= he should be encouraged to write 
the following pattern and to determine 
whether all of the sentences are true: 

/ 3 « ‘=38 

3 ■" 4 ^ 4 ^ H 

2—8 3 

3 ~ 9 4 3 9 4 

This pattern should be accepted and 
readily understood if sufficient use has 
been made of the corresponding pat- 
tern for whole numbers. Just as the pat- 
tern for whole numbers is useful in 
solving open sentences that involve 
multiplication and division, the above 
pattern is useful in dealing with open 
sentences involving multiplication and 
ilivision of fractional numbers, as illus- 
trated below: 

If 1 ■ n : If r? - i - 

Then n j ~ I !! Then n ^ ! --- j 

Dividing a whoie number 
by a mixed number 

The pupil follows the same pattern 
for dividing in an example of the type 
4 ^ 2 j that he would use to divide in 
the example 5 j. The divisor 2 j is 
expressed in fractional form as ^ . The* 
example then becomes 5 ^ , which 

involves dividing a whole numb(*r by 
a fractional number. The solution would 
be as follows: 

5-^2] - 5 - 

5 \ — b 11 , . , or 1 , 1 

Dividing a fractionai number 
by a whoie number 

The pupil learned that finding half 
a number, as ^ of 6, is the same as di- 
viding 6 by 2 . Similarly, finding a third 
of a number is the same as dividing the 
number by 3 . If a fractional number is 
to be divided by a whole number, the 
situation is reversed. If multiplying a 


a /b- c 
b y a — c 


c - a - b 
c ^b — a 
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number by 2 is the same as dividing by 
2, dividing a number by 2 is the same 
as multiplying by Dividing a rational 
number by a whole number ti is the 
same as multiplying j; by 
The pupil who does not understand 
the relationship just described as part 
of the basic pattern for division by a 
fractional number must be helped to 
discover how to divide a fractional num- 
ber by a whole number. He knows the 
answers to examples of the kind that 
follow and he can verify the (luotients 
by models. 



Since dividing by 2 is the same as find- 
ing half a number, the examples shown 
can be solved as follows: 

' ~ 2 - - v ' - ; 

’ -3 

; - 2-- 1 « ’ : 

: . 2 - ’ ^ ; 

The illustrations show that dividing by 
a whole nuinbcr is the same as multi- 
plying by the reciprocal of that nmnbcr. 
Conversely, multiplying by a whole 
number is the same as dividing by t! * 
reciprocal or uniltii)licative inverse of 
that number. 

What is the next fractional number? 

We found that the operations are per- 
formed differently with whole numbers 
than with fractional niunbt*rs. Another 
difference between these two kinds of 
numbers depends upon their sequence. 
It is always possible to name the next 
larger whole number. If is an> who.e 
number, the next larger whole number 
is n + 1 . It is not possible to name the 
next larger fractional number in the set 
of rational ntimbers. We can illustrate 


by considering the fractions ^ and j. 
The segment on a number ray between 
two points corresponding to and f 
can be divided into two congruent parts. 

There is always a point on a number 
ray that is midway between two points 
which correspond to two numbers. The 
number that corresponds to the mid- 
point on the line segment connecting 
two numbers is their average. TJie 
average of two numbers is their sum 
divided by 2 . The point on a number 
ray that is midway between the points 
identified with -7 and j corresponds to 
the number (f + f) 2 = j X or 
Similarly, there is a point on a number 
ray midway between the points identi- 
fied with 7 and 7 that corresponds to 
the number In the same way it is 
possible to identify points that corre- 
spond to the numbers ^7, fj, and 
the like. There is always another num- 
ber between 7 and the last designated 
number. Similarly, it may be shown that 
between an\ two rational numbers there 
is an infinite number of rational num- 
bers. Mathematicians describe this 
property of rational numbers as dense- 
ness. We sa\ that the set of rational 
numbers is dense. 

The N‘achcr should have the superior 
pupils monstratc that there is no next 
rational iiumber in the sense that there 
is a n*gular sequence in the set of whole 
numbers. The pupil who does well in 
this activity should find the number 
coiTes])onding to the midpoint of the 
segment of a number rav between the 
points that correspond to two rational 
immbcis, as 7 and 4 . He should then 
continue the operation until he dis- 
covers the pattern for identifying the 
ne xt number in a given sequence. Three 
benefits to be derived from an exer- 
cise of this kind are as follows: 

1 . pupil receives practice in di- 
\ iding the sum of two rational niim- 
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bers by a whole number. An example 
of this kind illustrates the distributive 
property of division over addition in 
dealing with rational numbers. 

2. The experience should enable the 
pupil to develop insight into the con- 
cept of denseness of rational numbers 
about a given point. 

3. The pupil should discover the pat- 
tern for writing die terms of a particular 
number series. 

Divisor and dividend 
a fractionai number 

Is the quotient sensible? If the divi- 
sor is a fractional number, the dividend 
ma>- be a whole number, a fractional 
number that is less than 1 or greater 
than 1, or a mixed number. In each case 
the division operation is performed by 
multiplying by the inverse of the divi- 
sor. The pupil readih’ learns the algo- 
rism for dividing by a fractional num- 
ber, but the work may be mechanical. 
It is important, therefore, for him to be 
able to determine whether the quotient 
of two rational numbers is sensible. 
The reasonableness of the quotient de- 
pends upon the pupil’s understanding 
of the following three generalizations: 

1. The quotient of a number divided 
by itself is 1, as 7)7. 

2. The quotient of a number divided 
by a smaller number is greater than I, 
as 6)24. 

3. The quotient of a number divided 
by a larger number is less than 1, as 
12)5. 

These three principles apply to a 
fractional divisor as well as to a divisor 
that is a whole number. The pupil who 
understands these principles and the 
relative value of the two numbers di- 
vided should be able to generalize 
about the quotient, as shown in the 
following examples: 
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^ 1 The quotient is greater than 1 
^ (Principle 2) ' 

j ^ , The quotient is less than 1 
^ *’ (Principle 3) 

2;* ^ 3 J The quotient is less than 1 
(Principle 3) 

- ^ The quotient is 1 

(Principle 1) 

The ability to determine whether an 
answer is sensible enables the pupil to 
correct errors that otherwise would not 
be detected. In the example ^ the 
pupil may multiply by 4 instead of ^ 
because he interchanged (inverted) the 
terms of the wrong fraction. This is a 
common type of error. If the terms of the 
fraction ^ arc interchanged instead of 
the terms of the fraction j, the solution 
becomes ^ X f ~ pupil 

who knows that ^ is less than j and 
understands principle (3) discovers that 
the answer is not sensibh*. He then 
looks for the source of the error in the 
solution. 

An cHective means of challenging the 
fast learner in division of rational num- 
bers is to have him decide if the (pio- 
tient will be ecpial to, less than, or 
greater than 1 before dividing in an ex- 
ample. The examples may be written 
in the following form. The pni)il inserts 
in the circles the correct symbol, =, 
>, or <, that will make each matlu^- 
matical sentenc e tnie. 

’ : : 1 . - . 1 > 1 
a . 1 : - 1 . ' 1 

The pupil solves the examples to check 
his selection of symbols. This kind of 
work in division of rational numbers is 
intended primarily for the pupil of su- 
l^erior ability. 

The common denominator method 

The traditional way to divide by a 
fractional divisor was to invert the divi- 
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sor and multiply. Now it is conventional 
to use the more sophisticated phrase- 
olojiy multiply hy the* reciprocal or 
multiplicative inverse of the divisor.” 
Regardless of the phraseology, many ])u- 
pils do not understand the mathematical 
basis of the opt'ration. 

A procedure that may he easier to 
understand than the methods described 
consists in renaming fractional numbers 
expressed with unlike denominators as 
fractional numbers expressed with like 
denominators and then divide' numer- 
ators and denominators. A limited in- 
vestigation by Brownell showed that 
slow learners preferred this method to 
the more conventional method.’* 

Another investigation by Capps com- 
pared the inversion method with the 
common denominator method. In aeon- 
trolled exi)eriment with approximately 
5 b() pupiis III the group using the com- 
mon denominates* method and a smaller 
numbcM* of pupils in the control grou]) 
using the inversion mc'thod, the results 
from th(‘ two groups were not signifi- 
c’antly different, (sipi)s’s concluding 
statement is appro])riate in inlerprcH- 
ing the* results of the c'xperiiiu'nt: “One 
thing is evident. There arc main facets 
of the' two inc'thods which need fur- 
ther in\ ('stigation before either can be* 
condemuc'd or commended.”^’ 

According to the c'oinmon denomi- 
nator method, the numbers to be di- 
vided are c'xpressed as having like' ch'- 
nominators, as shown below. In multi- 
plication both numerators and denomi- 
nators are multi])lied T’lien in division 
both numerators and denominators are 

1_3 4 3 4 3^4 

2 8 “ 8 ■■ 8 ” 8 ^ 8 ■ 3' ' 

•'\y. A. Brownrll, "Two Kiiuls of Loariiiim in 
Arithmetic, " Journal of Educational Rcscarrih 
Man h I U38, 3 1 :fS56-Wi4. 

”la'loii R. (aipps, “Division of Kraclions. /’/if 
Arithmetic Tvdeher, )annar\ 19B2, 9:16. 


divided. Since the denominators are 
equal, the quotient of the denominators 
is 1. T(> divide fractions having like de- 
nominators, then, one divides tlie nu- 
merators. 

The following method, used by many 
modern programs for dividing two frac- 
tional numbers, is a direct ai^plication 
of the identity i)roperty of 1 in multi- 
plication: 

2 ^ 3 _ ' _ f 12 ^ 8 

3 ’’ 4 “ i *1 * 12 ’9 

The procedure is perfectly general 
and may be applied to any two fractions: 

a c § bd b ^ bd ad 
b d ^ ^ bd ^ ■ bd be 

In this situation multiplication by 1 
occ'urs in the form of multiplication by 
TT be cause' bd is the lowest common 
denominator of the two fractions. Of 
course, wc also know that to divide by 
a fraction wc may multiply b\' its re- 
ciprocal. Thus: 

. .1 g _ ad 

1) J ' h ' c be 

Dividing mixed numbers 

.\li'»i! numbers fie divid('d in the 
same \ v that frai tional numbers are 
divided. The mixed numerals should 
be c' anged to fractions. The illustra- 
tions below show the form to be used 
in dealing with mixed numbers: 

a 6 ■ 2 ■ - 6 - - 6 or 2-. 

b 4 3 - - 3 - • - ^ i- or 1 : 

c 1 3 \ - .V 

d 3 1 - - ■ = ^ X " = V\ or 2 J 

The division of mixed numbers ma>' 
also be performed in a manner similar 
to that illustrated on page 262. 
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3j 4 ^ (3 + -i) X 4 
li ^ 4 (1 + .!) X 4 


Note that the distributive property 
is also used here. 

THREE TYPES OF PROBLEMS 
INVOLVING RATIONAL NUMBERS 

Relating fractions, decimals, 
and per cent 

There arc three t\ pes of problems in 
multiplication and division of fractional 
numbers. Problems representative of 
these patterns may use decimals or ])er 
cents. The familiar “three cases of per 
cent” illustrate the three kinds of prob- 
lems in multi]dication and division of 
fractional numbers. 

The three uses of fractional numbers 
in multiplication and division are as 
follows: 

1. Finding a fractional part of a num- 
ber 

2. Finding the ratio of two numbers 

3. Finding a number when a frac- 
tional part of it is given. 

The three uses of fractional num- 
bers may be illustrated by the follow- 
ing problems: 

1. A team won ^ of the basketball 
games played. If the team ])layed 20 
games, how many games did it win? 


/7 = J of 20 = ? X 20 = 16 

The team won 16 games. 

2. A team played 20 games and won 
16 of them. What part of the games 
played did the team win? 

r) \ 20 16, or n = 16 4- 20 J 

The team won of its games. 

3. A team won ^ of the games it 
played. If the team won 16 games, how 
many games did it play? 

" of n 16 
16 

n -- 16 ' 

n — \ . or 20 

The team played 20 games. 

In i^roblem (3) the product of two 
factors and one factor are given. To find 
the factor n, divide the product by the 
known factor. 

If .8 replaces the fraction in the above 
problems, the problems then rt^present 
the types of examples found in multipli- 
cation and division of decimals. If 809f 
replaces the fraction the problems 
represent the types of examples in per 
eent. 

Th(^ numbers in the three problems 
may be arranged as shown in Table 
14.1. In each problem two of the thrt^e 
numbers iin olved are known. The third 
number is exi)ressed as a variable ii. 


TABLE 14.1 

Problems with Open Sentences 

Fractional 

Part Base Xtiwhcr Product Often Sentence 


1. 

4 

T 

20 

n 

c 

II 

o 

CVJ 

X 

2. 

n 

20 

16 

r? X 20 = 16 

3. 

i 

n 

^Sn 

II 

c 

X 
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Table 14.1 illustrates the value of in- formula p = may be an efFectivc 
sisting that pupils interpret verbal prob- means to enable the pupil to solve for 

lems with open scmtences. The table the variable. The number multiplied 

shows that the three examples are es- by the fractional part is frequently re- 

sentially three different forms of the ferred to as the base. Identification of 

same problem. In tln^ past, these three the base is a key to successful inter- 
examples have all too often been treated i)retation (the writing of an open sen- 

as three separate, unrelated i)roblems. tence) of the three types of problems 
A formula, such as the ])ercentag(‘ described above. 

TABLE 14.2 


Properties of Whole Numbers and Positive Rational Numbers 


Property 

Set ofW 

Set of Positive Ha 

Qommutative for A 

a +b=b+a 

a , c c . a 
b d'~d'^ b 

Commutative for M 

a X c = c X a 

b ^ of of ^ b 

Associative for A 

(a + b) + c a -t- (5 + c) 


Associative for M 

(a X b) X c = a X (b X c) 

(f ^ 5 ) ^ 7 f ^ ^ 7 ) 

Distributive of 

M over A 

a X (b + c) = ab + be 

3 V 4- ab ,ae 

b^\c^ f) bc^ bf 

D over A 

Identity element 
for A 

if a and b a:e 
multiples of c 

a -f-0 — a 

(a , c\ , e _ af . cf 
\b ^ d) ‘ f be de 

a , 0 a 
b^ b b 

for M 

a X 1 = a 

1 

b b 

Zero in M 

a X 0 = 0 

r X 0 = 0 
b 

Reciprocal 
or inverse 

None (except for 1) 

a b 
b^a = ^ 



ax-^ = 1 

Closure 

a + b is a W 

l+fisaRa 


a X b is a W 

f X § is a Ra 
b 0 

1 -- 1 is a Ra (divisor not 0) 

Density 

None 

Between the endpoints of 
any line segment there 
is an infinite number of 
points that correspond 
to Ra 
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PROPERTIES OF WHOLE NUMBERS 
AND RATIONAL NUMBERS 

A tabular representation 

Chapters 9 and 1 1 discuss whole 
niiinl)ers and the properties that govern 
operations with these miinhers. Chap- 
ter 13 together with the present chapter 
deal with rational luimhers and the })rin- 
ciples underlying operations with these 


1. Show the relationship between partitive 
division and multiplication by a frac- 
tional number. 

2. Make a diagram to show that the prod- 
uct of f x I Is 

3. Show by approximation that the prod- 
uct in the example I x 3t = 2| is sen- 
sible. Solve the example and show that 
the product is not correct. 

4. Give the mathematical basis of cancel- 
lation as it refers to multiplication of ra- 
tional numbers. 

5. Arrange the factors in the example 1 
X 3t X 1 7 so as to make the computa- 
tion as easy as possible. What proper- 
ties are involved in the solution? 

6. Show how you would have a pupil un- 
derstand that the product of two rational 
numbers each having a value less than 
1 is less than either number. 

7. Let ^ represent any positive rational 
number. Compare the value of m with 
n when the reciprocal (multiplicative in- 
verse) of^ls: 

a. A rational number having a value 
less than 1. 

b. A rational number having a value 
greater than 1. 

c. A whole number greater than 1. 

8. Write the equation i | = n as an 
equation involving multiplication. What 


numbers. A comparative study of the 
properties of each set of numbers will 
show points of likeness and difference 
(see Table 14.2). 

We shall assume that b, and c are 
whole numbers and that "t, *§■, and "f 
are positive rational numbers. In Table 
14.2, W = a whole number, Ra = a 
rational number, A = addition, D = di- 
vision, M = multiplication, and S = 
subtraction. 


EXERCISES 

is the mathematical basis of the trans- 
formation? 

9. Find the number on a segment of a 
number ray that is midway between the 
points corresponding to the numbers 
T and T. Then identify the point on the 
segment midway between the point cor- 
responding with that number and the 
point corresponding with 1. Continue 
the procedure m the same way until you 
discover the pattern for naming the next 
number In the sequence. 

10. Use the common denominator method 
to find the quotient in the following; 

a 2 5 p p 1 ^ L 

»■ 3 • 6 ^2 • 12 

b. I H- f d. I -r 3? 

11. By Inspection determine which symbol, 
<, >, or =, should be Inserted in the 
circle to make each of the following 
mathematical sentences true: 

f-|oi 

12. Use the numbers in each set. Write the 
four examples that may be made with 
the elements of each set of numbers. 

C; {12.5.9} 

e. {l.5-.i} D: {1,14} 
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RATIONAL NUMBERS 
EXPRESSED AS DECIMALS 


Chapters J3 and 14 discussed rational 
numbers that are expressed as fractions. 
This chapter deals with rational num- 
bers that are expressed as decimals. The 
numerals -f, j, and name the same 
numbers as .4, .75, and .125, respec- 
tively. The numerals ^ and .4 are differ- 
ent ways of expressing the same rational 
number. 

Historically, decimals are a rather re- 
cent innovation in naming rational num^ 
bers. In the latter part of the sixteenth 
century, a Dutch mathematician named 
Steviii gave the first systematic* treat- 
ment of decimals, but not until two cen- 
turies later did decimals come into pop- 
ular use. Even today the symbolism 


used for decimals is not universal. In 
England t\w decivial point is positioned 
higher on the line than is the practice 
in the United States. For example, the 
numeral 3.14 in England is written 
3*14. In some European countries a 
comma is used instead of a decimal 
point to designate a decimal, as 3,14. 

The introduction of decimals made it 
easier both to obtain and to interpret 
the answer to problems that previously 
had to be solved with fractions. Frac- 
tions having unwieldly denominators, 
such as niade computation difficult. 
Computations in the four operations 
with decimals and whole numbers are 
performed in a similar way. 
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The way to express a rational number 
less than 1 but greater than 0 follows 
the pattern of that for whole numbers. 
In a whole number each place to the 
left of ones’ place is a power of 10. In 
a rational number expressed as a deci- 
mal, each place to the rij^ht of ones’ 
place is a power ol the reciprocal of 
ten, or one tenth,* as shown by the fol- 
lowing expanded notation for tlic nu- 
meral 72.45: 

72 45 - 7 V 10' -h2 K 10 " + 4 y -}- 5 . 

The illustration shows that the intro- 
duction of decimals extended place 
vahu? to the right of ones’ place. 
^Decimals represent another way of 
expressing rational numbers. There- 
fore the same ])roperties that apply to 
positive rational numbers a])ply to deci- 
mals. 

'I Ih' t()llo^vi:lg topics art* iiiclndt'd in 
this (‘Ihiptci. introducing the decimal 
concc|)t; addition and :ml)tiacti()n ol 
decimals; mnitiiilication o( decimals, 
di\ ision ol di'cen ils. 

INTRODUCING THE 
DECIMAL CONCEPT 
Materials for Introducing decimals 

Each pupil should have a kit of 
squares and rectangular strips similar 


to the materials he used in dealing with 
positive integers. One side of the large 
square in his kit is divided into 100 
small squares representing 100. The 
reverse side of the square is unruled. 
The large square can represent 1. The 
same type of square is used in intro- 
ducing decimals. An unruled strip hav- 
ing an area of a tenth of the large square 
represents .1, and a small square repre- 
sents .01. The number represented in 
Figure 15.1 is 1.34. 



A number ray is an effective teaching 
aid for introducing decimals (see Fig. 
15.2). Both fractional and decimal nu- 
merals may be used to express the num- 
bers corresponding to points on the 
number ray. The fractional numerals 
are shown above the ray and the corre- 
sponding decimal numerals are shown 
below the ray. 

F or demonstration y^urposes, the class- 
room should contain a place-value chart 
to rep’csent ones’, tenths’, and hun- 
dredth places, as shown in Figure 15.3. 


^ ^0 ^16 ho ho Mo ^10 ^0 ^ i 5 ^ 


1 .? 3 4 b ^ ^ ^ 10 LI L? Li LI Li LZ Li L? 

fo JO i"o 10 lo 10 10 lu 10 10 10 10 10 10 10' 10 10 id 10 li' 

1 .2 .3 .4 5 6 7 8 9 1 0 1.1 1.? 1 3 1.4 1 5 1.6 1.7 1.8 1 9 2.0 

Figure 15.2 


' 3 ’hc number named bv max be expressed 
a.s 10 '. Then .45 - 4 X 10 ' -h 5 X 10 ^ The 
pupil will leani in al>;ebra that 10 “' and are 
different name.sToi the same number. 


Tenths 

Hundredths 









Figure 15.3 
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A fraction chart is an effective class- 
room teaching aid. The chart may be 
made of oak tag or it may consist of a 
frame with movable parts, as shown in 
Figure 15.4. The strips in the movable 
parts should show the eciuivalence of 
fractional numbers and decimals. One 
strip should show some number, as a 
half expressed as a fractional numeral. 
The adjoining strip should show the 
same number expressed as a decimal 
numeral. 


1 

1 

T 

.5 

JL 

10 

.1 

10 

.1 

1 

10 

.1 

10 

,1 

10 

.1 

ill 

iiii 

Ullli 

mliii 

mill 

gill 

gill 

gglgg 

ill 

imlui 


Figure 15.4 


Teaching the meaning 
of a decimal 

Each pupil selects a large square 
from his kit and identifies the square as 
representing 1. He then selects a rec- 
tangular strip from his kit and deter- 
mines the value of this strip by placing 
enough strips on the square to repre- 
sent a whole. The pupil writes the frac- 
tional numeial to show the number rep- 
resented. Then the teacher shows the 
decimal numeral to reji resent the same 
number: 


Fraction Decimal 

:C 

2 


; ? 1 10-1 

The demonstration with the strips is 
continued until all ten strips are used. 


The left-hand column of the example 
shows the fractional humeral for -jo", 
which is the same number as repre- 
sented by 1. The column at the right 
shows the decimal numeral represent- 
ing the same number. The decimal nu- 
meral is 1.0, or 1. A number ray divided 
as illustrated on page 271 is also an ef- 
fective means for showing that the nu- 
merals “[()"» 1.0 represent the 

same number. 

It is important for the pupil to dis- 
cover the relationship between frac- 
tions and decimals. The teacher should 
stress the fact that the fraction and 
the decimal .7 represent the same num- 
ber, but the numerals used to represent 
that number are different. 

Next the teacher has the class dis- 
cover how it is possible to represent 1 1 
tenths. The pupil uses his kit material 
to show that this number may be repre- 
sented in either the ungrouped or the 
groui)ed form by using both fractions 
and decimals. Using fractions, he finds 
that the ungrouped form is and th(‘ 
grouped form is l-j^. Figure 15.5, con- 
taining 1 1 strips, shows the ungrouped 
number. Notice that tenths* place is 
overloaded and therefore it is necessary 
tb regroup the number as a whole and 
a tenth. The numeral for this number 
is 1.1. 



Figure 15.5 
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It is not necossary to use a marker to 
symbolize the decimal j^oint as the pu- 
pil works with his kit material to show 
a number. He should indicate a break 
of approximately two inches between 
the squares representing the number 
in ones’ place and the strip repnvsenting 
tenths. Figure 15.6 shows how to repre- 
sent the numeral 2.3. 



Figure 15.6 


After the pupil discovers the nu^an- 
ing ol tenths, he should find the missing 
numerals in an exercise of the type that 
follows: 

a. 3 : 7 0.. . 

b 2 £ 8 _ 11 

c 1 2 14 17.. 2 0 

d 1 9 1 / 25 33 

It is eqnall> important for the pupil 
to discover how to change a grouped 
number, as 2.1, to an ungronix'd num- 
ber, or 21 tenths, as it is for him to make 
the change in the reverse order. Some 
pupils may need many experiences 
using kit materials in order to discover 
the efpiivalence between the two sym- 
bolic representations. Thus 2 is equal 
to 20 tt'ulhs. 'Fhe number named by 2 
may be named as I and 10 tenths. Ac- 
cordingly, it is clear that there are dif- 
ferent ways of naming a decimal or any 
other rational number. At initial instruc- 
tion the inipil should learn how to rt'- 
group or rename a number as the next 
equivalent smaller or larger unit. Th* s 
2 ones are equal to 20 tenths, and vice 
versa. 

An exercise of the following type is 
representative of the kind of written 
work to give to the class. The piq^il 


should complete each number sentence 
to make it a true statement. 



When a pupil demonstrates that he 
understands the meaning of tenths, he 
is ready to explore the meaning of hun- 
dredths. The teacher has the i)upil se- 
lect a small scpiare from his kit material 
(Fig. 15.7). The pu])il estimates its value 
and verifies the estimation by showing 



that 10 of the smaller squares are equal 
to 1 strip, 'rhendbn' th(‘ value of a small 
square is of the value of 1 strip, or 
of the value of a large square. Then 
tin* teacher represents 1 hundredth by 
using a place-value chart (Fig. 15.S). Tlu^ 
tunpty pocket in tenths’ place shows 



I 0 I I 0 ! 1 ! 

I I I L I 


Figure 15.8 

that there are no tenths in that place. 
The 0 in .01 indicates the number of 
tenths in tenths’ i)lace. 


’ 0 \ 10 


1 (10 


01 


After a pupil has had a varietv of in- 
sightful experiences with explorator>- 
and visual materials, he should be able 
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to make the following generalizations 
pertaining to decimals: 

1. One place to the right of ones’ 
place represents tenths. 

2. Two places to the right of ones’ 
place represent hundredths. 

3. If a decimal numeral and a frac- 
tional numeral represent the same num- 
ber, the denominator of the fractional 
uuineral is 10 or a ]H)w^er of 10. 

4. The number of decimal places in 
a decimal numeral is the same as the 
number of zeros in the denominator of 
an efiuivalent fractional uuineral in 
which the denominator is a power of 10. 

It is important for the inipil to dis- 
cover the relationship described in the 
fourth generalization. The distinguish- 
ing feature of a rational number ex- 
pressed with a decimal uuineral is the 
use of an unwritten denominator and 
a decimal point. Every decimal can be 
ex])ressed as a fraction with a denomi- 
nator that is a power of ten. Because the 
number of places or digits in the nu- 
merator corresponds to the power of 10 
or to the number of zeros in the denomi- 
nator, it is not nec’essary to write the de- 
nominator. The numeral ,27 contains 
two decimal places, hence the corre- 
sponding numeral expressed as a frac- 
tion is “A fraction with a denomi- 
nator that is a power of 10, for example 
1/100, 1/10, or 1/10^ might for brevity 
be called a basic fraction/''^ The term 
“basic fraction” is descriptive of a ra- 
tional number expressed as a decimal, 
but the term “decimal” will be used in 
this text. 

Since the denominator of a decimal 
expressed as a fraction is a power of 10, 
it is easy to rename a decimal. The num- 
ber ex]^ressed as .3 may be written as 

“Topics /ft Arithmetic. Twfnty-niiith Yearbook 
of the National (’oiiiicil of Teachers of Mathe- 
matics (Washin^;ton, D.C.: The Council, J964), 
p. 303. 


3 3 

Yq. To rename yq, multiply this fraction 
by 1 expressed as y§ • The number rep- 
resented by .3 may be renamed as fol- 
lows: 

3 _ i ^ 1 3 . , 10 , 30 _ 

10 — 10 X I — 10 X 10 — 100 — .OU 

In a similar wav, .3 may be expressed 
1000 by multiplying Too by yT or 
^ by -Yinr- Therefore, to rename a deci- 
mal, annex one or more zeros to the 
decimal numeral, as .4 = .40 or .4 = 
.40().** 

Introducing thousandths 

The teacher should not find it neces- 
sary to use exploratory .materials to 
introduce the meaning of thousandths. 
There are two reasons for this state- 
ment. First, the value of I is 1000 times 
the value of .001. Materials to show this 
relationship will be of little value in 
enabling the pupil to discover the com- 
parative value of these numbers. Sec- 
ond, the pupil should lx* able to discover 
the pattern of the relationship existing 
between consecutive places iu the num- 
ber system from his knowledge of this 
system in dealing with whole numbers. 
The pupil who does not discover this 
pattern from dealing with ones, tenths, 
and hundredths very ])robably will not 
be helped in this respect by further use 
of exploratory materials. 

Decimal point identifies 
ones’ place 

Teachers frequently have a ])upil 
identify the place a digit occupies in a 
numeral from the position of the decimal 
point. Thus the 3 in hundredths’ place 
in the numeral 21 .03 is two places to the 

The nuiiicruls .4, .40, and .400 do not iiaiiK* 
the same niiinl)CT when incasiircincnts arc in- 
volved (see p. 278). A incasurcincrit expressed as 
.4 in. has a much greater error than a measurement 
expressed as .400 in. 
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Thousands 

Hundreds 

Tens 

Ones 

Tenths 

Hundredths 

Thousandths 

(10)‘ 

(loy 

(10)' 

(10)“ 


ikY 

{^r 

1000 

100 

10 

1 

.1 

.01 

.001 


Figure 15.9 


li^ht of the cleciniiil point. The 2 in 
tens’ ])lace is two places to the left of 
the decimal point. Both ihv 2 and the 3 
are the same nnmher of places from lhc‘ 
decimal point. IIowev(‘r, the 2 holds 
lens* i)lace and the 3 holds hiDidredths* 
l)lace. Since there is a distinct rela- 
tionship between correspondinfr places 
on each side of the decimal point, as 
tens and tenf/is, hnndredv and Imn- 
drcclt lis, these corresponding ])hues 
should be the same number of places 
from the i)oint of r(*ference. 

Kij^nrt* 15.U jxi\'e'- the naiiu^s and the 
nnmerals for the first three places to the 
left and ri^ht of ones’ place. The nu- 
merals in (A) show the value of each 
place e\])ressed as a power of 10 or 
IQ.'* The numerals in (B) jj:i\e the stand- 
ard number names of (*ach plac e, 

'rhe figure shows that ones’ place is 
the point of reference* from which to 
identify a place or a elicit in a numeral. 
The exponent of base 10 or /q is cMpuil 
to the number of places a (hji^it is n'- 
named from ones’ place. Since 10 or 
is equal to 1, the 0 corresponds to 
ernes’ place, which is the starting point of 
identification of a dij^it in a numeral. In 
the numeral 723.17, the exponent of 10 

‘‘The inimcral.s (-jV) niul (10) ' iiauR* tin* sanir 
niiniber. The use of the reciprocal ot base 10, 
“io-, makes it possil)Ie to eliminate nejjative ex- 
ponents in naming nnmliers that are powers ol 
. 1 . 


and is 2. This exponent indicates that 
7 is two places both to the left and right 
of ones’ place. 

Writing decimals from dictation 

The i)upil should spend a minimum 
of class time in practicing to write deci- 
mals from dictation for the following 
reasons. First, it is difficult to achieve 
accuracy in writing decimals from dicta- 
tion because of the promiscuous use 
of the term “and” in reading a whole 
number, as “four hundred and fifty” 
for the niimbc*r 450. Second, it is dif- 
ficidt to distinguish between the end- 
ings of corres])onding places on each 
side of ones’ place, as hundred.v and 
hiindredt/i.v. Third, business procedure 
does not follow this plan. In business 
practiia* ach digit is read by giving its 
face vah . The number 2.375 is read 
as 2-point 3 7 5. A familiar usage is the 
conventional reading of the approximate 
value of TT as 3-point 14 16. Fourth, 
writing decimals from dictation does 
not increast a pupil’s understanding of 
them. A pupil should, however, be 
able to write from dictation a decimal 
expressed as tenths, hundredths, and 
perhaps as tl ousandths. 

Extending place value 
to the right of ones’ place 

B> the time the i)upil begins a sys- 
t(*matic study of decimals, he should 
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know that moving a digit in a numeral 
one place to the left multiplies the 
cardinal value of that digit by 10. Sim- 
ilarly, moving a digit one place to the 
right divides the value of that digit 
by 10. The more able pupil should 
know that if a digit is moved more than 
one place to the left, the cardinal value 
of that digit is multiplied by a power of 
10. The power of 10 is the same as the 
number of places the digit is moved. 
Also, moving a digit more than one 
place to the right divides the total value 
of that digit by 10" if n represents the 
number of places the digit is moved. 
This plan applies to whole numbers. 
The pupil should discover that this plan 
also applies to decimals. The pupil 
should compare the total values of a 
digit as it occupies different places in 
a numeral, as illustrated in the numeral 
222.22. The total value of 
each 2 is shown at the right. 02 

Beginning with .02, each 2 

succeeding number named 2 
in the table is 10 times the ^ 
preceding number. Sim- 
ilarly, beginning with 200, 
each number named above 200 in the 
table is one tenth the preceding number. 
Therefore, moving a digit has the same 
effect in a numeral naming both a whole 
number and a decimal. The arrows in 
the diagram below show the effect of 
moving a digit to the left or right in a 
numeral. 

Multiplies by a power of 10 

2 2 2-2 2 


Divides by a power of 10 

The teacher should be sure the pupil 
discovers that moving a digit in opjK)- 
site directions involves opposite oper- 
ations— namely, multiplication to the 
left and division to the right. 


The pupil learned by grade 3 that the 
standard numeral for a liumber can be 
expressed in expanded notation, as 
723 = 7 X 100 + 2 XlO + 3. In grade 
5 or 6 he learned to express the value 
of a place in a numeral as a ])ower of 
10. The expanded notation for 723 may 
then be exi)ressed as follows: 

723 = 7 X 100 i- 2 \ 10 1-3 
= 7\ (10)' -i 2x (10)’ f 3 

The pattern for expressing whole 
numbers in expanded form applies to 
decimals. The reciprocal of the base 
ten is used in the expanded notation in 
decimals in order to eliminate nega- 
tive exponents. The expanded notation 
for the numeral .275 may be expressed 
as follows: 

275 — 2 i!) + 7 \ ,i!o + 5 \ To 0 0 

- 2 \ ( + 7 A ( 1 5 \ ( .0)' 

The following open-number sen- 
tences arc rc])rcsentativc of the kind 
the class should complete in dealing 
with the expandt^d notation of a decimal. 
The pupil should make each statement 
a true statement. 

a, 7 ,’o +3 ■ (A)' h4 X (A)'-' , 

b 5 10 f 4 . (,’.)’ f6 - 

c .25 — H A + 5 L 
d 342 -- 3 V r + A - ( f 2 A ( a:']’ 

ADDITION AND SUBTRACTION 
OF DECIMALS 

The chief reason for the introduction 
of the decimal notation is to simplify 
computation with rational numbers. 
The procedure for adding and subtract- 
ing, decimals is the same as for whole 
numbers. In order to deal effectively 
with addition and subtraction of deci- 
mals, the pupil should discover the 
following: 
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1. We add and subtract decimals in 
the same way as we add and subtract 
whole numbers. 

2. The properties of rational num- 
bers are the same rej^ardless of the set 
of numerals used. 

The pupil learned in addition and 
subtraction of whole numbers that ones 
are combined with ones, tens with tens, 
and the like. This same pattern applies 
to decimals. Therefore, only numbers 
named in corres])ondin^ places c an l)e 
combined, as tenths and tenths, hun- 
dredths and hundredths, and the like. 
The pupil may use his r<‘ctan^ular strips 
tc^find the sum of two decimals, such as 
.5 and .4 or .7 and .8. A numl)er ray, as 
shown in Figure 15.10, is also effec tive 
for representing the sum. The impil 
writes 'the decimal numerals in both 
vertical and horizontal forms to show 
the snm <:[ mc*1i i^air of numbers. 

5 7 

-I - 4 i 8 

9 1 5 

5 f 4 - d 7,8-15 
4 15-9 8 t 7 ■ 1 5 

The examples indicate that the commu- 
tative law applies to addition of deci- 
mals as well as to addition of whole 
numbers. The* ]m])il should check the 
work by finding the sum with fractional 
numcMals. 

The use c^f a number ra> recm])hasi/<\s 
how subtraction is related to addition. 

Subtraction 

0 _ _ _ ^ 1 

.1 .2 .3 .4 .5 .6 .7 .8 .9 1-0 


.5 .4 

Addition 


To find the sum of two decimals, such 
as .5 and .4, on a number ray, find the 
point corresponding to .5 and then move 
4 s])aces to the right and end at the point 
corres])onding to .9. To subtract .5 from 
.9, begin at the point corresponding to 
.9 and move 4 spaces to the left. The 
terminal point is the number repre- 
sented by .5. This is the starting point 
for the corresponding example in ad- 
dition. 

The number of addends should be in- 
creased from two to three or more to 
show how grou])ing affects the sum. By 
referring to a number ray, the ])upil can 
demonstrate that the snm of .3 + .4 + .5 
is thc^ same regardless of the way in 
which the addends arc* groupt'd. 

After the? i)upil understands how to 
express rational numbers in decimal 
form, lu» should solve open sentenc.*es 
of the following type: 

- 2 f 5 I . ■+ ...1 - 6 

7 1 - 1 4 -f :■ - 5 

3 3 - 18 = i- / 

3^4 I 3 
7 -t 9 - 7 h ( 4 ^- \) 

3 \ - 8 t 3 

( 3 r 5) t 2 = 3 +- {! ^ 2) 

( 4 t ) -4- 7 ^- ( 5 ^ 6) -f- 7 

The » 'unber sentences illustrate the' 
connnni ’vc and associative properties 
in addition of rational numbers. 'Fhc 
teachc ^ should also have the pupil dis- 
c'ovcr how the distributive ])ro])erty ap- 


2 

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 


Figure 15.10 
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plies in addition of decimals by an ex- 
ample of the followinj^ type: 

4 f .3-(4^ /o) ^(3\ /o) 

(4 \ /o) "^(3 x ,’ 0 ) = lb X (4 f 3) 

~ ill X 7 — io , or 7 

In the same way, adding hundredths 
and hundredths illustrates the distrib- 
utive property of multiplication over ad- 
dition of rational numbers expressed as 
decimals. 

After limited practice in adding ra- 
tional numbers expressed as decimals, 
the pupil should make the following 
generalizations: 

1. Decimals are added in a similar 
way as whole numbers. 

2. If the addends are ex]^ressed as 
tenths, the sum will be tenths; if the ad- 
dends are expressed as hundredths, the 
sum will be hundredths. 

3. Adding numbers named by nu- 
merals in like places illustrates the dis- 
tributive property of multiplication over 
addition. 

4. Rational numbers arc commutative 
and associative for addition. 

It is easy for the pupil to understand 
the second generalization as it applies 
to the addition of two decimals of the 
type .3 + .4. He may not understand 
this principle as it applies to an example 
of the type .7 + .8. The sum of these 
two decimals is 15 tenths. When this 
number is written with decimal numer- 
als, it becomes 1.5. The sum (15 tenths) 
is regrouped so that each digit has its 
positional value. 

Frequently teachers stress “keeping 
the decimal points in a column" in ad- 
dition and subtraction of decimals. A 
procedure of this kind stresses mechan- 
ics and not understandings. It is advis- 
able, however, to emphasize that the 
sum of tenths and tenths is tenths, and 
the sum of hundredths and hundredths 
is hundredths. 


Ragged decimals 

The example .3 + .86 + .125 illus- 
trates addition of ragged decimals. The 
numbers are expressed in different 
units. Usually both fractions and deci- 
mals represent units of measurement 
when these numbers are added or sub- 
tracted. It is not possible to have a social 
situation in which one measurement is 
expressed as tenths, another as hun- 
dredths, and another as thousandths if 
the measurements are combined as in 
the above exainjile. 

No measurement is ever exact. If a 
line segment is reported as 0.6 ft. long, 
the greatest possible error is .05 ft. To 
the necU*est tenth, the length of a line 
segment .55 ft. is expressed as .6 ft. 
Similarly to the nearest tenth, the length 
of any line segment between .60 ft. and 
.65 ft. is expressed as .6 ft. Therefore, 
when the length of a line segnumt is ex- 
])ressed as .6 ft., the length ma\ be from 
.55 ft. up to .65 ft. This fact ma>' be 
written as .6 ±.05. When a measurement 
is expressed as hundredths, the greatest 
possible error is .005. Thus .62 ft. may 
be written as .62 ±.005. In the same 
. way, .620 ft. may be written as .620 
±.0005. These illustrations show that 
the amount of error is different in meas- 
urements expressed to varying degrees 
of precision. 

The answer to the exam- 
ple on the right is 1.800 in. 
and not 1.8 in. Each of the 
numbers to be added is 
expressed as thousandths, 
hence the sum must be ex- 
pressed as thousandths. If the sum is 
given as 1.8 in., the maximum error is 
100 times as great as the maximum error 
4n 1.800 in. 

In addition of decimals involving 
measurements, the numbers must be 
expressed in the same unit. It is possi- 


725 in. 
454 in 
621 in 
1 800 in 
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ble, however, to have illustrations of 
decimals to be added when these num- 
bers may be classified as ragged deci- 
mals. Situations of this kind occur when 
dealing with numbers isolated from any 
measurement. The example .3 X 1.45 
may be written as .3 X (1 + .4 + .05) to 
illustrate the distributive law. The prod- 
uct is the sum of .3 + .12 + .015. The 
pupil finds the sum by adding tenths 
and tenths, hundredths and hundredths, 
and the like. The illustration shows that 
it is possible to devise a situation in 
which addition of ragged decimals will 
occur, but these situations arc rare. The 
ciy-riculum for most pupils in the ele- 
mentary sehool should not include num- 
bers of this kind. 

Many teaehers of elementary mathe- 
matics feel that it is necessary to instruct 
their classes in addition and subtraction 
of ragged decimals because some stand- 
ardized tests in arithmetic include ex- 
amples using deeimals of this kind. 
There also are competitive examina- 
tions, such as ei\il service, which often 
include examples involving ragged dec- 
imals. As long as such practices persist, 
the teacher may feel justified in teach- 
ing addition and subtraction of ragged 
decimals. 

To add in the example .3 + .86 + .125, 
the pupil should express each number 
as thousandths, as in (a). From a strictly 
mathematical viewpoint, the luinibers 
should be rounded off to the number of 
least accuracy, or tenths, as in (b). Mo.st 
pupils in elementary school, however, 
would not be able to understand the 
basis of this procedure. The teaeluT 
should therefore expect to follow the 
plan given in (a). 

a. .390 b 3 
860 9 

125 _!_ 

1 3 


MULTIPLICATION OF DECIMALS 

Multiplying a decimal 
and a whole number 

Multiplying a decimal and a whole 
number may include an example of the 
type 3 X .4 or of the type .3 X 4. Since 
the order of multiplying two factors 
does not affect the product, these two 
examples are the same from a mathe- 
matical viewpoint. 

The following activities should ena- 
ble a pupil to discover how to find the 
value of n in an equation of the type 
2 X .3 = 11. 

1. Use rectangular strips to model 
2 X .3 by showing 2 sets of 3 strips. 
Each strip represents a tenth. 

2. Find n from a number ray. 

3. Solve by using fractions, as 2 X 
^ 

“ 10 * 

4. Solve by using addition, as .3 + .3 

= 6 . 

5. Solve with dec imals, as 2 X .3 = .6. 

The same activities may be used t(^ 

find the value of n in an equation of the 
type 2 X .7 = n. The product is 14 
tcMiths, which is regrouped or renamed 
as 1.4. The pattern described may be 
used to find the product of a number 
named I i mixed numeral and a whole 
number, 2 X 1.4 = /i. Different ways 
of finchng the value of n include the 
following: 

1 . Use fractions, as 2 X 10 = 10 ^ or 2.8. 

2. Add, as 1.4 + 1.4 = 2.8. 

3. Applv the distributive law. Rename 
1.4 as 1 + .4 or as 1 + 4 X lo • The solu- 
tions will then be as follows: 

a 2 N 1 4 - 2 ^ v1 I 4) -2 4 8. or 2 8 

b 2 \ 1.4 = 2 '■ (1 + 4 X ) - 2 -f . or 2 8 

4. Multiply as with whole numbers. 
Use approximation to find the position 
of the decimal point in the product. The 


. 1.285 
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number named by 1.4 is between 1 and 
2, therefore the product of 2 and 1.4 
must be between 2 and 4. The product 
2.8 is between 2 and 4, therefore 2.8 is 
a sensible answer. 

The class should solve equations of 
the following type. The solution of each 
equation illustrates a type of example 
in which one factor is a whole number 
and the other factor is a decimal. 


2 \ 3 = ' : 

\ .4 ^ 8 

3 -h 3 = 2 \ j 

.4 + 4 ^ \ 4 


\ 1.3 

2 \ 1 j - 1 0 
5 \ I j-1 5 
L ;n 7=-7 


After solving equations in which it is 
necessary to find the product of ones 
and tenths, the class should make the 
following generalization: The product 
of ones and tenths is tenths. There is 
otie decimal place in the product. Since 
the commutative principle applies to 
rational numbers, 4 X .5 = .5 X 4. 

The work with multiplication of a 
whole number and a decimal begins 
with tenths and should be extended to 
include hundredths. The teacher should 
use as many of the procedures de- 
scribed for multiplying ones and tenths 
as are needed for the class to discover 
how to find the product of ones and 
hundredths. Most pupils who under- 
stand how to deal with ones and tenths 
quickly discover how to deal with ones 
and hundredths or ones and any other 
decimal. The pupil should discover 
that the product of ones and hundredths 
is hundredths. Similarly, the product 
of ones and thousandths is thousandths. 
Thousandths represent three decimal 
places. 

The class can use approximation to 
find the position of the decimal point 
in the product or apply the rule that the 
product of ones and tenths is tenths, 
ones and hundredths is hundredths, and 
so on. These are meaningful procedures, 


but they do not represent the stage of 
learning that may be described as mean- 
ingful habituation. After practice in 
multiplying a decimal and a whole 
number, a pupil should discover a short 
cut to find the position of the point in 
the product. He should sec that the 
product contains as many decimal 
places as the decimal factor contains. 
Thus, the product of 7 X .345 will con- 
tain three decimal places because the 
decimal factor .345 contains three deci- 
mal places. It should be noted that the 
class discovers this rule for finding the 
position of the point in the product. The 
teacher does not give the rule and then 
have the class demonstrate the applica- 
tion of this mechanical way to find the 
position of the decimal point in the 
product. When the pupil uses this short 
cut to locate the point in the product, he 
should check the answer either by ap- 
proximation to see if the answer is 
sensible or by use of place value*. The 
superior pupil should be encouraged 
to use both methods. 

Multiplying a decimal 
and a decimal 

' The teacher should introduce multi- 
plication of two decimals with numbers 
expressed as tenths. The class should 
express each decimal as a fraction and 
then find the product. Examples (a-c) 
indicate the procedure. 

The pupil should understand the 
work in each solution. If he understands 
the sequence of steps in (c), he knows 
that the product of .3 and .4 is .12. 

The second step in (a) and (b) shows 
the basic structure for multiplying two 
factors expressed as tenths. It is im- 
portant for the pupil to discover that the 
product of tenths and tenths is hun- 
dredths. The product contains two 
decimal places. 
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Decimals 

a. .3 X .4 = 

3 tenths x 4 tenths ~ 12 hundredths 
.3x.4 

b. .2 X .3 

2 tenths x 3 tenths -- 6 hundredths 
2 X .3 -- 06 

c. 3 x .4 ~ (3 X to) (4 < lo) 

(3 X lo) (4 > to) = (3 4) X ( 

(3 X 4) ( 1 0 X lo) — 12 < too 
1 2 X 1 u 0 uH) , o r . 1 2 

few similar illustrations should 
enable the pupil to discover that the 
number of decimal places in the product 
is etpial to the sum of the number of 
decimal places in the two factors. The 
proc'ednre for multiplying two decimals 
is as follows: 

1. Multiply as with whole numbers. 

2. Kind the sum of the number of 
decimal places '\j the two factors. 

3. CJounting liom the ri^ht, mark off 
as many decimal places in the ])roduct 
as are found in step 2. 

Often pupils do not understand why 
the product of two decimals, such as 
.2 X .4 = .08, is less than either factoi. 

The solution with fractional numbers 
will show clearly that the product is 
less than either factor. The class learned 
in dealing with fractional numbers how 
multiplying by a number Itss than 1 
affects the product. Since each factor, 

.2 and .4, is less than 1, the product will 
be less than either facior. 

The pupil uses the con- 
ventional pattern for multi- 
plying two decimals of the ^ ^ ^ 
type shown at the right. He 22 5 
should be able to write the 45 
example to illustrate the dis- 6 75 
tributive law avS follows: 


Fractions 


Renaming factors 

, Rearranging factors 

(associative and commutative) 

Renaming numbers 
Renaming numbers 


1 5 X 4.5 = 1 5 X (4 -1- .5) 

- (1.5 X 4) t (1 5 \ .5) 

- 6 0 f 75=^6 75 

A challenge for the superior pupil con- 
sists in writing each factor as the* sum of 
two numbers. 1’hc factors may then be 
written as follows: 

1 5 s 4 5 - (1 r 5) ^ (4 -f 5) 

= 1 X (4 -f 5) f 5 X (4 -h .5) 

-4-f 54-204 25 = 6.75 

Since multiplication is commutative, 
the ord(‘r of the factors does not affect 
the product. Therefore, the order of the 
factors r y be inter hanged as follows: 

(I t- 5) (4 .5) 

- 4 V (1 4- 5) 4-5(14- 5) 

Multiplying by 10 or a power of 10 

It is not unusual to find col- 

4.25 

lege studenis who multiply ^ ^qq 
by a power of 10, as shown. 425 00 
A student at the junior high 
school level should learn to multiply 
by 10 or a wer of 10 without writing 
the work. He needs to know how to 
multiply by these numbers in order to 
learn how to divide by a decimal. 

The class should be able to discover 
how to midtiply by a power of 10 by 
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applying the distributive property of 
multiplication, as illustrated by the fol- 
lowing: 

10 \ 4.3 =- 10 X (4 + .3) 

= 10 X 4 -h 10 X ^^0 

= 40+3. or 43 
10 X .24 = 10 X (.2 + .04) 

= 10 K .2 4 10 \ 

= 2 + or 2.4 

100 X 27 = 100 X (2 + .7) 

= 100 y 2 + 100 X (o 

= 200 + 70. or 270 

After a few illustrations of the type 
shown, the class should formulate a 
rule for multiplying by a power of 10. 
The generalization is as follows: To 
multiply by a power of 10, move the 
point in the numeral as many places to 
the riff hi as the power of 10. The indi- 
cated power of 10 is the same as the 
number of zeros in the standard numeral 
for that numl)er, as 10'*= 1000. 

In order for a pupil to understand how 
to divide by a decimal, he must know 
how to multiply by a power of 10. He 
should solve equations of the following 
type until he discovers the pattern for 
multiplying and dividing bv a power of 
10. 

10 X 5.4 = :z 75-D> 75 

I] X 5.4 = 54 □ X 04 - 4 

10 X :: = 38 3 =r. X 03 

When the pupil is able to solve equa- 
tions of the type given in the exercise 
above, he has the mathematical readi- 
ness for understanding how to divide by 
a decimal divisor. 

DIVISION OF DECIMALS 

Kinds of examples 
In division of decimals 

There are four major types of examples 
in division of decimals with respect to 


divisor, dividend, and quotient. No dif- 
ferentiation is made between a number 
named by a decimal numeral and a 
mixed numeral, as .3 and 2.5. The types 
may b e re presented as follows: 

1. 2)6.2: Dividing a decimal by a 
whole number 

2. 4)3: Dividing two whole numbers 
with a decimal in the quotient 

3. .2)6: Dividing a whole number by 
a decimal 

4. .2). 14: Dividing a decimal by a 
decimal 

If a pupil understands all phases of 
division of decimals, very probably no 
one type of example is more difficult 
than any other. On the other hand, for 
pupils who do not have a complete un- 
derstanding of the procedure, finding 
the quotient in the third type of example 
results in more errors than in any of the 
other three. It is possil)lc for the pupil 
to solve examples of these three types 
with a high degree of skill and yet have 
a limited understanding of the work. 
This is not true of examples of tlie t\ i)e 

3 ) 3 .* 

The four types of examples in divi- 
sion of decimals may be reduced to two 
types if the divisor is changed to a whole 
number by multiplying by a power of 
10. If the divisor is a whole number, a 
decimal may occur only in the quotient 
or in both the dividend and the ejuo- 
tient, as follows: 

-^25 

a. 4^1 Decimal In the quotient only 

. 3 

b. 2) .6 Decimal in dividend and quotient 

In reality these two types may be 
considered one type. In order to com- 
plete the division in example (a), the 
dividend 1 must be renamed as 1.00. 

■’See F. E. (Jro.s.snickle, “Type.s of Errors in 
Division of Decimals,” FJementary School Jour- 
naly November 1941, 42:184-194. 
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Then example (a) represents the same 
pattern as given in example (b). 

A decimal divisor may be changed to 
a whole number by multiplying the di- 
visor by a power of 10. If the divisor is 
multiplied by a power of 10, the divi- 
dend must be multiplied by the same 
power of 10 to keep the quotient con- 
stant. The example .4}^ or .1 -- .4 may 
be written in fractional form as By aj)- 
])lying the identity element for inulti- 
])lication, the number named by J may 
be multiplied by 1 expressed as 4o"* 
Then the number named by ^ is re- 
named as follows: 

ts 


The fractional numeral 4 " may be 
written as 411, which illustrates example 
(a) above. If the dividend contains fewer 
decimal i)r*ices than the divisor, the 
transformed example will illustrate ty])e 
(a) on page 282. If the dividend contains 
more decimal places than the divisor, 
the transformed example will illustrate 
example (b). 

Dividing a decimal 
by a whole number 

The pupil should use his kit material 
to discover how to divide a decimal by a 
whole number. To divide in the exam- 
ple 2 ) 2 . 6 , the pupil represents 2.6 as 
shown in Figure 15.11 and se|Xirates 



Figure 15.11 


the markers into two ecpial groups. He 
then makes a symbolic rei)resentation 
of the experience on the chalkboard. 
He divides decimals as he divides 
whole numbers. Since tenths are di- 
vided by ones, the quotient is tenths. 

A class has little difficulty in dividing 
in examples in which no regrouping is 
needed. When the number divided has 
t o be re group ed, as in the examples 
2)i.4 or 2 ). 14, tlu? work becomes more 
difficult to understand. To have the 
class understand how to divide in an 
example of the type 2yT4, the teacher 
should have the pupils perform the fol- 
lowing activities: 

1. Use kit material to find the answer. 
Emphasize the regrouping necessary 
to make the representation. 

2. Give a visual representation at the 
chalkboard with pocket charts. Have the 
class explain the steps in the model 
shown in Figure 15.12. In the figure 

(A) sho\>s .14 expressed as .1 and .04, 

(B) shows .1 regrouped as .10 to form 
14 hundredths, and (C) shows .14 sepa- 
rated into tw o groups of .07. 
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3. Use the identity element of I to 
show wily the (iiiotient is .07. Multiply 
^ hy I expressed as 100 X 

Identity element of 1 

V \ 1 ^ V (100 V ,do) 

Associative property 

^ (100 u\n) - ( V 100) \ .do 

Renaming numbers 

( V \ 100) \ lOQ — :■ X 100 

Renaming numbers 

/ A. 100 7 \ 100 ~ Too or 07 

4. Show^ the relationship lietween 
multiplication and division for the given 
example. Since 2 X .07 = .14, then 

14 

2 = 07. or 2 ) 14 

5. Tell why the quotient must he less 
than one tenth. 

6. Determine the iiositioii of the 
point in the ciuotient hy a knowledge 
of place value. Sinc’e hundredths are 
divided hy ones, the (piotient must he 
hundredths. Hundredths imply tw o dec- 
imal places. 

The distrihutive property also ap- 
plies to division of decimals. .14 can 
he renamed as 10 + .04, or as 14 
X "Y^. The cpiotient of the example 
2). 14 can then he found hy applying 
the distrihutive property, as in (a). 

a V -- V -h -- 05 + .02, or 07 

b V - (14 • d..) - ( : 14) ■ ,d. 

— 7 ' I'tif) — . 00 , or 07 

Example (h) illustrates the use of the 
associative property and the renaming 
of mini hers. 

Expressing rational numbers 
with decimal numerals 

Every rational numher expressed 
with fractional numerals can he desig- 
nated with decimal numerals, as ■^= .75 


and “I = .666* The fifst illustration 
represents a iermimiting decimal and 
the second, a repeating decimal, which 
indicates that one or more digits of the 
quotient repeat in sequence. 

It is easy to determine if a fraction 
can he expressed as a terminating deci- 
mal provided the prime factors of the 
denominator are known. The only prime 
factors of the hase of our numher sy s- 
tem are 2 and 5. The denominators of a 
fraction to he expressed as a decimal 
must therefore have prime factors of 
either 2 or 5. Siu‘h fractions as 
and van he expressed as terminating 
decimals hecause the prime factors of 
the denominators are 2 or 5 or hoth. The 
denominators of such fractions as “fj, 
and contain the prime factor 3; 
when expressed as decimals, therefore, 
these fractions will he repeating deci- 
mals. 

The teacher has the class rename 
fractions as decimals, heginning with 
the familiar fraction The activities 
should include the following: 

1. Draw a numher ray to show that 
■2 and .5 name the same numher. 

2. Demonstrate w'ith a ])ocket chart 
or make a drawing on the chalkhoard 
(sec Kig. 15.13) to show the regrouping 
or dividing 1 hy 2. In F'igure 15.13 (A) 
shows 1 one, (B) shows 1 remuned as 
10 tenths, and (C) slunvs 1.0 divided 
into two groups of .5. 

3. Use the identity element of 1 ex- 
pressed as 10 X "iV ii*id then multiply. 

1 - ; V (10 V , 0 ) 

( 2 X 1 0 ) / 1 0 — 5 X 1 0 “ 1 0 1 0 r . 5 

4. Explain the short way 

to change to the decimal ^ 

form, as indicated. Have the ; rrr 25 iTo 
pupil tell the sequence of 
the steps in the solution. 
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AfU*r exprt'SsiiiK fractions liavinj' a 
denoiiiinator of 5 as dt^ciinals, the 
teacher lias the class rename as deci- 
mals such fractions as ‘f’. 

i 4 “i r\ ' ^ 

; X I --- 1 \ lU V lO — 'I !•' 

Tile iinpil learned that a number is 
divisible by 4 when the last two dij^its 
of a numeral name' a nnmber that is di- 
visible by 4. Since 30 is not divisible 
by 4, the ;>u must be changed to 300. 
The solution is as follows: 

N 1 - ; ^ 100 V <f',, 

--- r’ « -- 75 • h’o - 75 

Eventually the ])upil will 
learn the short cut iiroce- 
dure, illustrated at the right. 4)3'o() 

I le annex(‘s as many zeros as 2 8 
needed to the dividend to 20 

mak(‘ it a multiple of the di- ^ 

visor. The pupil understands 
the basis of renaming the dividend. 

If the demominator of a fraction con- 
tains a prime' factor that is neitlu'r 2 nor 
5, that fraction can never be ex])ressed 
as a terminating decimal. The digits in 
the (piotient will repeat. T’lu* repeating 
decimal may consist of one digit, as for 
the fraction"^ = .3, or two or more digits, 
as for the fraction y = .142857. The bar 
above one or more digits in a decimal 
numeral indicates the digits that repeat. 
The set of repeating digits is called the 
repeteud. 


The exam])le at the right 
shows the repetend for the 
fraction ■^. If the divisor is 7, 
the remainder from subtract- 
ing a partial product from a 
l^artial dividc'iid may be 1, 2, 

3, 4, 5, or 6. Each of these 
remainders is circled and 
occurs in the illustration; 
there are thus six digits in 
the repetend. If the remain- 
der were 0, the decimal 
would b(‘ terminating. The 
sample illustrates the fact 
that the greatest number of places in 
the rep('tend is one less than the de- 
nominator of the fraction (divisor). 'Fhe 
reader may test the validity of this gen- 
eralization by showing that the repetend 
for tlu' fraction contains 12 dec imal 
])laces. 

There are many properties of repeat- 
ing decimals that a class may explore. 
1’hese properties usualh are not treated 
below the level ofthe junior high school. 

The conventional form of expressing 
the decimal value' of “3 is .33"3. However 
most fractions whose exact decimal 
value cannot be found are rounded off. 
Oftc'u teachers have the pupil round 
off the (pieiient to the nearest hun- 
dredth. No fixed number of decimal 
plac es to be retained can be ciecided ar- 
bitrariK . The number of decimal places 
kept in the ciuotient depends upon the 
problem. During initial instruction in 


142857 
7)1 000000 
7 

30 

28 

20 

14 

80 
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rounding off the quotient in decimals, 
it is satisfactory to express the quotient 
to the nearest hundredth. 

The quotient should be expressed to 
one more decimal place than will be 
retained in the answ^er. Then the same 
plan for rounding off whole numbers 
applies to decimals. If the digit in the 
place to be dropped is less than 5, drop 
this digit; if this digit is 5 or more, in- 
crease by one the next digit to the left. 
Thus to the nearest hundredth, .473 is 
.47 but .475 is .48. The expression “to 
the nearest hundredth” may be symbol- 
ized as 0.01 and to the nearest tenth 
as 0.1. 

Dividing a whoie number 
by a decimai 

Different methods may be used to 
find the position of the decimal point 
in the quotient in a program that em- 
phasizes meaningful learning. In pro- 
grams that did not stress meanings, the 
pupil learned to shift the point mechani- 
cally in divisor and divi- 
dend, as illustrated at the — 
right. The pupil had limited 
understanding of the procedure. Wc 
shall give no consideialion to this meth- 
od. Four methods of finding the position 
of the point in the (piotient may be 
characterized as follows: 

1. Use of the identity element to re- 
name both divisor and dividend so that 
the divisor is a whole number 

2. The subtractive method 

3. Use of approximation 

4. Use of place value. 

The dividend in a division example 
corresponds to the product in a multi- 
plication example. The product of two 
factors contains as many decimal places 
as are expressed in the sum of the num- 
ber of decimal places of the factors. 
Therefore, the sum of the number of 
decimal places in divisor and quotient 


must be equal to the number of decimal 
places in the dividend. Hence the num- 
ber of decimal places in the dividend 
less the number of decimal places in 
the divisor equals the number of deci- 
mal places in the quotient. This prin- 
ciple is the basis of the subtractive 
method of locating the decimal point 
in the quotient. 

According to the fourth method, the 
pupil uses his knowledge of place value 
to find the position of the point in 
the quotient. In the example .2)5, the 
thought pattern would be as follows: 
“Ones divided by tenths is tens.” 

The teacher must select one of the 
four methods given or improvise a 
method to introduce dividing a wliole 
number by a decimal. It is important 
to understand that the method to use 
in dealing with a decimal divisor is of 
great importance only in introductory 
learning of the topic. The teacher may 
eventually present all methods, espe- 
cially for enrichment for the more abh* 
pupil, but only one method will be 
given during introductory work. 

The writers strongly recommend the 
method that a])plies the identity ele- 
ment to rename both divisor and divi- 
dend so that the divisor will be a whole 
number for the following reasons: 

1. If the divisor is changed to a whole 
number, the types Of examples in divi- 
sion of decimals is reduced from four 
to two (see p. 282). 

2. The pupil is almost certain to un- 
derstand the work because he had so 
many applications of the identity ele- 
ment. 

3. The teacher finds it easy to intro- 
duce the work. 

N|aking the divisor 
a whoie number 

The class should discover ways to 
find the answer to a problem involving 
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dividing a whole number by a decimal. 
A problem of the following type may be 
used to introduce the topic: How many 
pieces of ribbon 1.5 yards long can be 
cut from a ribbon 6 yards long? 

The teacher writes the nuinbcr sen- 
tence for the problem: n X 1.5 = 6. 
The class then suggests different ways 
to find the value of n, for example: 

1. Cut 1.5-yd. pieces from a string 
6 yds. long. 

2. Find n from a number ray (see 
Fig. 15.14). 

0 1 2 3 4 5 6 

12 3 4 

Figure 15.14 

3. Hivide 6 by if. 

4. Thiiik, In 3 yaids there are 2 
pieces, then there will be 4 pieces in 
6 yards.” 

5. Solve eciuations of the following 
type: 


6 

10 


Ts ■ 

10 


6 


GO 

1 2 

10 


10 


100 

125 


125 

15 

10 


1 ' 

10 

' 25 


6. Subtract 1.5 from 6 as many times 
as possible. 

After the class discovers that n is 4, 
the teacher demonstrates at the chalk- 
board how to find n by division. Since 
every fraction is an indicated division, 
every division is an indicated fraction. 
Thus 1.5)6 may be exi)ressed as jjr, Th< 
denominator of the fraction can be 
changed to a whole number by multi- 
plying both terms of the fraction by 1, 
expressed as -jS’- 


1 X /’s - 5^^ - 155^ 

The example illustrates the use of 
the identity element for multiplication. 
The identity clement applies equally 
well when the conventional notation for 
division is used. Miiltii^lying both divi- 
sor and dividend by 10, as 1.5)6 = 15)60, 
is the equivalent of multiplying the ex- 
ample by 1. 

The steps in initial learning to divide 
a whole number by a decimal are as 
follows: 

1. Write the division example as a 
fraction. 

2. Multiply both terms of the fraction 
by 10 or 100 to make the divisor a whole 
number. The initial work should be re- 
stricted to divisors expressed as tenths 
or hundredths. 

3. Divide the two whole numbers. 

4. Check the answer by one or more 
of the following methods: 

a. Use fractions. 

b. Multiply the decimal divisor and 
the tpioticnt to see if the product is 
equal to the number divided. 

c. Approximate the answer to sec if 
it is sensible. 

The pupil follows the plan given un- 
til he discovers a shorter procedure to 
use in d'viding. He may discover that 
it is not ..ecessary to transform the ex- 
ample so that the divisor will be a whole 
number. He should know that the deci- 
mal point in a numeral does not afft'c t 
the operation of division with that num- 
ber. In the example .3)12, the pupil 
should know that multiplying both di- 
visor and dividend by 10 shifts the deci- 
mal point one place to the right in each 
numeral. H( may indicate the change 
in the position of the dec i- 
mal point as shown. A pupil .3)12 0 
who discovers this short-cut 
procedure understands the work and 
should be permitted to use this means of 
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identifying the position of the point in 
the quotient. Otlier pupils should eon- 
tinue to use the method of making the 
divisor a whole mimher hy applying 
the identity element of 1 . 

There are two points to emphasize 
in work dealing with a decimal divisor. 
First, the ])upil should understand the 
mathematical principles involved in dif- 
ferent stei)s in a solution. Second, he 
should he able to approximate the quo- 
tient. In the example .3)12, the pupil 
sliould he able to api^roximate the an- 
swer to determine if it is sensil)le hy a 
thought pattern of the following type. 

“The divisor is approximately “ 3 , 
hence the quotient should he about 
3 X 12, or 36.” 

“The divisor is less than * 2 ^ hence the 
(piotient should l)e more than 2 X 12, 
or 24.” 

It is ver\ im])ortant for the more able 
]nipil to he able to verify an answer hy 
approximation. 

Dividing a decimal by a decimal 

Once the pupil understands how to 
divide a whole number hy a decimal, he 
encounters no particular dilficidty in 
understanding how to divide a decimal 
h> a decimal, as in the example, .4). 36. 
In each case he transforms the example 
so that the divisor is a whole number. It 
is readih seen that the pupil must know 
hy what power of 10 both divisor and 
dividend must he multiplied to affect 
this transformation. This ])ower of 10 is 
indicated hy the number of decimal 
places in the divisor. 

The chief difficulties a pupil confronts 
in division of decimals occur in the di- 
vision operation, the placement of the 
first quotient figure, and the location of 
the position of the decimal point in the 
quotient. The ability of the pupil to 
deal with the decimal point is the chief 


factor affecting success in this phase of 
division. Therefore a teacher should use 
a test consisting of easy examples from 
the standpoint of division in order to 
measure a pupil’s ability in division of 
decimals. 

Since the main problem in division 
of decimals is the placement of the point 
in the quotient and not the division op- 
eration as such, a very effective learning 
exercise consists in having the pupil 
place the point in the (luotient when the 
quotient digits are given. Similarly, a 
mnltipli(‘ation example should have the 
product expressed with the decimal 
point missing. Examples of the follow- 
ing type are adapted for exercises in 
learning to locate the position of the 
point in the answer in multiplication 
and division of decimals. 

Supply the decimal point in each 
product or cpioticnt: 

3 ’ 8 24 

25 . 25 -625 
65 
2)f 3 
7 

6) 42 

^Summary 

1. Every rational nuinbcM' can be ex- 
pressed as a frac tion or as a decimal. 

2. The decimal point identities ones’ 
place and this place is immediatelv to 
the left of the point. 

3. Every rational number represented 
by a fraction that has a denominator con- 
taining only the ])rime factors 2 or 5 can 
be expressed as a terminating decimal. 
If the denominator contains any ])rime 
factor other than 2 or 5, the fraction can 
be expressed by a repeating decimal. 

4. Moving the decimal point to the 
right in a numeral multiplies the number 
named by a power of 10 ; moving the 
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point to the left divides the nurnher by 
a power of 10. The power is the same as 
the number of places the point is moved 
in the numeral. 

5. Add or subtract tenths and tenths, 
hundredths and hundredths, and the 
like. 


6. The number of decimal places in 
the product is the sum of the number of 
decimal places in the factors. 

7. A decimal divisor can always be 
made a whole number by multiplying 
both divisor and dividend by one ex- 
pressed as (1 ())"/( 10)". 


EXERCISES 


1. Computation is more easily done with 
decimals than with fractions. For this 
reason some teachers introduce deci- 
mals before fractions. Evaluate this 
procedure. 

2. Some teachers use only a number ray 
to model decimals. Evaluate this plan. 

3. A manufacturer advertised that the cut- 
ting edge of a razor blade is 17 millionth 
Inch in thickness. Write the standard 
numeral for this number. 

4. Use the exponential form to write the 
following: 

a. .075 

b. 42.15 

c. .0015 

d. 100.05 

5 Write the standard numeral for the fol- 
lowing: 

a. 9x .l" + 4x .1" 

b. 5 X .l" 

c. 3 X .1 + 5 X .r 

6. Give the total value of the 3 compared 
with the total value of the 6 In the fo 
lowing: 

a. 32.16 c. .3256 

b. 16.03 d. 6.023 


7. A teacher Introduced divi- 
sion by a decimal divisor by 
the use of a carat to shift ^ 
the decimal point, as shown 

at the right. Give an ap- 
praisal of this technique. 

8. Show how to find n In the equation 34 

2 = n by using the distributive law. 

9. What is the greatest number of digits 
in the repetend of a repeating decimal 
for a fraction of the type ^ ? Test the ac- 
cur'^cy of your answer by finding the 
nur er of decimal places in the repe- 
tend of the fraction w . 

10. Enumerate at least six different ways 

to find the value of n in the equation 
2 .5 = n. 

11. Write the four number sentences that 
may be formed with the elements of 
eacn of the following sets: 

/A: {.3. .5. .8} C; {12, .5. 24} 

B:{.2, 8. 1.6} D: {.03, 1.2, .216} 

12. Solve ea' h of the following equations: 


a. 

b. 


= nx 


10 

10 




c. 

d. 


L 5 V A == 15 
n ^ A 25 
. 7_ X A = 70 

1.8^10 n 
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RATIOS AND PER CENTS 


“Mike is a 3()()-liilter or batter” is a t\pi- 
cal expression used !>> a l)aseball fan to 
desc ribe a good hitter. A batlin’s ratinjr 
is deternnned by finding the ratio of the 
nunilxM' ot hits the i^layer made and the 
number of times he was at Ixit. On the 
avera^^e, a 3()()-hitter j^ets 3 hits out of 
10 times at bat, or 30 hits out of 100 
times at bat. This ratio may bt' expressed 
by a traction, as !:>>' a decimal, as .3, 
or by a )>er cent, as 30%. The numerals 
.3, and 30% are different nanu ’ 
representing the same rational num- 
ber. 

It was indicated earlier that one of 
the two uses of a fraction is to express 


the ra^^^'* ol two numbers. If the meas- 
ures of e line segments ni and n are 
3 inches and 4 inches, respectively, the 
ratio ( *’the measure of ni to the measure 
ot n is ■^, .75, or 75%. The word “per 
cent” suggt‘sts a ratio in which a num- 
ber is compared with 100; thus, 3% 
means ratio of 3 to 100. l^er cent is 
therefore another way of expressing 
hundrc'dths. 

'This chai)t<'r di’als with the following 
to])ie.s: ti‘ac\..ig tlu* mc'auing of per 
c'ciit; finding a pt'r ctmt of number: 
finding w hal pt‘r cent one numl>m’ is of 
another numbc'r; finding a niimlx'r 
wiic ii a i)er cent of the number is gi\ en. 
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TEACHING THE MEANING 
OF PER CENT 

A team won 7 out ol the 10 Karnes it 
played. The teacher writes the record 
of this team on the c halkboard as fol- 
lows; A team won 7 out of 10 games 
played. The teac her then asks the class 
how to express this fact with numerals. 
This may be done in three ways: 

Verbal. 7 out of 10 
Fractional numeral /n 
Decimal 7 

The verbal statement is the long form 
or the long way of expressing the fact. 
The fractional and decimal numerals 
represcmt short wa\ s to express the fact. 
Each notation should be read as the 
verbal statement indicates. Thus, 
means 7 out of 10, 

Next, the teacher has the class find 
the answer to the following problem: If 
the team should plav more than 10 
games and win at the same rate, how 
inan> games would the team win out of 
20 games played? 30 games played? 40 
games plaved? 50 games plav ed? 100 
games plaved? Tiu' teacher writes the 
number of wins out of 100 games plav ed 
on the chalkboard as follows: 

Long way 70 out of 100 
Fractional numeral -Vi 
Decimal 70 
Per cent 70% 

The three numerals express the same 
number. The phrase “70 out of 100” is 
used in a variety of situations. The ex- 
pression is in reality another numeral 
for the number commonly namc^d as 
.70, -j^, or 70%. The different ways to 
represent a number of the kind shown 
may be described as the long way, as a 
fractional numeral, as a decimal, or as a 
per cent. 
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Figure 16.1 


A hundred board 

A hundred board is a most effective 
instructional aid for assisting the pupil 
in discovering the meaning of per cent 
(Eig. 16.1). The teacher has the class 
identify the number of disks on the hun- 
dred board bv counting the mnnber of 
disks in one row and the number of 
rows. The teacher then picks up a disk 
from the board and has the class de- 
scribe this disk with reference to the 
total number of disks. The written r(»- 
corcls of the descriptions an* as follows: 

Long way 1 out of 100 
Fraction 
Decimal 01 
Per cent ■!% 

The same procedure is repeatc'd for 
other representations, such as 2 disks, 
3 disks, 7 disks, and 10 disks. The class 
should give five numerals that represent 
the 10 disks in a row. These numerals 
are .1, .10,-[^,-j^, and 10% . The teacher 
encourages the class to give as many dif- 
ferent numerals as possible to express 
a number. For each of the 10 rows of 
disks on the hundred board there are at 
least five different numerals to express 
each number when the fractional de- 
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nominator does not exceed 100. The 
row that contains 50 disks can l)e ex- 
pressed with the numerals 7, 

.5, .50, and 50%. A j^roiip ol* 25 disks 
can he represented as 7, .25, and 

25%. All the disks on a hundred hoard 
can he repn'sented as 1, 1.0, 1.00, 
and 100%. 

For such numerals as 3% , 15%, 25%, 
or 40%, the pu])il expresses the same 
numher as represented hy each given 
numeral with decimal and fractional 
numerals. The same plan is followed 
for hoth fractional and decimal numer- 
als. The pupil gives at least one nu- 
meral in each of the two remaining ways 
fh represent the given numher. 


Renaming numbers 

The numeral 3% names the same 
nuinh(‘r as jjTjj and .03. 'rhereforc' the 
numerals are interchangeahle and the 
impil should know lio.v to t*\press a per 
cent as a fraction or as a decimal, and 
vice versa. Expressing a fractional nu- 
meral or a decimal as a pc^r cent involves 
tlu* identity elemeni of I. 


a Express 03 as a per cent 
Multiply 03 by 1 expressed as 
100 


03 -- 03 ' 1 03 • 


100 


100 

100 

3 

100 


Express ^ as a per cent 

? 1 
Multiply ^ by 1 expressed as 100 • 


2 2 
5 ■" 5 
2 


100 - 


100 


9 

‘3 


100 ) 


1 

100 




100 ) 


1 

100 


40 


1 

100 


4U 

100 


40° 


'The pupil should identitx the appli- 
cations of the assoc'iativt' propertx of 
multiplication. 


c Express ^ as a per cent 




100 


66 \ 
100 


- 66 . 


d. 


Express 75% as a fraction- 


75% 75 


1 _ 75 _ 3 
100 '100 4 


as a decimal 


75% -- 75 


1 

100 


75 

Too 


75 


Examples (a-c) show that expressing 
a fraction or a decimal as a per cent in- 
volves the identity element of multipli- 
cation. The fourth illustration shows 
that expressing a per cent either a 
traction or as a detamal involves multi- 
plying hy 7^. This is true hecaiise of 
the definition of a per cent. 

The pupil should he able to express 
any fraction as a per cent. This j^roce- 
dure involves expressing the ratio of 
two whole numhers as hundredths. 
Th(‘re are certain fractions that are used 
frequently in the social applications of 
per cent. The student at the junior high 
school level should he familiar with the 
following fractions and their per cent 
ec|uivalents: 


- 50% 

; - 75°'o 

' - 1 2 ' °'o 

. -37 ■% 

; 62 >0 


. - 87 ; % 
- 33 ;% 

' --66 .°o 

n - 16 ,% 

--83l°o 


Siiu*e different numerals may name 
the same numher, the teacher should 
have the class practice identif\ ing and 
showing th(' eciuivalence of different 
numerals. Tlic lol lowing exercise is sug- 
gestive of the ty])e of work to provide. 
The jiiipil makes each numher state- 
ment true hy inserting the cornn't sym- 
hol, =, >, o <, in the c‘ircle. 


3°o 

3 


75°o 

05 

5% 

2 % 

2 


■ 40 

15°o ( 


1% 

1 0 

1 

100% 

90% 

09 

1 

' 10% 
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The three variables 
in dealing with per cents 

It was stated on page 266 that there 
are three types of problems dealing 
with rational nuinhers. They are: (1) 
finding a fractional part of a number; 

(2) finding the ratio of two numbers; and 

(3) finding a number when a fractional 
part of it is given. Since a per cent is 
another way of naming a rational num- 
ber, there are three types of problems in 
l)er eent. Equations for each of the three 
uses of per cent follow: 

a Finding a per cent of a number IDO " i-D 

b Finding what percent one number is of another 
number " = n.-, 

c Finding a number when a per cent of it is given 

j 

! 'j u “■ n 

In the equation for example (a), the 
rale is 3% ( the base is 50, and the 
percentage is n. In the equation for ex- 
ample (b), the percentage is 2, the base 
is 5, and the rate is n. In the etiuatioii 
for example (c), the percentage is 6, the 
rate is 3%, and the base is n. We may 
write an equation, or a formula, to ex- 
press the relationship among the three 
(luantities, rate, base, and percentage, 
as r X b = p, or p = br. The formula 
p = br contains three variables. It is 
possible to find the value of any vari- 
able in this equatfon if the values of the 
other two variables are known. 

The equations in examples (a), (b), 
and (c) have been designated as eejua- 
tions to represent the three cases of 
percent. Often a teacher erroneously 
deals with i)er cents by presenting each 
of the three cases as a separate topic. 
Each case represents a different vari- 
able in the equation r X b = p. 


FINDING A PER CENT 
OF A NUMBER 

Oral work 

The initial work involving finding a 
per cent of a number should be oral. 
There are four stages in presenting the 
work in finding a per cent of a number. 
First, the pupil should be able to ex- 
press orally a per cent of 100, as 7% of 
100, 45% of 100, and 1(K)% of 100. 
After the class can find the percentages 
orally, the teacher should have the 
pupils write an ecpiation for finding the 
percentages. The numerals 3% and 
name the same number. The ratio of 
some number n to 100 may be expressed 
as The two ratios form the following 
equations: 

I'Ji.' ~ !1>D 

n — 3 

3% of 100 - 3 

The teacher must be sure that the 
pupil discovers the pattern for solving 
an ecpiation of the typef = y . The equal 
fractions have equal denominators, 
therefore the numerators must be equal. 

Second, the pupil should be able to 
find the percentages in an example of 
the type 3% of 200 without the use of 
pa])er and pencil. The base for a])plying 
the per cent is a inultiple of 100. His 
thought pattern would be as follows: 
“3% of 100 = 3; then 3% of 200 will be 
2 X 3, or 6.** 

The teacher should then have the 
class write the ecpiation for the same 
problem, as 

T _ n 

10 0 — /l)i) 

The two ecjual ratios can be expressed 
wifh fractions having ecpial denomina- 
tors by applying the identity element 
of 1. Multiply 7 ^ by 1 expressed as 
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und then the fnictions will have eQual 
denominators. 

100 X :> 

_6 _ n 

200 - 200 

6 = n 

. . 3% of 200 --- 6 

Check: u.o -- -Su Replace n by 6 

Third, the pupil should find the per- 
centaj^e in an example ol the type 7% of 
25. The denominators of the two frae- 
tions in the ecpiation formed are unlike, 
but one denominator is a factor of the 
other. The equation and its solution 
aie as follows: 

7_ n 

ioo ~ 25 equation 

7 4 n f) 4 

100 4 * 25 Multiply by 1 expressed as ^ 

7 __ 4 ■ n 
100 100 
7 

n . or 1 75 
4 

. 7% of 25 - 1 75. or 1 i 

Fourth, th(‘ next type of example con- 
sists in solving an e(juation in whicli 
neither denominator of the fractional 
ratio is a common denominator, as illus- 
trated in tlie ecpiation for finding 5'>r 
of 36: 

5% - ^ - V 

^ ^ The equation 

rhe pupil may find the prime factors of 
both 20 and 36 and then find the low- 
est common denominator to be 180. He 
renames each frac'tion as a fraction that 
has a d(*nominator of 180. 

w ^ 21 ) - . * a. Multiply 20 by 1 expressed 
as 0 , multiply /o by 1 ex- 
pressed as I 

9 1 -- 5 V n 

n -- i,'. or 1.8 
• ■ 5% of 36 - 1 8 

The solution in the last eciuation is 


difficult for many pupils at the level 
of grade 6. There are two alternatives 
for meeting this difficulty, h'irst, defer 
examples of this type to the next grade 
level. Second, provide a different solu- 
tion for equations of this type. The 
second alternative is preferable (see 
p. 299 for an alternate solution). 

Pupils fre(|uently fail to understand 
the difference between a per cent and 
a percentage. The two terms are rtot 
synonymous. A percentage is the num- 
ber that results from finding a per cent 
of a number. Thus, 5% of 80 is 4. The 4 
is a i)crccnlage. The? rate 5% is a per 
cent, as indicated by the per cent sym- 
bol. T’herefore in all eejuations of the 
type 3% of 25 = n, the problem calls 
for finding the percentage. 

Ways to solve an equation 
with equal ratios 

There are many different ways to 
solve* an e(|uation of the type 7^, = 1^. 
Perhaps the* easiest method is to a])ply 
the multiplication axiom, in wliich both 
members of the eeiuation are multiplied 
b> the* same number witliout changing 
the values of the equation. Usually the 
pupil docs not learn this axiom in alge- 
bra ai ’ c grade 6 level. On the other 
hand, t. rc* arc* different ways to solve* 
the given (‘quation that embody princi- 
ples duit the pupil should have learned 
before per cent is introduced. These 
]>rocedurcs are as Ibllows; 

1. Express both ratios with fractions 
having v qual denominators, lliis is the 
])Ian used in jm'v ious illustrations. 

2. Solve the ecjuations by appKing 
the princi])! * that dividend = divisor 
X ifuotient. In the ecpiation 1^ = 
the dividend is n, the divisor is 40, and 
the quotient is The solution is as 
follows: 

n 40 I, TO “ -n.). or 1.2 
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3. Apply the principle that if 'h ^ 
then acl = be. The pupil learned to com- 
pare fractions by applying this principle 
in number sentences of the type 
If the ])roduct ad = h(\ the two frac- 
tions arc e(|ual, as j = in wliich ad 
= 30 and / k- = 30.’ 

In beginning work involving how to 
find a percentage, a rate, or a base, the 
pupil should write an equation showing 
tlie two ratios, as ^ ^ = no 

“ The equation for each use of 
per cent follows the same pattern. The 
teacher has the piqiil solve the e(iuation 
by one of the three ways described. For 
introductorv work the pupil should use 
the first plan, in which fractions having 
unlike denominators are renamed as 
frac'tions liaving like denominators. This 
is especially true for fractions in which 
one of the denominators is a multiple' 
of the other denominator, as 
When neither denominator is a multiple 
of the other denominator, the work can 
be simplified by appl>ing the principle 
that in an eeiuation of the type » 

ad = he. Tlie teacher must be certain, 
howe\er, that the ])upil understands 
this procedure. Often a pupil “cross 
multiplies’’ aud performs a mechanical 
operation that is meaningless. 

FINDING WHAT PER CENT 
ONE NUMBER IS 
OF ANOTHER NUMBER 

To find what ])er cent one number is 
of another number, it is necessary to 
express the ratio between these num- 
bers. In Figure 16.2 the ratio of set A to 
set B in (A) is in (B), 1; in (C), " 5 . 
These ratios expressed in per cenU are 
509 ^, 100 '^, and HOVr, respectively. 

If the ratio l)etween two numbers is 
expressed as a fraction, the problem the 
pupil confronts is to determine which 
num})er is to ])e named in the numera- 


tor and which number is to be named in 
the denominator. 


Figure 16.2 

Lc't a and I) reprc'sent any two num- 
bers tliat are to be compared. A pupil 
who is not certain whether the ratio of 
the two numbers sliould be "h or the re- 
ciprocal should try to answer the fol- 
lowing questions: 

1. What number is to be compared? 

2. With what number is it to be com- 
pared? 

3. (a)idd the answer be more than 

t 

100 per cent? 

4. Must the answer be less than 100 
per cent? 

Tl‘e number to be t‘omi)art'd is the 
numerator of tht* fraction expn'ssing 
the ratio of tlic' tw'o numbers, 'fhe num- 
ber with which the comparison is macU' 
is the denominator of the fraction. 

The following problem may be used 
effectively to introduce this application 
of per cent: 

A basketball pla\’er inad(* 9 baskets 
out of 25 sliots at the basket. What j)er 
cent of his shots were successful? Tlu' 
e(iuation for this ])roblcm \s -^ = 

The pupil should solve the cfpiation by 
the method he h*arned before. If he ex- 
presses the fractions with ccpial de- 
nominators, the ('(Illation will be as 
follows: 

Multiply 2 ^ by 1 expressed as J 

If lie uses the principle that in the two 
ecjual ratios "fo = 'rf, ad = be, the solu- 
tion will be as follows: 



O 

O O 

A B 


A 
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'L 

25 100 

9 a ^00^n \ 25 


n — 


9 :n 100 
25 


9 - 


.-.9-36% of 25 



4-1-36 


36 per cent of the sliots were successful. 


The ccpiation -jf- = may be writ- 
ten as If a = b, then b = a. 

It is iinpoiTant for the puiul to discover 
that i; and-^- may be interchanged in an 
equation of the type !=■§■. 

Per cents greater than 100 per cent 

Sometimes the pupil finds it diificult 
ft) interpret a i)er cent j^reater than 100 
percent. A pc^r cent j^reater than 100 p(U' 
cent can occur only when a number is 
compared with a smaller number. The 
teacher must be certain that the pupil 
do(\s not d(‘rive the Kt^iieralization that 
the smaller .mmber always is c()m])ared 
with the larger number when one num- 
ber is e\press(‘d as a per cent ofanotlun* 
number. Disks such as used on a hun- 
dred board, are effective instructional 
aids for showing a pen* cent greater than 
100 per emit. Each pupil should hav(' 
disks with whic’h to form two stacks or 
piles. Then he* should (‘\i)ress the ratio 
of tlu* two numIxM's as a i)er cent. In t^u' 
example below, the ratio of (a) to (b) is 

or H()7r : 

a h 

the ratio of (b) to (a) is or 125^.^. In 
a similar manner the pupil should form 
other piles of disks to impress the ratios 
of any two piles as percents. From these 
activiti(‘s, lit* should b(' abh' to make the 
following generali7.atif)ns: 

1. If a number is compart'd witli \ 
larger number, the smaller number is 
less than 100% of the larger number. 

2. If a number is compart'd with a 
smaller number, the larger number is 


more than 100 per cent of the smaller 
number. 

3. If twt) etpial numbers are com- 
pared, one number is 100 ])er cent of 
the other number. 

An exercise of the following kind is 
an elfectivt' means of giving the class 
practice in representing the ratio of two 
numbers. The teacher writes a set of 
numerals {l, 2, 5, 8, 10, 14, 20} on the 
chalkboard and selects a numeral, as' 8, 
lor the class to use to form a ratio. The 
class writes the subsets in which the 
ratio of the numbers named in the set 
to 8 is less than 100 percent, as {l, 2, 5}; 
greater than 100 per cent, as {lO, 14, 20 }; 
and equal to 100 per cent, as {8}. Then 
the class gives the equivalent per cent 
or the approximate per cent of tlu' ratio. 
If the dictated number is not an element 
of the set of numbers named on the 
chalkboard, as 0 instead of 8, tlu' subsf't 
e(iual to 100 per cent will be the empty 
set. 

FINDING A NUMBER 
WHEN A PER CENT 
OF THE NUMBER IS GIVEN 

Finding a number wlu'u a per cent 
of the number is given rei)resents the 
third M ig(' of ])er jent. C.uiler found 
from a . u vey test gi\ en to 036 students 
in the ninth grade that 00 per cent of 
the siudents had difficulty in that part 
of the test dt'aling with finding a uum- 
b('r wlu'ii a per cent of the number is 
given. ^ T1 k* topic* is difficult and seldom 
used i'-! our dail\ affairs, but these are 
not adt'ciuatc' reasons for not teac'hing it. 
The topic must be taught in order for 
the pupil t • have a complete under- 
standing oi per cent. It is not debatable 


’WalltT S. (’.uilcr, “niHiciiltics in Pcivcntajic* 
Kiu ounU rc'd hv Xinlh-^iradf VxiyixU," Llvinriitarif 
Srhiiol Jottnuil, }u\n' U)4(i, 
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whether the topic should be tauj;ht. 
The vital problem pertains to the man- 
ner in which the topic should be taught 
and when it should be introduced in 
the curriculum. 

The first and second uses of per cent 
can readily be introduced in the ele- 
mentarx school. Because of the diffi- 
culty of the topic, it seems advisable to 
introduce the third use at the junior 
high school level. At least onl\ part of 
the third use of per cent should be at- 
tempted at the elementary school level. 
The third use of per cent involves three 
types of problems. 


Three types of problems 
in one use 


The three types of problems that rep- 
resent the third use of per cent are as 
follows: 

1. Finding a number when the num- 
ber given represents the per cent given, 
as follows: A book sold for S4 at 80% of 
the regular price. What was the regular 
price? 



He sold 50 cars in June the previous 
year. 

3. The entering class in a high school 
had 20% more students this year than 
the entering class had the previous year. 
If this year's class had 180 students, 
how many were in the class the pre- 
vious year? 

100 % + 20 % -- 120 % 

12 180 

- - — The equation 
10 n 

10 \ 180 10 \ 15 12 

n-— -2-- =150 

Last year's class had 150 students. 

The second and third problems in 
this group include an extra step that 
greatly comi^licates the difficulty in 
solving these problems. Many students 
erroneously solve the third problem by 
finding 20% of 180, which is 36, and 
subtract this ])crcentage from 180. The 
enrollment would then be 144 instead 
of 150. .Although the answer 144 is rea- 
sonable, it is incorrect. The base is 180. 
The identification of the base is the key 
step in the correct analysis of a problem 
involving per cents. Because of the dif- 
ficulty in identifying the base in prob- 
lems of types (2) and (3) of the third use 
of per cent, these problems should be 
deferred until the junior high school. 


The regular price was S5. 

2. Finding a number when the per 
cent given must be subtracted from 
100% to represent the number given, 
as follows: A dealer sold 20%- fewer cars 
in June this year than he sold in June 
the previous year. If he sold 40 cars in 
June this year, how many cars did he 
sell in June the previous year? 

100% - 20% -- 80% 

^ The equation 

n = 40 / y ^ 50 


Teaching the third use 
of per cent 

The teacher of a superior grade 6 
grouj) may decide that the class is ready 
for problems involving the third use of 
per cent. The work in this area should 
typify the method used in the first appli- 
cation. The given number then repre- 
sents the given per cent. The teacher 
may introduce this use by a problem of 
the following type: A team won 60 per 
cent of the games it played. If the team 
won 15 games, how many games did it 
play? 
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The equation and its solution are as 
follows; 

1*0 ~ n' The equation 
6 X /7 ^ 10 - 15 
n--10 V --25 

The team played 25 ^ames. 

Ill the otlier two uses of per cent the 
variable as represented by n is the nu- 
merator of one of the fractions. In the 
third use, the variable is the denomina- 
tor of one of the fractions. This change 
in pattern often results in tlie formula- 
tion of the wrong equation. The pupil 
may write the rec ijirocal of the correct 
rtiitio. In the given problem the equation 
then would be "nT = ~ik‘' would be 

9. The puiiil can readily discover that 
this answer is absurd, since the team 
won 15 games. The iiiipil should check 
the answer b\' approximation to see if 
it is seii.>ihic. In the given problem, the 
thought pattern would be as follows: 
“60% is a little more than ' 2 - If the h'am 
had won only half of the games played, 
the number would be 30. Therefore the 
team play(‘d slightly fewer than 30 
games, so 25 is a sensible answer.” 

Alternate plan 

for writing equations in per cent 

An equation for a problem involving 
per cent may be writUm in different 
forms. According to the plan proposed, 
the pu])il should write the equations as 
the ecpiality of tw'o ratios. To find 3% of 
20, the eciuation is In e<iua- 

tions expressing the other two uses ol 
per cent, the xariabh* may occupy the 
l)lace held by either the 3 or the 20 in 
the given e(iuation. 

Some teachers prefer to have the p 
pil write the eciuation for finding 3^/c 
of 20 as follows: 

3% of 20 -- n. or 03 ■ ?0 - n 


In this eciuation n is the product of two 
given factors. 

To find what per cent 5 is of 20, the 
eciuation by the second method is as 
follows: 

5 ■- n% of 20. or 5 n / 20 

In this (Miuation 5 is the product of 
the two factors n and 20. To find the 
variable, divide the product by the 
given factor and express the ciuotic^nt 
as a per cent. 

To find a number when a per cent of 
it is given, as 30 is 6% of some number, 
the eciuation is as follows: 

6% of n — 30. or 06 - n — 30 

The' factors are .06 and n and the prod- 
uct is 30. Oivide 30 by .06 to find the 
factor It. 

Eithc'i* plan is acceptable for writing 
eciuations involving per cents. For in- 
trc)ductor\' work, the authors prefer the 
method of eciiial ratios for two reasons. 
First, this method emphasizes the stand- 
ard way of comparing two numbers as 
hundredths, which is basic in an under- 
standing of per cent. Second, the pat- 
tern for writing an eciuation having two 
eciual ratios applies to a wide range of 
problems, 'fwo eciual ratios form a />ro- 
portio . IS = -J. All problems of the 
followii ty])e may be sedved when the 
eciuation is written as a proportion. If 3 
oranges cost 20 cents, what will be the 
c'ost of a dozen oranges The eciuation 
is or = 77 . After the pupil 

bec'omcs familiar with percent, a shorter 
proccch..'', such as used in the alter- 
nate plan, ma> be preferable to tlic 
method of eciual ratios. 

Reviewing per cents 
at different grade levels 

A major topic that is introduced in 
one grade in arithmetic is reviewed in 
the next higher grade. This review may 
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he cl repetition of the work of the pre- 
ceding grade or it may be a new view of 
the topic. An important principle of 
learning indicates that a variety of ex- 
periences in dealing with a topic is 
more favoral)le for learning the topic 
than repetition of the same experience. 

Let us assume that per cent is intro- 
duced in grade 6. The treatment of the 
topic in grade 7 should he different from 
the presentation in the previous grade. 
In grade 7 the work should involve the 
percentage formula, p = hr (see p. 294). 
The student would deal with all prob- 
lems in per cent h\’ replacing two of the 
variables b\ the given numbers and 
then solve the resulting ecpiation. We 
may illustrate the i)rocedure by solving 
the following ])roblem: A screen for 
home movies sold for $32 at H07r of the 
regular price. What was the regular 
price? 

r — SO^^o — 8 p - br. the formula 

p - 32 32 - Q - b 

h - h - 32 - 8. or 40 

The regular price was $40. 

The equation .8 X b = 32 is familiar 
to the student. In this ecpiatioii the 
product of one factor and two factors is 
given. The missing factor is found by 
dividing the ])roduct by the given factor. 

Often the student in the u])])er grades 
learned to solve problems involving the 
three uses of per cent by three different 
formulas. A program of this kind should 
ne\ er be perpetuated. The learner never 
discovered that the three formulas are 


1. What, for many pupils, is the most diffi- 
cult part of the solution of finding what 
per cent one number is of another num- 
ber? What are some things the teacher 


different forms of the same formula. 
The relationship among the variables 
in the formula p = br is the same as the 
relationshii^ among factors and product 
in an eipiation of the type 3x5 = 15. 
Then 15 ^3 = 5 and 15 ^ 5 = 3. Simi- 
larly, in the percentage formula, the 
three related equations are: (1) p = hr; 
(2) p h = r; and (3) p r = h. 

When the student begins a systematic 
study of (filiations in algebra, usually in 
grade 7 or 8, he should review the topics 
of per cent from a different viewpoint. 
He would then apply a new set of prin- 
ciples in solving equations. The stu- 
dent applies the multiplication axiom 
to solve an equation of the type 
= ■^. According to this axiom, both 
members of an e(|uati()n are multiplied 
by the same number without changing 
the value of the equation. If both mem- 
bers are multiplied by 300, the result- 
ing eipiation is 9 = 5/i, hcnc(‘ n = 1.8. 

The ecjuation ^ represents a 

problem in which it is necessary to find 
37r of 60. The chief function of learning 
to solve an cfiuation of the t> pe given 
is not primarily to find 39f of 60, but 
instead to learn how to solve a fractional 
eiiuation. A per cent usage can repre- 
sent an application of a fractional (filia- 
tion. The benefit derived from using 
per cents to form cf piations art* twofold. 
First, the student learns how to solve a 
fractional equation. Second, he is 
helped to review and enrich his under- 
standing of per cent by formulating the 
equations. 

EXERCISES 

may do to help the pupil overcome this 

difficulty? 

2. Write problems to illustrate each use of 

a fraction, a decimal, or a per cent. 
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3. Show why you would or would not In- 
troduce each use of per cent in grade 6. 

4. What is meant by spacing a topic In the 
curriculum? How should the topic of per 
cent be spaced in the curriculum? 

5. A book was marked to sell for $9 at 20% 
above cost. What was the cost of the 
book? A student gave the following solu- 
tion: 20% of $9 = $1.80; $9.00 — $1.80 
= $7.20, the cost. As a teacher, how 
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would you have the pupil discover why 
his solution is faulty? 

6. Illustrate different ways of solving an 
equation involving per cent. Give the 
principles that are involved in each so- 
lution. 

7. If two numbers are equal, their recipro- 
cals are equal. Verify this generalization. 
Show how this generalization applies to 
the equation I = 'n and i = ” 2 . 
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MATHEMATICAL SENTENCES 
AND PROBLEM SOLVING 


ProblcMii S()lviiij 2 ; is the highest form of 
reflective thinking. A mathematics pro- 
gram, such as the one presented in this 
book, that emphasizes meaning and un- 
derstanding is based largely on problem 
solving. Quantitative thinking is the 
basis of effective problem solving. When 
the classroom is regarded as a learning 
laboratory, instruction is conducted in 
such a way that basic relationships are 
discussed and formulated through ex- 
perimentation with things and ,with 
quantitative aspects of things. 7"he 
learner is challenged to make discov- 
eries of mathematical relationships, 
which lead him, in turn, to analyze and 
interpret his experiences, to test his 


iMiderstanding of mathematical relation- 
ships, to organize his learnings, and to 
make generalizations that he can sub- 
sequently apply in new situations. Heal 
interest in mathematics grows out of 
problem-solving experiences that deal 
with matters that are of concern to the 
learner. 

When the teacher gives the young 
child the opportunity to use explora- 
tory materials such as blocks to find 
the answer to the question. How many 
blocks are 2 blocks and 3 blocks? the 
pupil is required to do a simple type of 
quantitative thinking. An analysis of 
the way in which the child goes about 
finding the answer to the question af- 
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fords a method of evaluating his ability 
to do quantitative thinking. The goal of 
instruction in mathematics should be 
gradually to lead the learner to use in- 
creasingly mature procedures of (pian- 
titative thinking.* While the use of 
immature methods is characteristic of 
initial learning, the pupil should be 
eiu'ouraged to proceed to higher levels 
of responding. 

Quantitative thinking is also involved 
in conveying numerical ideas in oral 
and written speech, in working ex- 
amples, and in reading many kinds of 
materials. When a child is called on to 
answer questions about a graph, table, 
of* chart in social studies, he is called on 
to use special types of reading and study 
skills involving ciuantiiative thinking 
that should be developed and practiced 
as a part of the total mathematics pro- 
gram. 

The al)ility to flo the kind of (pianti- 
tative thinking that is involved in solv- 
ing r('al problems is most likely to be 
d(*velopt‘d if the learner has fn^pient, 
direct(‘d experience in dealing with 
genuine problems that arise in diiily 
life. It is difficult for the school to pro- 
vich‘ dirt'ct participation in more than 
a limited number of lifelike experi- 
ences because of the large number ■** 
children in a class. Thus it becomes 
necessary for the school to ntiliz(* a vari- 
ety of planned vicarious exi)erienees, 
such as a textbook contains, that give 
the children the opportunity N) do <iuan- 
titative thinking that is as similar to the 
thinking done in actual situations as is 
possible. 

In this ehapt('r thi^ following t()])ies 
arc* discussed: d(*\ c'loimu'ut of the* abil- 
ity to soKe problems; teaching ]ni])i 
to solve* problc'iiis; reading and prol)lt*m 

*H. K. Moser, “Levels of The Arith- 

metic Teacher l)eeenilu*r 3:220-225. 


solving; aetiviti(‘s for improving prob- 
lem solving. 

DEVELOPMENT OF THE ABILITY 
TO SOLVE PROBLEMS 

Elements of a real problem 

Psychologically speaking, problems 
grow out of the needs of individuals. 
The learner encounters a mathematical 
problem when he confronts a cpiantita- 
tive situation he cannot deal with in a 
habitual manner. When the problem in- 
terests him, he is instigated to take steps 
to ex])lore and to solve it. These steps 
involve reflective thinking and may in- 
clude experimentation. The individuars 
background of experience in dealing 
with (piantitative aspects of problematic 
situations and his mental capacity are 
important factors that determine his 
success in dealing with the problem. 

Elements of a problematic situation 
are: 

1. A desired goal is to be attained. 

2. There is a blocking of the path to 
be taken to attain the goal. 

3. Available habitual responses are 
not suitable or adecpiate to attain the 
goal. 

4. \«' ous possible solutions (hypoth- 
eses) ari proposed and tested. 

5. A tentative conclusion is reached. - 

Structured and unstructured 
problems 

Verbal problems such as are com- 
monly loimd in mathematics textbooks 
are struc tured in such a way that their 
interpretation b> the ])upil is relatively 

-Robert L. 'rbonulikf, “I low Cliildreii Learn 
the Prineiples and Teehnuines of Problem Solv- 
ing,” 1. earning and Instruction, Kort> -ninth Year- 
book of the National Soeietx toi the Study of Kdu- 
eation. Part I ((3neago: l’niversit\ of Chicago 
Pres.s, 1950). pp. 192-215. 
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easy. The facts needed to find the an- 
swer to the question given in the prob- 
lem are usually stated in the problem, 
and details concerning the situation 
presented give some guidance in deter- 
mining the pattern to be followed in ar- 
riving at the solution. Experience in 
solving a wide variety of such problems 
contributes to the development of the 
ability to deal with many of the prob- 
lems that arise in daily life. 

Problems that arise in both childhood 
and adult experiences are often unstruc- 
tured. Here the individual must do all 
of the preliminary structuring himself. 
He must learn to identify the relevant 
aspects of the problem; he must make 
any necessar> assumptions that will 
simplify and clarify the situation; he 
must gather and organize the basic data 
needed and then determine the rela- 
tionships among them by making any 
necessary computations, and when ap- 
propriate, bring them out sharply b\ 
tables and graphs. He must employ 
mathematical concepts to make inter- 
pretations and proceed according to 
principles to find the solution. 

Working with unstructured liroblems 
is tlie most desirable form of mathemati- 
cal applications. 'I’lie teacher should 
plan the learning experiences of chil- 
dren in such a way that the work with 
problems of this t> pe parallels the work 
with structured problems throughout 
the K-12 curriculum in mathematics. 

TEACHING PUPILS 
TO SOLVE PROBLEMS 

In its most general sense, the task of 
finding out how to subtract 28 from 41 
is a matlumiatical problem. Pupils in a 
modern program are presented with this 
problem before being guided to a so- 
lution. Learning mathematics on any 
level will involve many problems that 
seem purely mathematical. Problem 


solving on the elementary level, how- 
ever, usually means 'the solution of 
verbal problems. The following dis- 
cussion on problem solving is directed 
specifically toward the solution of ver- 
bal problems, an activity that is common 
to both traditional and modern programs. 

One of the major purposes of giving 
pupils verbal problems is to provide an 
opportunity to develop the tliinking 
process. Rote methods for solving such 
problems reduce or eliminate thinking 
and therefore are self-defeating. 

The range of problems considered 
suitable for the mathematics of the ele- 
mentary school has varied widely. In 
the arithmetic programs of 50 years ago 
and more many of the problems had 
little relation to Reality and social m'cds. 
About 20 years ago there was a tendency 
to confine such problems to those with 
demonstrated social applications. In 
curnmt programs, mon' problems of a 
purely mathematical nature are com- 
mon. TIutc is little (lucstion that pupils 
perform at a higher level if they are 
working with material of interest to 
theui, but interests vary widely and may 
be quite different in two adjacent c lass- 
rooms on tlu' same grade level. TeacluMs 
should make every effort to recognize* 
class interests and to find probh*ms re- 
lated to these interests. However, the 
puzzle aspects of problems should not 
be overlooked. There are always some 
pupils who are willing to attack a ])rob- 
lem on a puzzle basis without being 
concerned about its social value. 

Guidelines for helping pupils solve 
l)r(>blems must be very gent*ral or they 
become rote rules for special situations. 
The following are quite general: 

1.. Identify the problem question. 

2. Determine what information is 
given and what is known. 

3. Make a plan to determine what is 
wanted from what is known. 
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To identify the problem question the 
pupil must l)e able to read well enough 
to recognize what is wanted. One major 
cause of difficulty in dealing with ver- 
bal problems is a lack of basic reading 
skills. It must be recognized that the 
reading skills necessary for dealing 
with verbal luoblems in malhematics 
are much more si)ecialized than those* 
for general reading, but reading for 
problem solving does depend on basic 
reading ability. A pupil with low read- 
ing ability in the general sense will 
almost certainly find it difficult to 
handle verbal problems in malhematics. 

^Information that is given and informa- 
tion that is known are not necessarily 
the same. If a pupil is asked to change 
feet to inches, the problem may not 
mention that there are 12 inches in a 
foot, since the pupil is expected to know 
this fact. In analyzing a problem for 
what is given, the i)u]ul should (‘x- 
amine his basic fund of knowledge for 
information that may have bearing on 
the probl(*ui. T<* ic hers may provide* 
guidance in this matter bv dirc'ctiug 
the pui)il to sources of information, for 
exam])h*, the dictionary or coIIc*ctious 
of mathematical facts and formulas. 

There is elearlx no one simple plan 
that will guide one* from the known ii. 
formation to the desired result called 
for in the* problem. Plans for ct*rtain 
types of ])roblems can be given in gener- 
al terms. In ])roblems involving per c ent, 
it is a good idea first to identity tiu* base 
in the problem, although no g(*neral 
rule for doing this ma> be given. As the 
pupil gains more expi rience in working 
with per cent problems, he will under- 
stand the problems better if in each 
case he identifies tlu* base and reco> 
nizes its importance in the situation. 

The most common plan for teaching 
problem solving has probably been to 
show pupils. how to solve a few illustra- 


tive examples and then give them simi- 
lar ])roblems. As the process continues, 
problems from previous work are in- 
cluded with those of the type under 
discussion. This approach places a 
heavy burden on each pni)il to form 
his own generalizations and procedures, 
verbal or nonverbal. Success in problem 
solving is largely dependent upon the 
pupil’s ability to arrive at sound pro- 
cedures based on experience as well as 
on his ability to read. 

The current revolution in the teach- 
ing of elementary school mathematics 
has produced two new tools not gener- 
ally available to teachers more than 10 
>’ears ago. 

Writing an open sentence 

The first invoK’cs the writing of an 
oi)en sentence for the verbal problem. 
The basic plan for lU'oceeding from the 
known information to the desired an- 
swer in the problem then requires the 
solution of the open sent(‘nc‘e and the 
interpretation of the number obtained 
as the solution of the sentenc*e. This 
plan is cpiite general and applies to all 
problems normalK met on the elemen- 
tary level. The plan is certainK not as 
simple as it sounds when stated in a 
single 'itence. There is no easy way 
to teach a pupil how to write a correct 
open seutcuc'e for a verbal problem. 

One of the advantages of writing an 
open sentence is that the teacher can 
almost immediately tell whether the 
pupil has correctK’ anahzed or inter- 
preted me problem. If the problem is 
not ambiguous, an incorrect open sen- 
teuee indicates that the pupil does not 
understand iiie problem. A correct open 
sentence is an indication that tin* pupil 
probabK does understand the problem. 
Uufortunateb , it is possible for the pu- 
l)il to write a correct open sentence and 
not understand the problem. However, 
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a correct open sentence (equation) is 
probably a much better indication that 
the pupil has a grasp of the problem 
than the correct numerical answer, the 
most common criterion used in the past. 

Identification of sets 

The second tool is the identification 
of the sets in the problem. In most prob- 
lems in the elementary school sets are 
combined, separated, or conq^ared. The 
combining of sets may be described by- 
addition or multiplication, while the 
separation and comparison of sets may 
be described by subtraction or division. 
Therefore, when a pupil recognizes that 
two sets in a problem are combined to 
get a third set, he can write the sentence 
2 + 3 = □ provided he has correctly- 
identified the numbers of the first two 
sets as 2 and 3 and has assigned the 
frame (variable) □ to the set obtained 
by combining the first two sets. This 
procedure requires the ability to read 
the problem and recognize what hap- 
pens to the sets involved. This approach 
does provide a mathematically sound 
procedure which is helpful to some pu- 
pils, A pupil may be able to write the 
correct open sentence for a problem 
without being able to give a verbal 
analysis of the set situation involved. 
The teacher again must recognize in- 
dividual diflt^rences among the pupils 
and know when a discussion of the sets 
involved and how they are related will 
be of value to the class as a whole or to 
individual pupils. It is because a teacher 
must frequently make judgments of this 
nature that teaching is more correctly 
described as an art rather than a science. 

With the tools just described, the 
overall plan for teaching pupils to solve 
verbal problems may be written as fol- 
lows: 

1. Read the problem to identify the 
problem question. 


2. Identify the sets in the problem 
and the number associated with each 
set. If the number of a set is not known, 
assign it a number in the form of a letter, 
such as /I, or a frame, such as □. Deter- 
mine how these sets are related.'* 

3. Write an open sentence that tells 
what happens to the sets as described 
in the problem. Identifying numbers 
in the problem as addends and sums (or 
factors and products) is an accepted 
guide in the writing of equations. Such 
identification may be a subverbal rec- 
ognition of what happens to the sets 
in the problem. 

4. Solve the open sentence to deter- 
mine the number indicated by the letter 
or frame. The open sentence, when un- 
derstood, indicates what operation (or 
operations) must be performed on the 
given numbers to obtain the number 
desired. 

5. Interpret the number obtained in 
step 4 to indicate the answer to the 
l)rohlem. 

The above plan applies to the stand- 
ard “one-step’* problems that have been 
part of arithmetic for years. A number 
of problems that traditionally involve 
iqore than one step may be solved by 
the above plan with a single open sen- 
tence. When the i^roblenis become too 
complicated for a single open senttmee, 
they must be broken down into a se- 
quence of “simple” problems. 

Illustrating the steps 
in problem solving 

The manner in which the five steps 
under discussion can be applied is 
demonstrated in the following exam- 
ples: 

®Soni<; Iftichers protrr to break step 2 into two 
parts: (I) identify the sets and their nnnihers, and 
(2) determine how the sets are related. 'J'he aliove 
plan would then have six steps rather than five. 
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Problem 1 Jim has 15 cents and is 
given 45 cents. How much does he now 
have ? 

Step J. The pupil should re(*ognize 
that the problem is to determine the 
amount of money that Jim has after he 
is given 45 cents. 

Step 2. The first set contains 15 cents; 
the second set contains 45 cents; the 
third set, obtained by combining the 
first and second sets, contains □ cents. 

Step 3. The open sentence is 15 + 45 
= □. This sentence indicates that 15 
is to be added to 45. 

Step 4. The number that makes the 
open sentence in (3) true is 60. 

4itep 5. Jim has a total of 60 cents 
after being given 45 cents. 

Problem 2 Jane is given 30 cents 
and plac(\s it in her purse. She later dis- 
covers that she has 50 cents. How much 
money vNas In her imrs' at first? 

Step 1. The problem is to determine 
the original amount of money in the 
purse. 

Step 2. Tlic first set is the set of □ 
cents originally in the purse; the second 
set is tlu‘ set of 30 cents placed in the 
purse; the third set is the final amount 
of 50 cents and is obtained by comliin- 
ing the first two sets. It should also b(' 
noted that the first set may b(* obtained 
b\’ removing the second set from the 
third, although the wording of the prob- 
lem sugg(‘sts combining the first two 

S(*tS. 

Step 3. Kithcr of the following open 
sentences ma> be written as a result of 
the discussion in stc]) 3; 

■ 30 - 50 ■ - 50 - 30 

Both of the above sentences are part o 
the same addition-subtraction pattern. 
Both are solved b\ subtracting 30 from 
50. 

Step 4. The required number is 20. 


Step 5. The original amount in the 
purse was 20 cents. 

The advantage of writing the first 
open sentence in (3) is that it stresses 
the relation between problem 1 and 
problem 2. In traditional arithmetic, 
problem 1 is usually classified as an ad- 
dition i)roblcm and problem 2 as a sub- 
traction problem. With a set analysis, 
the two problems can be classified as 
two different forms of the same prob- 
lem. 

Problem 3 How much must Sue pay 
for 8 five-cent stamps? 

Step 1. Tile problem is to determine 
th(' cost of 8 stamps. 

Step 2. The first set is a set of 8 
stamps. A set of 5 cents is associated 
with each stamp. Tliere are 8 such sets 
of 5 cents. The third set is the set of □ 
cents pakl for the 8 stamps and is ob- 
tained by combining the 8 sets of 5 
cents. 

Ste)) 3. The open sentence is 8x5 

= Q 

Ste]) 4. The required number is 40. 

Step 5. 8 stainjis cost 40 cents. 

Problem 4 How many 5-cent stamps 
can Gene buy for 60 cents? 

Step 1 The problem is to determine 
the nunu r of stamps. 

Step 2. The first set contains n stamps. 
A set (.! 5 cents is associated with each 
stain]). There are n such sets of 5 cents. 
Th<‘ third s(4 c‘ontains 60 cents, the total 
paid for the stanqis, and is formed by 
coinbini*. ' u sets of 5 cents. 

Ste}) 3. Tlic ()])cn sentence is n X 5 
= 60. 

Stej) 4. The veiiuired number is 12. 

Step 5. 1 2 stamps can be purchased 
ior 60 cents. 

Problem 4 can be visualized as re- 
(piiring that the set of 60 cents be par- 
titioned into cciuivalent subsets of 5 
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cents each. Tliis leads to a comparison 
or measurement division, and the open 
sentence is: 

n - 60 ^ 5 

The above sentence is again part of 
the same pattern as the sentence given 
in step (3) and both sentences indicate 
that 60 must be divided by 5 to ol)tain 
tlie desired number. The advantage of 
using the sentence given in step (3) is 
that problems 3 and 4 can then be more 
readily recognized as related problems. 

Problem 5 Joe bu\ s 5 stamps for 40 
cents. How muc h does each stamp cost? 

Step 1. The problem is to determine 
the cost of each stamp. 

Step 2. Tlie first set contains 5 stamps. 
A set of ti cents is associated with each 
stamp. There are 5 such sets of n cents. 
The third set contains 40 cents, the total 
spent for stamps, and is ol:)tained by 
combining 5 sets of n cents. 

Step 3. The open sentence is 5/i 
= 40. 

Step 4. The recpiired number is 8. 

Step 5. Each stamp costs 8 c ents. 

The above problem inav be visual- 
ized as recpiiring that 40 cents l)e par- 
titioned into 8 ec|uivalent subsets. This 
suggests a partition division and the 
open sentence n = 40 -J- 5. This sen- 
tence is part of the same pattern as that 
written in step (3). Hcjth sentences in- 
dicate that the recpiired number is ob- 
tained by dividing 40 by 5. Thc‘ advan- 
tage of the sentence written in step (3) 
is that it indicates how problem 5 is re- 
lated to both problems 3 and 4. A pupil 
who can recognize problems 3, 4, and 
5 as different forms of the same problem 
should have a distinct advantage over 
the one who sees them as three unre- 
lated i)roblems. 

It is important to recognize that all of 
the open sentences in the five illustra- 
tive problems above can be written as 


the result of combining two or more 
sets into a single set. In the last three 
problems, the sets that are combined 
are ecjuivalent. If a pupil can recognize 
that 3 sets are combined to form a single 
set, he should recognize that the latter 
set ean be partitioned into the 3 original 
sets. To talk about the cost of 8 stamps 
may suggest combining 8 sets, whether 
the cost of the stamps is known or not. 
However, if 40 cents is to be divided 
eciually among 5 children, the separa- 
tion of sets is clearly suggested. If the 
pupil can visualize putting the 5 sets 
back together, the sentence 5/i = 40 is 
suggested. Pupils will react differently 
to such situations and should not all be 
required to give the same solution. It is 
generally agreed that different methods 
of solving a inoblem should be encour- 
aged and discussed. C'hildren sliould 
be encouraged to do original thinking. 

Problem 6 Joan has 50 cc'uts. Sandy 
has 75 cents. How much more money 
does Sandy have? 

Step 1. The problem is to determine 
how much more money Sandx’ has than 
Joan or to determine the difference in 
the two amounts of money. 

, Step 2. The first set contains 50 cents; 
the second set contains 75 cents; a third 
set may be constructed, but there should 
be no necessity to do so. The ])robl(Mn 
here is to comparef the two sets, and this 
may be done by subtraction of the car- 
dinal nnmb(*rs of the sets. 

Step 3. The open sentence is // = 
75 - 50. 

Step 4. The recpiired number is 25. 

Step 5. Sandy has 25 cents more than 
Joan. 

Problem 7 Find the ratio of the 
amount that Sandy has to the amount 
thlit Joan has. 

Step 1. The j^roblem is to determine 
the ratio of two numbers. 
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Step 2, The sets are the same as in 
problem 6. In this ease the sets are to 
be compared by division rather tluin by 
subtraction. A ratio is the comparison 
by division of two sets with similar ele- 
ments. 

Step 3. The open sentence is ti = 
75 50. 

Step 4. The reciiiired number is j, 
ly, or 1.5. All three numerals represent 
the same number and are correct solu- 
tions to the open sentence in step (3). 
Unless very specific instructions to the 
contrary arv j'iven, all answers should 
be considen‘d correct. 

Step 5. The ratio of Sandy’s monev 

» .S »■ ' .r 

'' rbe problem specifically 
indicates the ratio of Sandy’s inoiuw to 
Joan’s. If the problem mer(*ly asked for 
the ratio of the two amounts, cither ^ 
or "3 would be correct. 

Problem 8 Tom had a dollar (100 
cents) and boiiLd^l 2 candy bars at 10 
cemts each and a package of ])ai>cr for 
25 cents. How much moiu^y did he have 
left? 

Ste]) 1. Kind how much Tom had left 
from one dollar. 

Step 2. There is a set of 2 candy 
bars (some pupils may prefer to say 
there are 2 sets of 10 cents), where 
each bar is associated with a set of 10 
cents. Thert‘ is a set of 25 cents. Then* 
is a set of 100 cents (one dollar). T’he>e 
is a set of // cents remaining. The set of 
n cents combined with the 2 sets of 
10 cents and the set of 25 cents form the 
set of 100 cents. 

Step 3. The 0 ]xm stmtence lollows: 
+ 2 X 10 + 25 = 100. 

Step 4. The rc(iuircd number is 55. 

Step 5. Tom has 55 cents left. 

Problem 8 illustrates how a multi- 
step traditional problem can be soKed 
with a single open sentence. Some pu- 
pils may prefer to use se\’cral steps. 


Many such pupils will eventually pre- 
fer to use the one-step approach and 
should usually be allowed to proceed 
at their own pace. 

Set languajy;e has been stressed in the 
analysis of the previous problems. Any 
teacher may accomplish similar results 
without emphasizing set lanj^uagc to 
this extent. While set language is now 
widely used in elementary school pro- 
grams, it is not universally acce])ted. 
11ie teacher must make judgements as 
to the value of such language in the 
classroom. It will be difficult to make 
true evaluation without experimental 
evidence of its worth.* 

In problem I, step (2) may be simpli- 
fied by saying that amounts of 15 cents 
and 45 cents are given. These numbers 
may then be identified as addends 
which will then lead to the same open 
sentence in stc]) (3). Identifying the 
numbers as addends is essentially a 
subverbal way of rc*cognizing that they 
are numbers associated with sets that 
are being combined. 

'fhe api)roach outlined in the illustra- 
tive ])roblcms above, with minor varia- 
tions, is now almost universally ac- 
cepted in modern programs. Emphasis 
on tile set analysis varies from program 
to prog: ■ 1 , however. There is no sub- 
.stantia! ' idence to indicate that this 
approach, with or without the set analy- 
sis, is better than an> other. Individual 
teachers report varying success, but 
many other factors are involved. Future 
res(‘arch ma\ provide more information 
on this r.vifter. 

Pupils should not write equations 
with labels on numbers, as }i + S5 = 
$10. Numbcir and not dollars are added 
or subtracter!. One exception to this 

'john W. Wilson. “Tlu" Rolt* of Striutiin* in 
Rrohlriii Solving,’' The Arithmetic Teacher, (^C‘to- 
her M: JS(S-497. 
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rule is necessary because the notation 
$1.25 for one dollar and 25 cents was in- 
troduced for social reasons long before 
decimal notation came into use. Before 
the introduction of decimal notation, 
1.25 without the dollar sign is mean- 
ingless. 

Verbal problems will always be dif- 
ficult for a substantial number of pupils 
no matter what approach is used. The 
al)ility to read mathematical problems 
with discrimination usually comes only 
with much effort. Teachers should con- 
stantly be investigating ways in which 
this skill may be developed in pupils. 

Solution of open sentences 

The solution of open sentences is an 
integral part of the solution of verbal 
problems. When a sentence such as 
□ + 3 = 5 is solved in grade 1, the pu- 
pil need only know that 2 -|- 3 = 5 is a 
tnie statement. Solution of such sen- 
tences provides additional practice in 
dealing with facts and valuable knowl- 
edge about the nature of an open sen- 
tence. The pupil solves an open sen- 
tence by intuition, by application of a 
mathematical principle, or by applying 
an axiom. For a description of these 
three procedures, see page 135. 

A useful review of the ideas needed 
for understanding how to solve most of 
the open sentences occurring in the 
elementary program may be obtained 
with the following activities: 

1. Ask the pupils to write all the 
open sentences they can with addends 
of 2 and 3 and a sum of n. There are 8 
sentences: 

n ^2 -r 3 r7--3+2 - , 

2 t 3 -= n 3-f2 = n 
n -3 = 2 2 = n -3 

n-2 = 3 3 = n-2 

It is not usually necessary to write 
the right-hand set, but it is worth 


doing occasionally because of its value 
in stressing that if a h then b = u. 
This fact is not completely understood 
by many college students. The teacher 
should stress the fact that ii represents 
the same number in all of the sentences 
above. The sentenc*e u = 2 + 3 makes it 
clear that the number represented by n 
is obtained by adding 2 and 3 no matter 
which of the above equations is given. 

2. Ask the pupils to write sentences 
in which the addends arc 2 and ti and 
the sum is 9. The following four equa- 
tions illustrate the addition-subtraction 
pattern discussed on page 119. Again, 
n names the same number in all of the 
sentences shown below: 

n -t 2^9 2 -^n --9 

9- n = 2 9 -2 = n 

The sentence 9 — 2 = n indicates that 
the number represented by n may be 
obtained by subtracting 2 from 9 and 
will be the same no matter which of the 
above sentences is given (as well as any 
of the other four discussed in (1) above. 

. 3. Ask the pupils to write open sen- 
tences with factors of 3 and 4 and a prod- 
uct of n. Four such equations are: 

3 . 4 - n 4 O - D 
n 3 - 4 n r 4 - 3 

All of these equations indicate that the 
nuinl)er n can be obtained by multiply- 
ing 3 by 4. 

4. Ask the pupils to write open sen- 
tences in which the factors are 6 and n 
with a product of 30. Four such sen- 
tences are: 

6 n 30 n ■ 6 - 30 
6 -- 30 -f- n — 30 — 6 

All of the above equations indicate that 
.the number (factor) n can be deter- 
mined by dividing the product 30 by 
the known factor 6. 
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READING 

AND PROBLEM SOLVING 

Problem solving cannot be taught as 
a skill, since the conditions in verbal 
problems dealing with social situations 
usually vary from problem to problem.'* 
The learner’s ability to solve problems 
depends on his intelligence, his read- 
ing ability, his understanding of num- 
ber operations, and his background 
of experience. However, the teacher 
should give special help in vocabulary 
development, reading, and procedures 
for dealing with verbal problems such 
as are described in the following pages. 
Special work should be done to assist 
children to formulate mathematical sen- 
tences that provide the basis for solv- 
ing cciuations. 

The incidence of mathematical terms 
in reading is very large. Horn reported: 

Of the first 1069 words in the list com- 
piled by Thorndike and Lorge, more than 
one in ten an? reasonably specific arith- 
metical, geonie*iical, or statistical terms. 
And if indefinite mathematical terms are 
inchided, the proportion is about one in 
four. A large number of thes(’ mathemati- 
cal terms appear freciuciitly in the texts 
and references in the content fields.” 

Horn reported that such technical 
terms as th<‘ following were rated es- 
sential by l)oth teachers of art and of 
mathematics: area, balance, breadth, 
circle, cube, depth, dimension, distance, 
horizontal, length, measure, parallel, 
perpendicular, rectangle, square, tri- 
angle, and unit. 

il. P. Spil/er and l"raiicfs 
oping Facilit\ in Solving Verbal Prohleiiis.” Ihr 
Arithmetic Teacher, Noveniher 1950, 3:177-182. 

“Ernest Horn, The Tearhitifi of Arithmetic, Eil- 
tietli Yearbook of the National Soi iet\ lor the 
Study of Education, Part 2 ((3ncago: IhiiversiU 
of Chicago Press, 1951), p. 11. 


Mathematical concepts frequently ap- 
pear in combinations in reading, thus 
increasing the difficulty of dealing with 
them. The ability to understand such 
statements, in which mathematical 
terms have relations to other facts in a 
larger social setting, is heavily condi- 
tioned by the reader’s grasp of the num- 
ber system and retjuires functional 
quantitative thinking: 

The difficulty of dealing with the 
mathematical concepts in reading is in- 
creased by the fact that they frequently 
appear in combination, as: 

almost two hundred years; through many 
centuries; millions of dollars; nearly two 
miles wide; ranges from twenty-five to 
one hundrt'd tw^enly-five per square mile; 
nine hundred sf|nare miles; three and a 
half million; [the river] falls only four 
mehes in a mile.' 

It appears evident that teachers of 
mathematics slioiild not limit the treat- 
ment of technical, quantitative, and 
mathematical terms to their strictly spe- 
( ialized meanings but should also help 
students to understand their interpreta- 
tion in broader social situations, espe- 
cially in the reading they do in all 
courses i.> school. The significance of 
this i)oin )r teachers of all curriculum 
areas cannot be too strongly stressed. 
Every t richer in a sense is a teacher of 
mathematics. Similarly, every teacher 
of mathematics is a teacher of reading. 

The ability to read pla\s an important 
role in oiiantitativc thinking. Special 
kinds of reading skills are required in 
problem solving in addition to the 
ability to read and comprehend explan- 
ations of algoi isms that are included in 
textbooks and workbooks. 


'Itorr, p. 11. 



312 


TEACHING ELEMENTARY SCHOOL MATHEMATICS 


Research has shown that pupils who 
excel in problem solving are signifi- 
cantly superior to those who are poor 
in problem solving in the following 
fields: 

1. Computational ability 

2. Ability to apply the sequence of 
steps involved in problem solving 

3. Ability to estimate answers to ver- 
bal problems 

4. Range of information concerning 
social uses of arithmetic 

5. Abilit>' to read graphs, charts, and 
tables 

6. Ability to see relations in number 
series 

7. General and nonverbal reasoning 
abilit> 

8. General reading level 

9. Le^'el of mental ability. 

The good and poor problem solvers 
are not significantly different in the gen- 
eral reading skills used in literary read- 
ing, such as those included in tlie (hites 
Tests in General Reading, l^ut they do 
differ significantly in the special read- 
ing skills required in mathematics, 
namely, abilitx to follow the steps in 
problem solving. It evidently is neces- 
sary to give special attention to teach- 
ing pupils inferior in problem solving 
the special reading skills peculiar to 
mathematics. 

Well-constructed mathematics text- 
books and workbooks often provide ex- 
cellent reading exercises, which de- 
velop the reading skills required in 
problem solving and extend the vocab- 
ulary. Teachers should not hesitate to 
use suitable reading exercises in mathe- 
matics textbooks and workbooks, be- 
ginning with those that are somewhat ■ 
below the level of problems the pupil 
can solve reasonably well and gradually 
progressing to exercises of greater diffi- 
culty found in textbooks for the higher 


grades. Some of the more valuable kinds 
of helps in problem solving are de- 
scribed in the following pages. 

ACTIVITIES 

FOR IMPROVING PROBLEM SOLVING 

The following activities are among 
those that many educators believe are 
helpful in aiding pupils to achieve a 
higher level of ability in problem solv- 
ing: 

1. Encourage pupils to submit differ- 
ent solutions to each problem. If the 
solution suggested is incorrect, show 
why it is wrong. If the solution is cor- 
rect but inefficient, the i)upil should be 
made aware of this fact. Stressing a var- 
iety of solutions helps to reduce the 
tendency of pupils to learn rote rules 
for solving verbal problems. 

2. Encourage the pupil to estimate 
answers to problems. This is not an easy 
skill to develop and the teacher should 
constantly supply guidance for puj)ils. 
For example*, if the correct answer is 
915, an estimate of lOOO is usually con- 
sidered acceptable, but a better practice 
would be to say that the correct answer 
is between 800 and 1000. The i)rac- 
tlce of estimation helps pupils decide 
which answers arc sensible. 

3. Give the impils an open sentence 
and ask them to construct a vcrl)al prob- 
lem that will require the given open 
sentence for a solution. For example, 
if the sentence 3 X n = 24 is given, the 
following might be among the problems 
given by the pupils: 

a. If the product is 24 and one factor 
is 3, find the other factor. 

b. What is the cost of 1 l)ar if the cost 
of 3 bars is 24 cents? 

c. Joe traveled 24 miles in 3 hours 
on his scooter. What was his average 
rate in miles per hour? 
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d. A test with 3 questions had a value 
of 24 points. What was the value of each 
question if all the questions had the 
sauie weight? 

e. Each paper cost n cents. Three 
papers cost 24 cents. What is the cost 
of each paper? 

II this activity is rejK'ated with some 
regularity, it may jirovide one of the 
most useful aids to irrohlem solving. 

4. Use set sentences as an intermedi- 
ate situation to help pupils learn to 
write verbal problems. The following 
examples give the set sentence and the 
corresponding sentence. 

a. A set of 3 combined with a set of 
5 is a set oi' n; 3 + 5 = n. 

h. A st*t of }i eoinl)inecl with a set of 
4 is a set ()f 10; /i + 4 = 10. 

c. A set of M eoml)inecl with a set of 
ni is a s(*t of t; u + ni = t, 

(1. 3 sets of 4 is a set nf u; 3x4 = n. 

e. 4 sets of n is a set of 20; 4n = 20. 

f. n sets of 7 is a set of 28; In = 28. 

U,. sets of t is a set of ni, nt = ///. 

5. Write a set 'eiMenee as in (4), and 

ask the ])iipils to ^ive v(n'l)al problems 
that ean be deseribc*d by the set s(m- 
tenee. For the set semtenee in (4a), a 
pnpil niij^ht write the following verbal 
problem: John (Mined $3 in the morn- 
ing and $5 in the afternomi. How miieh 
did he earn in a dayr^ 

6. Write an open sentenee, for exam- 
ple, 3n + 10 = 50, and ask the ])u])il to 
writt‘ or state a set sentenee* that eorre- 
s ponds to it. In this ease th(* aiisw(*r is 
3 sets of n eombined with a set of 10 is 
a set of 50. The aetivities outlined in 
(4-0) should }i\\c the ])upil si)eei(ie help 
in learning how to read and analyze 
simple verbal problems. 

7. Eneoura^e able pupils to j^en(*ral- 
i'/e. If a pupil solves the following se*- 
qiienee of pr(d)lems he should be able 
to recogiii/e that th(* eost per stamp is 


obtained by dividing the total eost, 6*, 
])y the number of stamps, n. In eon- 
ju notion with the previous exereises 
one can say that ti sets oft cents is a set 
of c cents where / is the cost of one 
stamp, 'rhis leads to the open sentenee 
n X t = i\ which may also be written 
as / = c n. 

a. If 3 stamps eost 15 cents, what is 
the cost of 1 stamp? 

b. If □ stamps cost 15 cents, what is 
tlie eost of 1 stamp? 

e. If n stamps eost 15 cents, what is 
the cost of 1 stamp? 

d. If 3 stamps eost □ cents, what is 
the cost of 1 stamp? 

e. If 3 stamps eost r cents, what is the 
eost of I stamp? 

f. If n stainjis cost c cents, what is 
the cost of 1 stamp? 

8. Use problems with multiple an- 
swers. In some problems there is no 
single answer. Consider the following 
problem: 

Mr. Smith plans a 24()-mile trip. He 
pltins to drive at a speed of not less than 
40 miles an hour or more than 60 jnilt‘s 
an hour. How long will the trip take if 
he carries out his plan? 

If he were to drive 40 miles an hour 
at all time s, his time would be 240 40, 

or 6 hom If he were to go 60 miles an 
hour at an times, his time would be 
240 60, or 4 hours. So his time would 

undoubtedly be between 4 hours and 
6 hours. We ean express the number of 
hours as tlu* answer to the ]m)blem 
mathematically as t 6 and ^ ^ 4; that 
is, / is equal to or less than 6 hours and 
('(pial to or greater than 4 hours. 

rhe following problem is one that 
yields multipl answers that the class 
should discuss: 

Tom had $5.75. He wants to buy two 
75-cent records and an album. How 
much could he pa\ for the album? 
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The answer obviously is that he can 
pay any amount less than $5.75 — 
(2 X $.75) for the album. The pupils 
should be led to discuss the fact that 
the answers to such problems cannot 
be given with a single number. 

9. Use e.xercises specifically designed 
to develop vocabulary. Exercises simi- 
lar to those applied in reading will 
broaden and sharpen the understanding 
of words used in mathematics and im- 
prove the work in problem solving. The 
important point for the teacher to bear 
in mind is that the ideas represented by 
a given vocabulary contribute to the 
reading difficulty of a statement. Thus 
the words in the following sentence are 
all in the first 2500 in the Thorndike 
word list, but the context in which they 
are used involves ideas that are unin- 
telligible to grade 4 children: “The 
square of the sum of two numbers is 
equal to the scpiare of the first number 
added to twice the product of the first 
and second numbers, added to the 
square of the second number.”” 

W hen children do not understand 
the situation a verbal problem presents, 
they either give up or venture guesses 
as to procedures to use, or merely juggle 
the numbers that are given and arrive 
at answers that are meaningless. The 
teacher must develop the meaning of a 
situation and the background necessary 
to understand it. Otherwise the chil- 
dren will not succeed in solving the 
problem. Vocabular\’ exercises” such as 
the following should be supplemented 
by lessons in the looking up of the spe- 
cific meanings of difficult and unfamiliar 

E. Young, "TIk" Langiiagr Aspects of Arith- 
metic,” School Science and Mathematics, March 
1957,57:172. 

*'Harry C. Johnson, “The EfFeet of In.struction 
in Mathematical X'ocabiilary upon Problem Solv- 
ing in .Arithmetic,” Journal (if Educational Re- 
search, October 1944, .38:97-110. 


words in problems, explanations, and 
discussions when the need arises; 

a. Matching words with definitions, 
objects, pictures 

b. Multiple-choice exercises requir- 
ing selection of correct word from sev- 
eral choices 

c. Completion exercises in which 
missing words arc supplied by the 
learner 

d. Naming the unit of measure or the 
instrument used in measuring various 
items or aspects of things 

e. Writing the correct words for ab- 
breviations 

f. Naming geometric figures or parts 
of drawings or drawing representations 
of expressions 

g. Performing some action to show 
meaning 

h. Restating expressions in other 
WH>rds 

i . (Correcting faulty statements 

i. Preparing original lists of words 
arranged according to headings givtm 

k. Naming units and instruments of 
measurement used by various worktus, 
.such as grocers, carpenters, and clerks 

l . Writing lists of words that relate to 
• given words, such as fraction, money, 

circle, time. 

The left-hand column of Table 17.1 
lists verbal statements while the right- 
hand column lists algebraic or symbolic 
equivalents. Pupils should be given 
practice in supplying the verbal (equiva- 
lent to symbolic statenuents and in sup- 
plying the symbolic equivalents of ver- 
bal .statements. 

10. Watch for opportunities to make 
problems from major news develop- 
ments of the day. If a new plane is be- 
ing released that has a speed of 2000 
•miles per hour, ask the pupils how long 
it will take this plane to fly across the 
country; to London; around the world. 
Encourage pupils to bring in newspaper 
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TABLE 17.1 

Developing a Mathematical Vocabulary 


Verbal Statement 

S If m hoi ir S tatern en t 

The sum of □ and 3 

□ +3 

The number A increased by 2 

A +2 

12 decreased by some number 

12-n 

21 increased by some number 

21 +n 

The product of n and 4 

n X 4 

The quotient of n and 2 

n^2 

Tom is n years old. Harry is 3 years older 

n +3 

The cost in cents of n dolls at 40 cents each 

n X 40 

The cost in cents of 4 apples at n cents each 

4 X n 

The cost in cents of n apples if 1 apple costs 5 cents 

n X 5 

Th^ average weight of 4 chickens whose total weight 
is n pounds 

/7 4 

The number n decreased by 2 

1 

n — 2 

i of a number 

or i X n 

The area of a rectangle whose length Is 10 Inches 
and whose width is x inches 

10 X X 

The distance an automobile goes In 1 hour 
if it goes 120 miles in x Lours 

120 -hx 


clippings froni which ihcy have con- 
structed prohleip .. 

1 1 . Occasionally give a problem with 
some m'cessar> information missing or 
one that contains some information not 
need(‘(l. Encourage class discussion of 
such problems and help pupils recog- 
nize what is missing or what information 
is not needed. 

A general program for developing 
ability to soive verbai problems 

The elements of an effi'ctive program 
for developing the abilitx to sedve v(*r- 
bal prol)lems may be statc^d as follows’ 

1. Discuss uses of number iu social 
situations that arise or in pictures and 
illustrations in textbooks to develop vo- 
cabulary and background experiences. 

2. Cuve the pupil many opportunities 
to write open sentences for simple^ situ- 
ations. This aelivity sliould be started 


in grade 1 and continued on increasing 
levels of difficulty. 

3. Give the pupil abundant experi- 
ence in reading and solving easy, mean- 
ingful verbal problems in textbooks and 
workbooks, beginning at or slightly be- 
low his i* * el of development. Empha- 
size the 1 . of mathematical sentences 
as the basis of problem solving. Keep 
the nun'bers small at the start. (Gradu- 
ally increase the difficult)' of the vocabu- 
lary, computations, and situations. 

4. Be sure to help the learner to un- 
derstand the meaning of each number 
])roeess by manipulati\ e experienc:e and 
by use of set situations. 

5. Have pupils use manipulative ma- 
li'rials to del .onstrate and work out 
solutions of simple problems so as to 
help them to visualize the situations 
and the relations involved. Have pupils 
tell oralK’ about the procedures they 
use in terms of sets. 
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6. Plan reading experiences that will 
develop the special reading skills in 
problem solving. Take one skill at a 
time on the sequence listed. This is 
ver\' important. See workbooks for spe- 
cial helps. 

7. Emphasize vocabulary develop- 
ment by suitable exercises similar to 
those used in reading. 

8. Do special work on measures and 
their use in social situations. Hel]:) pu- 
pils to develop and then use tables of 
measure. Demonstrate or visualize the 
processes of conversion from large to 
small, and small to large, a basic source 
of difficulty in problem solving. 

9. Develop basic rules, formulas, and 
procedures through real situations in- 


1. What is the difference between problem 
solving and quantitative thinking? 

2. List steps in solving a verbal problem. 

3. Give an example of problem solving 
growing out of a life situation. 

4. Write a set sentence for 3n -h 5 = 28. 

5. Illustrate the concepts underlying prob- 
lem solving by applying them to a real 
situation. 

6. What is the value of open sentences in 
problem solving? 

7. What are the three activities with sets 
that are related to problem solving in 
the elementary school? 


Banks, J. H., Learning and Teaching Arith- 
metic. Boston: Allyn and Bacon, Inc.,’^ 
1964. Chapter 14. 

Henderson, K. B., and R. E. Pingry, Prob- 


volving manipulation of representative 
materials, drawings, visualization, and 
thinking through the relations involved; 
for example, perimeter, area, costs, in- 
terest, percentage, and so forth. 

10. Use problems without numbers 
to help the pu])il learn to state in his 
own words how to find answers. 

11. Emphasize the need for accuracy 
in all computations. Teach pupils to go 
over their work to check it. 

12. Teach pupils above grade 5 pro- 
cedures for approximating and estimat- 
ing answers to see if their answers are 
sensible. 

13. Use a consistent plan for writing 
solutions of verbal problems similar to 
that outlined on page 306. 


EXERCISES 

8. Prepare a verbal problem that can be 
solved In more than one way. 

9. How would you develop the mathe- 
matical concepts underlying the cost- 
number of items-price relationship? 

10. Show why the teaching of reading has 
an important place in arithmetic. 

11. Describe several vocabulary-building 
exercises useful in elementary mathe- 
matics. 

12. What specific methods can you recom- 
mend for teaching slow learners to solve 
problems? 

13. Why is problem solving not a skill? 


SELECTED READINGS 

lem Solving in Mathematics, Twenty-first 
Yearbook of the National Council of 
Teachers of Mathematics. Washington, 
• D.C.: The Council, 1953. Chapter 8. 
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Instruction in Arithmetic, Twenty-fifth Year- 
book of the National Council of Teachers 
of Mathematics. Washington, D.C.; The 
Council, 1960. Chapters 4 and 9. 

McSwain, E. T., and R. J. Cooke, Under- 
standing and Teaching Arithmetic in the 
Eiementary School. New York: Holt, Rine- 
hart and Winston, Inc., 1958. 

Spencer, P. L, and M. Brydegaard, Building 
Mathematical Competence in the Ele- 


mentary School. New York: Holt, Rine- 
hart and Winston, Inc., 1966. 

Spitzer, H. F., Teaching Elementary School 
Mathematics. Boston: Houghton Mifflin 
Company, 1967. Chapter 8. 

Topics in Mathematics for Elementary 
School Teachers, Twenty-ninth Yearbook 
of the National Council of Teachers of 
Mathematics. Washington, D.C.: The 
Council, 1964. Unit 7. 



NONMETRIC GEOMETRY 


Sets of niiinhers are the Imildinj; blocks 
of arithmetic and alj^ehra. Sets of points 
are the building ])locks of j^eometry. 
The concept of a point is undefined, as 
is the concept of a set. 

• • 

A B 

Figure 18.1 

On the elementary level a point is 
usually described as a position in space. 

A point is represented by a dot such as 
the period at the end of this sentence. 
Points are usually labeled by capital ^ 
letters, as illustrated in Figure 18.1. A 
f^eometric figure is a set of points. The 
set of two points in Figure 18. 1 is a geo- 
metric figure but has no common name 
other than a pair of points. Space is the 


set of all ])oints. Some subsets of s]xicc 
have specific names, as lines, curves, 
planes, solids, and angles. 

The numeral 3 is a eol lection of ink 
that represents an idea called a number. 
The number cannot be seen or touched, 
but it is easier to work with when it has 
a symbol or name. The two dots in Fig- 
ure 18.1 are also symbols that repre?- 
sent the geometric idea called a point. 
A point is also an idea that cannot be 
seen or touched. The dot makes the 
point easier to visualize and work with, 
just as the numeral does for the number. 

Points, lines, planes, and other sets 
of. points are ideas that cannot be seen 
or touched, but many things in everyday 
life are good approximations of these 
ideas. Nature and the works of man are 
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full of things that suggest points, lines, 
and other eommon geometric figures. 
The distinction between the dot and 
the point that it represents should not 
be overemphasized but must be under- 
stood. The dot has measurable dimen- 
sions while the point does not. The 
geometric idea called a line has no 
width, while the physical representa- 
tion of a line does. C^onfusion may re- 
sult if the differences between the 
geometric idea and its physical repre- 
sentation are not understood. 

Nonmetric geometry deals with i)rop- 
erties of sets of points not involving 
measurements. Nonmetric* ])ropcrties 
iffclude siu‘h ideas as shape, intenior, 
exterior, and between. 

i’ht* lollowing topics will be* tlis- 
(■nss(*(l ill (liis ( liaplci: oiic-di llll•nsI()n.^l 
figures; Iw o-diineusioiial figur(*s; llina*- 
diineiisional figures. 

ONE-DIMENSIONAL FIGURES 

Place a pencil on a dot r(‘prcsentiiig 
point A. Move the pencil to a dot repre 
senting point B. The result is a physi- 
cal rcpresc'iitation of a i^art of a run c 
(curved line). 

There are an infinite* number of ])aths 
bc'tween tw'o differc^nt points. The sho* t 
est path between two such points repre*- 
sc*nts the line segment connecting these* 
two points. 

Points, curves, lines, and line seg- 
ments cannot be defined on in elemen- 
tary level and are considered as unde- 
fined terms on much higher levels. The 
])ictorial aspect of geometry makes it 
possible to illustrate these ideas readily 
and to provide main’ activities that will 
contribute to an understanding of the ' 
properties. 

The earliest activities in geometry 
should involve drawing dots as repre- 
sentations of jHiints and connecting 


these dots with a variety of paths. Rulers 
should be introduced to aid in drawing 
paths that re])resent line segments. At 
this point the rulers are used as straight 
edges and not as measuring instruments. 
Some suggested activities are as fol- 
lows: 

1. Place two dots on a sheet of paper 
and draw three paths that do not repre- 
sent (straight) line segments. It is almost 
universally accepted that the term “lifie 
.segment*’ means a straight line segment. 

2. Draw three different dots (repre- 
senting points) on a sheet of jxiper. 
Draw as many j)aths repres(*nting line 
segments as possible connecting the*se 
three dots. 

As a challenge, ask the pupils if there 
arc any sp(‘cial situations. A siiccial case 
exists \vh(*n the three points lie on the 
same straight liiu*. In all cases there 
are three* line segments connecting the 
points A, B, and C. These art* usuallv 
labeled AB, BC’, and AC. When the 
three points lit* on a line, AB and BC 
lie on A(’ (see Fig. 18.2). While the tri- 
anglt* in Figure 18.2 is two-dimensional, 
the emphasis here is on one-dimen- 
sional line .st*gincnts. It would be too 
artificial to restrict these activn’ties to 
one diini‘n.sion. 



Figure 18.2 


3. Draw four dots and labt'l them A, 
B, C. and D. Connect these dots wnth 
paths repres‘'nting line segments in as 
many ways as possible. The six jiossible 
line segments are AB, AC, AD, BC, BD, 
and Cl). 

4. Challenge superior students to dis- 
cuss the special situations that may 
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occur in the previous activity (item 3). 
Three points may be on a straight line 
or all four points may lie on a line. 

5. Identify the nine line segments in 
the drawing in Figure 18.3. 


D 



6. Use pictures in a variety of text- 
books and identify figures that suggest 
points, portions of curved lines, and 
line segments. 

7. Use the classroom to find rei)resen- 
tations of points and line segments as 
well as portions of curves. The corner 
of a room or a window suggests a point. 
The edges of books, walls, or windows 
suggest line segments. Maps and pic- 
tures provide representations of por- 
tions of curved lines. 

8. Examine the playground and its 
vicinit>' for representations of points, 
line segments, and portions of curved 
lines. 

9. Have the class draw designs using 
only line segments (see Fig. 18.4). 



10. If the pupils are familiar with the 
use of a compass, have them draw de- 
signs using only portions of curved 
lines (see Fig. 18.5). A coin or some 
other circular object may also be used. 



Figure 18.5 


11. Have the class draw designs in- 
volving both line segments and por- 
tions of curved lines (see Fig. 18.6). 



12. If reproductions of abstract art 
are available, attempt to find some that 
fall into the categories described in ac- 
tivities (8-10). Many paintings by Mon- 
drian involve only rectangles. 

These and similar activities should 
enable students to become familiar 
with the geometric ideas of points, line 
segments, and ]M)rti()ns of curves (curved 
lilie segments). 

Up to this point, care has been taken 
to distinguish between a point or a line 
and its representation. CA)mplet(? accu- 
racy demands the statement tliat the 
representation of a line be drawn. Or- 
dinary usagt* involves the statement 
that the line segment be drawn. Al- 
though the latter statement is incorrect, 
its intent is clear and it is much less 
awkward than the correct statement. 
From this point on, the abbreviated but 
inaccurate statement will be used, as is 
common practice, except for an occa- 
sional reminder or in situations where* 
precise language is necessary to avoid 
confusion. For example, in activity (3), 
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B 


A 


Line segment A B 


Line A B 



Figure 18.7 



the second statement will now he writ- 
ten: Connect the three points with line 
sej^inents in as many ways as possible. 
This statement is less awkward and is 
not likely to be misinterpreted. 

Lines and rays 

A line segment is a part of a line. In 
st4 language, the j^oinls of a line seg- 
ment form a subset of the sc‘t of])oints 
forming the line. The concept of a line 
segment comes first, A line is obtained 
by extending a line segment indefinitely 
in both directions. A ratj results when a 
line segment is (‘xtended indefinitely 
in only one direction. Figure 18.7 illus- 
trates how lin(‘ segments, lines, and 
rays are rcpn\se;il( d on pap('r. 'flu' no- 
tation shown in Figurt* 18.7 is now ejuib* 
standard. Kather than writing /v/// AB or 
line AB, it is (Msier to write AB or AB, 
respectively. Whtm metric geometr> is 
introduced, the symbol AB is used to 
represent the length or measure of the 
line segment A/1. The symbol AB r('i)re- 
sents a set of points while the svmbol 
AB repres(Mits a number (the length or 
measure of tlu* line segment). 

Figure 18.7 also illustrates the se- 
quence for a child to follow in learning 
fundamental geometric concepts. 

Two points (dots) an* first drawn and 
connected with a varietv of paths. Two 
points are then connected with a line 
segment (a special path). Tin* line seg 
nient is then extended indefinitely in 
both directions to obtain a line. The 
line segment is extended indefinitely 
in only one direction to obtain a ray. 


'Fhis sequence introduces points, 
curved line segments, straight line seg- 
ments, lines, and rays in that order. 
Some teachers may prefer to introduce 
tlu* line after the ray. 

The following activities illustrate 
how to introduce the concepts of a line 
and a ray: 

1. Have the class connect two points 
with a line segment. Ask for the symbol 
that represents this set of points (AB). 
Ask the class for suggestions for indicat- 
ing that this segment is to be extended 
indefinitely in both directions. If no one 
in the class suggests the use of arrows, 
dravy several different symbols, includ- 
ing A/I, and ask tlu* class which one sug- 
g<*sts an extension in both dir(*ctions. 
Name this idea as a line and introduce 
its symbol, %B^. 

2. Ask each pupil to draw pairs of 
lines in as many different relative posi- 
tions as oossible (see Fig. 18.8). 



Parallel Coincident Perpendicular Oblique 
Lines Lines Lines Lines 


Figure 18.8 

This type of activity i)r()vides readi- 
ness for paral-el and i)erpendicular lines 
with no necessity to refer to these ideas 
by name. Two lines are parallel (with 
no common point) or intersect (with at 
least one point in common). If the lines 
intersect, they are either coincident 
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(with all points in common) or have ex- 
actly one point in common. H tlu' lines 
intersect and are not coincidcMit, they 
are either perpendicular or ohiiqiie. 
Fi^^iire IS.9 shows a set diagram illus- 
trating how sets of pairs of lines are re- 
lated. 



Figure 18.9 


3. Have the class draw a line segment 
connecting the points A and B. Ask for 
suggestions for showing liow to indi- 
cate that the segment is extended in- 
definitely in one direction. .\sk in how 
many different ways this can We done. 
Introduce the notation AB and BA for 
the two ray.s tliat can be related to the 
pair of points A and B. Help pupils rec- 
ognize that the first letter in the symbol 
for a ray always indicates the starting 
point of the ray. 

4. Have the pupils draw pairs of rays 
in as many different relative ])ositions 
as possible (see Fig. 18.10). 

The concept of a line segment is sim- 
pler than that of a line or ray because ^ 
representations of a line segment occur 
everywhere in the child’s environment. 
The concept of a line and ray is intro- 
duced after that of a line segment. The 
ray is usually introduced as the basis 


Ax-^Ar/^ 


Figure 18.10 


for understanding the angle concept. 
The angle will be discussed under two- 
dimensional figures. 



Figure 18.11 


A curve (curved line) that is not closed 
extends indefinitely in both directions. 
Figure 18.11 shows a curve that is not 
closed, (airves, lines, rays, line seg- 
ments, and curved lint* segmt*nts are 
all one-dimensional figures bccaust* 
they have no width. These five* idt‘as 
form the fundamental set of one-dimen- 
sional figures. Other one-dimensional 
figures may be Formed by combining 
two or more of these ideas, as illustrated 
in Figure 18.12. 



Figure 18.12 


Mathematicians usually consider tin* 
set of curves to include the s(*t oF lines. 
In set language, tlu* set oF lines is a sub- 
set of the set of curves. 

It is a worthwhile bulletin board pro- 
ject to post a list of ev(*ryday reprt‘senta- 
tions of points, line segments, lines, 
rays, c urved line segments, and curves. 
A brief illustrative example of such a 
list is given below: 

Points 

End of a pin 
End of a pencil 
Corner of a room 
Corner of a sheet of paper 
Position on a map 
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Line segments 

Edge of a sheet of paper 
Road on a map 
Boundary on a ma]) 

Edge of an athletic field 
(haphs 

Edge of a building 
Goal line 

Center stripe? on a road 

Lines 

A straight line graph over an infinite 
period of time* 

Radio waves from the same* station in 
opposite directions 

center stripe on a long portion of 
straight road 

A railroad rail on a long se*ction of 
straight track 

The* latte*r two are not line*s l)e*canse 
they do not e*xtend indelinitely, al- 
the)ngh ilu > ai)])(*ar tc/ elo so to the ob- 
se‘rve*r. 

Rays 

A line* of sight starting from one's e>e 
A be*am of light from a searchlight 
A ra\ ( »F liKlit f iom the sun 
A radio beam from a transmitter 

Curved line segments 

Boiindarie's on a nui]) 

G.raphs 

A ri\ e*r on a map 
A wire* from one* pole* to anotlu*r 
Ve*ins in le*avt*s 
A clothes line 

Curves 

A curved line graph over an infinite 
period of time 

The path of a comet ne)t in clos* ^ 
orbit 

The ce*nter stripe on a curved road 
A railroad rail on a cairved se*ction of 
track 


The* latter twe) are not curves, since 
they do not continue indefinitely, al- 
though the*\ ai)pear to do so to the ob- 
server. 

it may be helpful to kc*e]) such a list 
lor an extended period of time and let 
the pupils add to it as they get new 
ideas. 

Distinctive points 

A line segment is an infinite set of 
points. In a line segment AR, as illus- 
trated in Kignre 18.7, A and B are the 
endpoints. Each endpoint has points of 
the* set on only one side of it. All the 
other points of the set have points on 
both sides. This pr()p(*rty may be de- 
scribed in a differc'iit way. From an end- 
point it is possible to trave*! in only one 
direction and remain in the set. From 
any other ])oint of the line segment, it 
is j)ossible to travel in two directions 
and remain in the set. The endpoints 
arc* sometim(*s c*allc'd (listinctivr i)i)ints 
because thc‘ir properties are diffc*rc*nt 
from those* of othc*r points in the set. 
After the distinctive nature of the end- 
points has been discussed and under- 
stood by the class, it may be interesting 
to examine other geomc*tric figurc*s for 
distiiu . • e points. 

\ ciir d segment has two distinc-tix e 
])oints, the endpoints. 

A liiH* has no distinctive* points, since 
it has no c*ndpoints. 

A ra\ has one distinctive point, its 
initial poin^. 

A cn. c has no distinctixe points, 
since it has no endpoints. 

Other activities that xvill enable pu- 
pils to reco:rni/.e important properties 
of lines aim c urves arc* the following: 

1. Have the* pupils draxv a line AB on 
a sheet of paper. 

a 1 lave the ^^m^ils draxv a curved line 
that interscc'ts AB txvicc. 
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1). Have the^3u^)ils draw a curved line 
that intersects AB three times. 

c. Have the pupils draw a line that 
meets XS^only once. 

d. Have the pupils draw a line that 
meets twice. The class should learn 
from this activit\' that two difl'erent lines 
can intersect in only one i)oint, and if 
two lines have more than one point in 
common, they have all points in com- 
mon. 

c. Have th e pu pils draw a line that 
does not meet AB on the paper but such 
that it would if the paper were large 
enough. 

f . Have the pupils atte nipt to draw a 
line that would not meet Xfi^io matter 
how large the sheet of paper. Such lines 
can then be defined as parallel, 

2. Have the pupils identify represen- 
tations of line segments belonging to 
parallel lines, such as opposite edges of 
sheets of paper, windows, and rooms. 

3. Have the pupil place two dots 
labeled A and B on a sheet of paper. 

a. Ask the pupil to draw three lines 
passing through point A. 

b. Discuss with the class how many 
lines can be drawn through a point, 
such as A. An infinite number of lines 
can pass through a point sucJi as A. 
When physical representations of a line 
are drawn through point A they will 
tend to merge with a relatively small 
number and become indistinguishable. 
This example is a good illustration of 
the difference between the abstract line 
(the idea) and its physical representa- 
tion on a sheet of paper. 

c. Ask the pupils in the class to draw 
as many different lines as possible 
through points A and B. Pupils should 
discover in this manner that only one 
line can pass through two points. 

4. Have each pupil place three dots 
on a sheet of paper. Ask that a line be 
drawn through the three points. The 


class should discover that it is not al- 
ways possible to draw a line through 
three points. When three points are in 
the special position so that a line can 
pass through all three of them, the 
points are said to be col linear. 

5. Have each pupil draw a line AB 
on a sheet of paper. Direct them to 
place a p oint C on the paper that does 
not lie on 

a. Ask the pupils to drav v a line 
through C that will not meet Xb^ even 
if the paper extended indefinitely. 

b. Ask the pupils to draw two differ- 
ent lines t hrou gh point C that will not 
me(4 line Xb^ no matter how far ex- 
tended. The pupils should then dis- 
cover that only one line c an b e drawn 
through point C parallel to Xb^. 

6. Have each pupil draw a line Xb^ 
on a sheet of paper and place a i)oint C 
on this line. 

a. Have thc‘ pupils draw two lines 
through C that are different from Xb! 

b. Discuss with the class if any par- 
ticular line seems more special than any 
other line. Draw several different situ- 
ations, including one in which the lines 
are perpendicular. Ask which of tlu\sc 
is a special line. The class will probably 
identify the perpendicular line as a spe- 
cial situation. Pen)cndicular lines must 
be recognized on a purely nonverbal 
basis before the angle concept is intro- 
duced. The term “square corner'’ is 
sometimes used to describe perpendic- 
ular lines before the angle concept is 
presented. A corner of a card or shet^t of 
paper may be used to determine if two 
lines are perpendicular or to draw per- 
pendicular lines. 

Drawing conclusions 

The art of teaching involves the abil- 
ity to choose and direct activities that 
are interesting and instructive. The ac- 
tivities are most successful when they 
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lead many pupils to discover important 
mathematical relationships. Drawing 
conclusions from a limited amount of 
evidence may be a dangerous proce- 
dure. It is most productive under the 
guidance of a skillful teacher who will 
help pupils to reject false conchisions 
as well as to acc ept correct ones. 

It may be heli)ful occasionally to de- 
liberately lead a class to make a con- 
clusion that can then be shown false. 
Optical illusions, as illustrated in Fig. 
18.13, are frequently used for this pur- 
pose. 

Eventually a pupil must understand 
the role of mathematical proof as the 


1. Define space. 

2. Name several proper subsets of space. 

3. Describe a point. 

4. What is the distinction between a point 
and a dot? 

5. Define a geometric figure. 

6. What is the simplest geometric figure? 

7. Identify the 10 line segments in Figure 
18.14. 



TWO-DIMENSIONAL FIGURES 

A onc-dirncnsional figure is a curve 
c^ra subset of a curve. .A two-dimensional 
figure is a surface or a subst»t of a sur- 



Figure 18.13 


basis for judging conclusions. Construc- 
tion of ])roofs is not usually considered 
an acceptable activity for the edemen- 
tary school. In directing activities such 
as those discussed here, an alert teacher 
will find many opportunities for pro- 
viding readiness for the c*oncept of 
proof. 


EXERCISES 


8. How many curved lines can be drawn 
from point A to point B? 

9. How many line segments can be drawn 
from point A to point B? 

10. How many lines can be drawn that pass 
through the points A and B? 

11. How many line segments can be drawn 
connecting four different points? 

12. Name an important subset of the set of 
curves. 

13. Idei.^' ' each of the geometric figures 
of Fig e 18.15. 


Figure 18.15 

face. Rolling tarm land suggests a curved 
surface. A table top suggests a flat or 
plane surface. Almost all elementary 
work with two-dimensional figures is 
done with a plane and its subsets. A sur- 
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face has no thickness. A physical repre- 
sentation of a surface, such as a sheet of 
paper or the skin of a hall, does have 
thickness. A region is a part of a surface. 
A curve (extending indefinitely in both 
directions) separates a surface into two 
regions. The curve (which may he a 
straight line) acts as the hoiindary that 
must he crossed to travel from one re- 
gion to the other. 

Closed curves 

A c ircle is the most common example 
of a closed curve. Figure 18.16 illus- 
trates some closed curves. 

(boooo 

Figure 18.16 

A closed curve ma\ he drawn hy plac- 
ing a pencil on any point and making 
a path that ends when it returns to the 
starting point. Such a path may or may 
not cross itself. It is mathematically im- 
portant to know whether a closed curve 
does or does not cross itself. A closed 
curve that does not cross itself is called 
a simple closed curve. The word “sim- 
ple'* in this case is used in a scientific 
sense and not in a descriptive one. A 
simple closed curve may appear to he 
more complex than a nonsimple closed 
curve, as illustrated in Figure 18.17. 
A simple closed curve separates the 
plane into two regions, an inside and 
an outside. It can also he said that a 
simple closed curve partitions the plane 
into three subsets, the inside, the out- 
side, and the boundary (the curve itself). 

An interesting activity is for the class 
to investigate distinctivx* points on a 
closed curve (see p. 323). A curvx that 
is not closed has no endpoints because 
it extends indefinitely in both direc- 
tions. A closed curve has no endpoints 


because it ends at the point at which it 
begins. Any point in a simple closed 
curve may act as the beginning and end- 
point. A simple closed curve has no dis- 
tinctive points. When any point is re- 
moved from a closed simple curve, the 
remaining curvx is in one piece but is 
no longer closed. When the crossing 
point is removed from a nonsimple 
closed curve, as in Figure 18.17, the re- 
maining curve is in two parts, neither 
of wdiich is closed. From any ])oint on a 
simple closed curve it is possible to 
travel in two directions and remain on 
the curv'c. From a crossing point on a 
nonsimple closed curve it is ])ossible 
to travel in more than two directions 
and stay in the set (or on the curvt*). 



A simple curve A nonsimple curve 

does not cross itself crosses itself 

Figure 18.17 


Inside and outside 

The mc*aning of “inside” and “out- 
side” in the |)revious discussion should 
be clear from the ever>’day meaning of 
the words. It is now common prac lic t' 
to include ext'icises in the early ele- 
mentary grades that reciuire the i)U])il 
to recognize whether a jioint is inside*, 
outside, or on the boundary of a simple 
closed curve. 

Both the curve that is not closed (in- 
cluding the line) and the simple closed 
* curve separate the plane into two re- 
gionsy but only in the case of the closed 
curve may the two regions be readily 
labeled inside and outside. The two 
regions formed by a curve that is not 
closed may be identified as upper and 
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lower or left and right hut not as inside 
and outside. 

A line separates tlie plane into two 
regions while a line segment does not. 
Figure 18.18 illustrates how it is pos- 
sible to get from point A to point B with- 
out erossing the line segment. In the 
case of the line and the closed curve, it 
is not possible to get from point A to 
point B (remaining on the surface) with- 
out erossing the boundary. 



9ne Segment Line Closed Curve 


Figure 18.18 

The following activities can l)(‘ used 
to incrt‘as(* the understanding of insid<* 
and outsid' . 

1. Itcfer to Figuif' 18.19. Have pupils 
identify points inside, outside, and on 
the scpiare. l^o the same for the circle 
and the triangle. 


B 



Figure 18.19 

2. Have pupils draw four different 
points on a sheid of ixiper and label 
them A, B, C, and D. Ask tlu^ pupils to 
draw a simple closed i iirve so that A 
and B are inside and C and are out- 
side. Tlu*st‘ instructions may thi'ii be 
changed to include oiu* or more ol the 
points on the line, and so on. 

3. Refer to Figure 18.20. Establish 
the fact that all points in this figure are 
outside the simple closed curve. Havt‘ 
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the pupils count the intersections of 
each line segment with the curve and 
discover that there are an even number 
of crossings. 



Figure 18.20 

4. Refer to F'igure 18.21. Establish 
the fact that the pairs of connected 
points are such that one is inside and 
one is outside. Help the piiinls discover 
that the number of intersections is odd 
in this case. 



Figure 18.21 

5. Refer to Figure 18.22. Establish 
the fact that all ])oints are inside the 
sim])h‘ c losed curve*. Again count the 
intersections between connecting line 
segmeiii^ md the cuive and help pu- 
pils disco .-r that in each ease the num- 
ber of intersections is even. 



Items (3-5) should (*nable the pupils 
to discover that if ])oints are on the same 
side (both inside or both outside) of a 
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simple closed curve, connecting line 
segments will intersect the curve an 
even number of times. If pairs of points 
are situated so that one point is inside 
and the other is outside the simple 
closed eurve, connecting line segments 
will intersect the curve an odd number 
of times. F'igure 18.23 illustrates that 
the even-odd generalizations do not ap- 
ply to nonsimple curves. In this ease, 
two interior points are connected with 
a segment that intersects the curve in 
only one point (the distinctive point). 



Figure 18.23 Figure 18.24 

F'igure 18.24 illustrates another situa- 
tion that apparently contradicts the 
even-odd generalization. In this case, 
the connecting segment is tangent to 
the circle and again ap])arently inter- 
sects the circle in an odd number of 
points (one point). This apparent con- 
tradiction cannot be explained on an 
elementary level. When interpreted al- 
gebraicalK, it can be interpreted as a 
double point. It should be clear that 
such unusual cases are not to be intro- 
duced unless some very able pupil asks 
about them. The activities described in 
items (3-5) should be used with more 
able or smaller groups. 

Polygons 

A pohfgoii is a closed curve. This is 
a correct statement and a good descrip- 
tion but not an acceptable definitiori. A 
circle is a closed curve but is not a poly- 
gon. A poK'gon is a closed broken line 
segment. This statement is also correct 
but is not an acceptable definition. A 
coat hanger can be used to illustrate 


why the last statement is not an accept- 
able definition for a polygon. Think of 
the coat hanger as a crude triangle. Ig- 
nore the handle or cut it off. Bend the 
hanger, as illustrated in Figure 18.25. 
The result is a four-sided closed broken 
line segment that is not a polygon be- 
cause it is not a plane figure. An almost 
complete definition follows: A polygon 
is a closed ])lane figure formed by line 
segments joined end to end. 



D C 


Figure 18.25 Figure 18.26 

By the above definitioii, Figure 18.26 
is a polygon formed bv the six segments 
DE, BC, Cl;,EA, and A75. However, 
DE and EB are not acceptabh* as adja- 
cent sides, since they lie on the same 
line. 

A correct definition is: A polygon is a 
closed plane figure formed b> line* seg- 
ments joined end to end with no two ad- 
jacent segments on tht* same straight 
line. 

By this definition. Figure 18.26 is a 
four-sided i)olygon formed by the seg- 
ments AC.’, CB, BD, and DA. It should 
be clear that a complete definition need 
not be given at the elementary level. 
Some authors use the almost complete 
definition given above, but it is i)rob- 
ably best to deal with polygons at the 
elementary level on a pattern basis. 
The use of precise language too soon 
may be more confusing than helpful. 

Identifying figures 

Triangles, squares, and rectangles are 
identified by pupils in the early elemen- 
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tary grades in many current programs 
but they are not usually recognized as 
polygons until the upper elementary 
grades. 

Early identification of geometric fig- 
ures must be entirely by shape on a 
nonverbal basis because identification 
takes place before concepts of equal 
segments and right angles are intro- 
duced. Squares should be recognized as 
special cases of rectangles in the earliest 
stages. The set of stjuares is a subset of 
the set of rectangles. (Current texts pro- 
vide numerous opportunities to identify 
geometric figures. In some instances it 
may be desirable to sni)plemenb the 
\Y?^rk in the text. Sonu* of the following 
activities may be helpful: 

1. Have the pupils place three i)oints 
(not on the same line) on a sheet of pa- 
lmer and connect these points with line 
segments Ask for the name of the re- 
sulting figure. 

2. Refer to a drawing such as that of 
Figure 18.27. Ask th(‘ ])upils to identify 
the triangles {ABIh HDC, BC(\ and 
CDC); the rectangles (CBEF, AEFD. 
and ABCD); the S(nian* (ABCD). 


A B £ 



Figure 18.27 

3. Ask the pupils to niak^' a design 
with two or more triangles. 

4. Have the pupils make a design 
with two scpiares; with three* seiuan's; 
with a circle and a sciuare. 

5. Examine the classroom and the im- 
mediate vicinity of the school for repi\ 
sc*ntations of squares, r(*(‘tangles, tri- 
angles, and circles. 

6. Ask the pupils to draw a set dia- 
gram to show how triangles, rectangles. 


squares, circles, and closed curves are 
related (see Fig. 18.28). 



Figure 18.28 

While early identification of geome- 
tric figures must be on shape alone, this 
means of recognition must gradually be 
broadened to include verbal descrip- 
tions of various features. A scpiare and 
a circle may both be recognized as 
closed curvc*s. As th(* scope of recogni- 
tion broadens, the concept of a polygon 
may be introduced as a unifying idea. 
The* following list includes activities de- 
signed to help pupils discover proper- 
ti<*s of pol\ gons. 

1. Have the pupils place four points 
on a sheet of paper with no three of the 
points on the same line. 

a. Ask the pupils to connect these 
points in any way they wish. 

1). As' the pupib to connect the 
points s that the result is a closed 
curve. Some cur\’ed figures should re- 
sult. 

(*. Ask the pui)ils to conne*ct the 
points with line segments to obtain a 
closed cuiN'c. 

d. Ha-, c a number of different draw- 
ings plac ed on the chalkboard and hel]) 
the pupils identif> which ones are poly- 
gons. Stress 'hat the polygon must be a 
plane, closed figure formed by line seg- 
ments joiiu^d end to end. Use a coat 
hanger to demonstrate a four-sided 
closf d figure that is not a poK gon (see 
Fig. 18.25). 
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Square 


T rapezoids 


Rectangle 


Concave 

Quadrilateral 


Parallelogram 



Quadrilateral 


Figure 16.29 



Rhombus 



Nonsimple 

Quadrilateral 


2. Repeat the alxne se(iiience with 
five points and help the pnpils identify 
the polygons as well as the figures that 
are not poK gons. 

3. Ask the pupils to draw as inan\ 
differently shaped fonr-sided ])ol\gons 
as they c*an (see Fig. 18.29). 

Quadrilaterals 

All the drawings in Figure 18.29 rep- 
resent quadrilaterals (fonr-sided poly- 
gons). Every qiiadri lateral has four 
sides, four angles, and four vertexes. .A 
vertex is the eoinmon endpoint of two 
sides. In a concave quadrilateral, it is 
possible to draw a line segment con- 
necting two interior points that does not 
lie completely within the quadrilateral. 
In a tionsiniplc quadrilateral, two sides 
have a point in eonnnon other than the 
vertexes. A nonsiniple polygon is a 
closed curve that is not simple because 
it crosses itself. \onsimpIe polygons 
are usually reserved for more advanced 
levels and should probably not be in- 
troduced in the elementary school. 

By the etid of grade 6, pupils should 
be able to identify the special features 
of and the relations among the square, 
rectangle, parallelogram, trapezoid, and 
possibly the rhombus. 

A square is a rectangle with four equal 
sides (four sides with equal measures). 
A rectangle is a parallelogram with four 


right angles (four angles with ecpial 
measures). A quadrilateral is any fonr- 
sided pol>g()n. A parallelogram is a 
quadrilateral with two pairs of parallel 
sides. A irape/oid is a quadrilatcMiil 
with exactly one pair of i)arallel sides. 
After more than 2()()() years of gt^ometry, 
the preceding definition is not com- 
pleteb standard, but it is used in the 
majority of traditional geometrx' text- 
books. Some authors defint' a tra])e/.oid 
as a (piadrilateral with oik* pair of par- 
allel sides. With the latter di*finition, a 
parallelogram is a trapezoid. With the 
former definition of a trapezoid, the set 
of trapezoids and the set of parallelo- 
grams are disjoint. A set diagram is help- 
ful in visualizing the manner in which 
(luadrilaterals are related (see Fig. 
18.30). The set diagram in Figure 18.30 
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Scalene Triangle— Isosceles Triangle— Equilateral Triangle- 

No Sides Equal Two Sides Equal Three Sides Equal 



Equiangular Acute Triangle- '^.ight Triangle- Obtuse Triangle - 

Triangle- All Acute Angles One Right Angle One Obtuse Angle 

All Angles 
Equal 

Figure 18.31 


is based on the more modern definition 
of a trapezoid.' A rhombus is a ])arallel- 
o^ram with four tHpial sides. A srpiare 
is also a rhombus siu'h that all four of its 
angles ar' e.ii««il (have espial measnr('s). 
Some authors define a rhombus so that 
it cannot be a square. 

Triangles and (|uadrilaterals are tiu' 
poK^ons that du elementary pupil 
meets most freciuentK . Just as there are 
many kinds of (piadrilaterals, there are 
man>' kinds of triangles, as illustrated 
in Kij^urt^ l(S.31. The differences be- 
tween th(‘ t\pes of trianjihvs listed in 
Figure 18.31 depend upon metric ideas, 
such as the lenj^th of the sides or the 
si/e (measure) ol tin* angles. Only a few 
of these types of trianjih*s ar<* usually 
id('ntifu*d b\ most ehnnentarx' pupils. 
All elementary ])upils should, however, 
be able to identify rijL^ht trianjiles. This 
is possible evim before pupils are intro- 
duced to the measurtnnent ol angles be- 
cause of the “s(|uare corner.” 

For the t‘lementar\ pupil, a trianele 
is a ri^ht triangle or it is not. Triangle 

'David L. D\c, “What Is a Tiaptv.md?.” '/7/r 
Mathematics Teacher, November U)b7, (>0:72 <- 
728. 


that are not rij^ht triangles are obliciue. 
Figure 18.32 shows how right, oblique, 


Triangles 



Figure 18.33 


acute, and obtuse triangles are related, 
while Figure' 18.33 shows how right tri- 
angles and scalene triangles are related 
(overlai)ping). 
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Overlapping Sets 



Figure 18.34 



Svt diagrams inay he used to illustrate 
ho\\’ an\' two t>'pcs of triangles are re- 
lated, as in F'igure 18.31. Fij^iire 18.34 
shows four such dia^?rains. 

Enrichment activities 

The following activities describe ad- 
vanced work with poKgons suitable for 
ver> able classes in the ui)])er grades; 

1. Refer to Figure 18.35. Help the 
class identify the two figures as simple 
four-sided poKgons (quadrilaterals). 
The\' should be able to recogiiizx* that 
both figures have four sides, four an- 
gles, and four verte.xes. Ask if the point 
A is inside or outside the polygon. Helj) 
the pupil to recognize that the line seg- 



Flgure 18.35 


iiient AB connects two interior points 
of the polygon but contains many points, 
as^C, which lie outside the poKgon. In- 
form the class that such a polygon is 
called a concave polygon. The right- 
hand polygon is co}ivex because every 
line .segment connec ting interior points 
lies entirely within the polygon. 


^ [X ^ ^ 

ABC D 

E F G • H 

Figure 18.36 
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O 




E 


F 


G 



Figure 18.37 


2. Rvfvr to Figure 18.36. IdentilV 
the concave polygons (A, B, I), and K). 

S. Write tile following list on the 
board. If slides, filmstrips, or overhead 
projectors are available, they may be 
preferable. 

P(*ntagon - five-sided polygon 
Hexagon — six-sided [lolygon 
( )ctagon — eight-sided jiolygon 
Decagon — ten-sided figure* 

The above list includes the polygons 
of more* than four sides that occur most 
freeiiiently iu subseeiuent mathematics. 
The dodecagon (12 sides), the se])tagon 
(7 sides), and the nonagon (9 sides) oc 
cur less freeiuently. 

Place* a set of figures on the board 
similar te) those* in Figure 18.37. Ask 
the* pupils to identif> the jientagons (A 
and D), hexagons (B and E) octagons 
((» and H), and decagons (C and F). Be 
certain that not all figures have* all sides 
and angles eepial (ha* ing e*(|ual meas- 
ures). Some of the* figures should have 
sides that are neit eeiual (with unequal 
measure) and angles that are imt eqiia. 
Polygons with all sides equal and with 
all angles having equal measure are 
called regular polygons. Pupils should 
see ene)ugh polygons (with more than 


four sides) that have unequal sides and 
angles to recognize that all pentagons, 
hexagons, octagons, and decagons are 
not re*gular. 

4. Ask the pupils to create designs 
using polygons with more than four 
sides (regular or not). 

5. It may be desirable* for some very 
able grade 6 groups to distinguish be- 
twe(*n simple cpiadrilaterals and non- 
simple ones (see Fig. 18.38). Identify 
the four vertexes in both figures (A, B, 
C, and D). Identify the four sides (AB, 
BC, CD, and DA). Ask the pupil how 
he can recognize that point E is not a 
vertex. One can move in only two direc- 
tions from a vertc*x and remain within 
the* set. the vertex i*. removed, the re- 
maining t is in one* piece. If the point 
E is removed, the remaining set is in 
two parts. It is also possible to move in 
foiir different directions from point E 
and remain in the sert. Point E cannot 
be a vertex, since DE and EB lie on the 
same liu» . 




Figure 18.38 
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Polygons 



Figure 18.39 


Regular 

pentagons 


6. Have tlit‘ pupils construct a set 
diagram shovviiif^ how sonic polygons 
are related. Figure 18.39 shows how 
this may be done. Figure 18.28 also sug- 
gests using a polygon, which suggests 
the set imolved rather than the usual 
circle or closed smooth curve. 

Angles 

Pupils can readil>' recognize that a 
(luadrilateral has four sides and four 
angles before they can descrilie or de- 
fine an angle. An angle cannot be intro- 
duced in its logical sequence (before 
triangles, squares, and rectangles) in 
the elementary school. The angle con- 
cept is difficult to define and must be 
dealt with on a pattern and nonverbal 
basis before it can be discussed in a 
sound mathematical manner. 

Right angles are recognized in early 
work with squares, rectangles, and per- 
pendicular lines and are sometimes de- 
scribed as “square corners.’’ 

In the upper grades, a child should be 
able to deal with an angle on a more pre- 
cise basis. At such a time, the tfug/e is 
then defined as two different rays with 
a common endpoint such that the rays 
do not lie on the same line. The com- 
mon point is the vertex of the angle and 
each ray is a side of the angle. 


It can be debated whether an angle is 
a one-dimensional ora two-dimensional 
figure. When an angle is viewed as two 
rays with a common cnd]X)int, the rays 
have no width and the angle in this 
sense is one-dimensional. However, 
every angle has an interior region. Rec- 
ognition of the interior and ext(‘rior is 
important in a modern approach to ge- 
ometrv. An angle with its interior is a 
two-dimensional figure. 

Two differences between th(‘ current 
interpretation of an angle and the tra- 
ditional approacli involve* the “zero” 
and “straight” angles, 'flu* definition 
of an angle given above t*.\cludes the* 
zero angle by demanding two differ- 
ent ravs. The straight angle is excluded 
by the statement that th(* tw^) ra\ s can- 
not lie on the same line. A zero angle 
and a straight angle have no interior or 
exterior. For this reason, most high 
school geometry textbooks (l(*flne an 
angle in a manner that excludes zero 
and straight angles. While early work 
with angles need not be concerned with 
the interior and exterior of an angh*, in 
the late elementary grades many text- 
liooks now deal with the concept of the 
interior and exterior. The following ac- 
tivities may be helpful in enabling the 
pupils to understand the concept of the 
interior of an angle: 
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1. Direct each pupil to draw a line on 
a sheet of paper and to shade one of the 
two regions formed. The two regions 
thus formed by the line may be referred 
to as the shaded and unshaded regions. 

2. Have the pupils draw a ray on a 
sheet of paper. Ask if the ray separates 
the paper into two regions. Explain that 
the line associated with the ray dividers 
the paper (plane) into two regions. The 
two regions associat'd with a ray are 
those formed by the line of which the 
ra\' is a part. 

3. Have the pupils draw the rays AlT 
and AC on the same sheet of paper. 
Idgntify the two regions associated With 
the ray A/h Shade the region containing 
the point C with horizontal shading. 
Identify the two regions associated with 
the ray AC and shade the region con- 
taining point B with vertical shading. 
The inter'^'jr tion of the set oF ])oints in- 
dicated by the vertical shading and the 
set of points indicated by tlu' horizontal 
shading is the intenor of tlu* angle 
formed b\ the ray \B and th(' ra\ AC> 
(see Eig. *18.40). 


glected. Some of these are illustrated 
in the following activities: 

1. Introduce the notation lor naming 
angles by placing figures on the chalk- 
board, as illustrated in Figure 18.41. 




or or /LBACor/LCAB 

Z.A Z.1 

Figure 18.41 

After discussing the different ways of 
naming angles, refer to a set of figures 
such as those shown in F’igure 18.42. 
C]hoose angle' A and ask the* pupils to 
give two other names for this angle. 
Continue with other angles, using dif- 
ferent types of names in each case. 

Angle A is freeiuently written as ZlA. 
In Figure 18.42, Z_A may also be named 
/LBAC, Z.CAB, or Z.f). .Angle' B or /LB 
ma> also be' named as AABC\ Z.CBA, 
or zi5. 



Tlu' eonet'i^t ol the* interie)r ol an angle' 
has little' or ne) direc't application at the 
elementary level and should neg be' 
overemphasize'd. The brie'l introduction 
e)f interie)r should be treate'el as a readi- 
ness exercise fe)r a e()neei)t that is im- 
portant later as we'll as an opi)ortunil 
to increase the understaneling ed regie)ns 
in a plane and the c'once'pt ed intersee*- 
tions of sets. Other more iinint'diate 
faets about . angles must not be ne- 


2. Refer to Figure 18.42. An alert 
pupil ma> a'ik how Z-A can be called an 
angle, si-.ce there is no ray in the figure 
and an angle is defined as two rays with 
a common endpoint. Draw a figure simi- 
lar to Figure 18.43. Ex])lain that Z-A is 
really formed by the rays AB and .AC, as 
illustrated in Figure 18.43, but that it is 
not neeessar> to draw the' rays, as they 
are implied. On occasion, when re- 
ferring to an angle in a triangle, it may 
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be worthwhile to ask the pupils to draw 
the rays for angle A (or Z.B or Z.C). 


D 



D 


Figure 18.44 


1. Which of the following is an acceptable 
definition for an angle? (a) an angle is 
formed by two rays; (b) an angle is 
formed by two rays with a common end- 
point; (c) an angle is formed by two dif- 
ferent rays with a common endpoint 
such that the two rays do not lie on a 
line. 

2. Refer to Figure 18.45: (a) identify a poly- 
gon that is not a simple closed curve; 
(b) identify a nonsimple closed curve 



C F 


Figure 18.45 

THREE-DIMENSIONAL FIGURES 

A moving point generates a curve 
(a one-dimensional figure), as illustrated 
by a moving pen or pencil in the act of 


3. If the pupils need additional prac- 
tice in naming angles, use a figure like 
the one illustrated in Figure 18.44. In 
this case use only two means of naming 
angles (as angle 11 or angle HED). 

Other activities involving angles usu- 
ally involve metric considerations and 
are discussed in connection with metric 
geometry. 

EXERCISES 

that is not a polygon; (c) identify a figure 
with three sides that is not a polygon; 
(d) identify the hexagon -is it concave 
or convex? (e) identify the quadrilateral 
-does it have a distinctive point?(f) 
identify a closed curve that is simple but 
not a polygon. 

3. Refer to Figure 18.46: (a) name a point 
on the interior of /LA; (b) name a point 
on Z.A; (c) name a point on the exterior 
of Z.A. 


C 



A 

Figure 18.46 

writing. A moving line generates a sur- 
face (a two-dimensional figure), as illus- 
trated by a brush being used for paint- 
ing a wall. A moving surface generates 
a solid (a three-dimensional figure), as 
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illustrated by a snowplow moving snow. 

A line segment is bounded by two 
points, its endpoints. A finite portion 
or subset ot a surlace is bounded by 
curves, as illustrated by a football field 
or a state on a map. A finite portion or 
subset ot space is bounded by surfaces, 
as illustrated by the interior of an 
ordinary rectangular box, which is 
bounded by six plane surfaces. The in- 
terior of a sphere is bounded by a closed 
curved surface, as is the interior of a 
football or basketball. 

A triangle is formed by thret* one- 
dimensional line segments. Although a 
line segment has no area, the phrase 
“area of a triangle’* is a common one 
and should be recognized as a conveni- 
ent abbreviation for the phrase “area 
of the surface enclosed by a triangle.*’ 

The interior of a i)olygon is bounded 
by a clos('d, broken line segment and 
is a subset ot some ])lane. The polygon 
is a one-dimensional figure, while the 
polygon plus its interior is a two- 
dimensional tigiin* The inUnior of a 
pohflicdron is bounded by closed plane 
surfac(*s. The polyhedron, formed with 
two-dimensional plane surfaces, is a 
two-dimensional figure. The polyhe- 
dron with its interior is called a solid. 
A solid is afigure with three dimension... 
Some of the familiar solids, tor example, 
the cub(', rt'ctangular solids, pyramids, 
and prisms, are ])olyhedrons. Spheres, 
cones, and cylinders are not iXilyhe- 
drons. 

A he\\agon is tormc*d by six conneetc'd 
line segments calh'd sidi's. I wo adja- 
cent sides have one point in common 
(a vertex). A vertex is the s(*t intersec- 
tion of two sets ot points (two adjac<*nt 
sides of the polygon). 

A hexahedron is a polyhedron tormed 
by six connected portions ot a plane, 
called faces. A face of a pol> hedron is 
a polygon. Adjacent faces meet in line 


segments called ed^es. Adjacent edges 
meet in a point called a vertex of the 
polyhedron. The edges of a polyhedron 
are the sides of polygons forming the 
faces of the polyhedron. The vertexes 
of a polyhedron are also the vertexes of 
polygons forming the faces of polyhe- 
drons. 

A cube is a hexahedron because it is 
formed by six faces. Each face of a cube 
is a square. A cube has 12 edges. Each 
of six faces has 4 edges, a total of 24 
edges, but in this procedure each edge 
is counted twice because each edge be- 
longs to two faces. A cube has eight 
vertexes. Each of six faces has four ver- 
texes, a total of 24, but in this proce- 
dure each vertex is counted three times, 
since each belongs to three faces (and 
edges). 

The following secpience of activities 
illustrates how some properties of poly- 
hedrons may be discovered by pupils: 

I Disc uss with the class the smallest 
number of line segments needed to en- 
close a surhice and help them to dis- 
cover that at least thrc‘e line sc^gments 
are needed. Ask them for the smallest 
number of sides reciuired to form a poly- 
gon and help them to recognize that this 
(liiestion is the same as the previous 
(luestioi 

2. Dis- iss with the class the smallest 
number of plane surfaces ne(.*essar\ to 
enc lose a portion of space. Have some 
])hysical models of polyhedrons or some 
pictures of them for reference and hel]) 
the class discover that the answer is 
four, oi liiat the smallest possible niim- 
bcM* effaces that a polyhedron may have 
is four. It is desirable to have pupils 
give answer before the\ refer to the 
physical models to give them the oppor- 
tunity to visualize geometric situations 
mentally. 

3. Any triangular piece of paper (with 
all angles less than 90 degrees) may be 
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1 

Figure 18.47 


used to make a polyhedron of four sides 
(a tetrahedron). Start with triaiij^le ABC, 
as illustrated in Figure 18.47. Deter- 
mine the three midpoints of the three 
sides, X, y, and Z. Fold firmly along the 
line segments XY, A'Z, and VZ. With 
careful and proper folding, the three 
vertexes of the triangle, A, B, and C, 
will then meet to form the fourth vertex 
of a tetrahedron whose other vertexes 
are X, V, and Z. If this activity is done 
with triangles of different shapes (all 
acute triangles), tetrahedrons of differ- 
ent shapes will result. If a right triangle 
is used two of the faces will fold over 
to equal the third and form a rectangle. 
If an obtuse triangle is used, a tetrahe- 
dron cannot he formed. If an ecpii lateral 
triangle is used, a regular tetrahedron 
will result (with all edges equal and all 
faces with the same size and shape). 


4. Have the class make other poly- 
hedrons by folding on the basis of pat- 
terns drawn on paper (see Fig. 18.48 for 
patterns for familiar figures). 

5. Use soda straws, toothi)icks, pipe 
cleaners, or similar materials to con- 
struct models of polyhedrons. 

6. Have the class count the faces, ver- 
texes, and edges of a tetrahedron and 
other polyhedrons and make a table as 
follows: 



Faces 

Edffes 

Vertexes 

Tetrahedron 

4 

6 

4 

Cube 

6 

12 

8 

Pyramid with 
square base 

5 

8 

5 


When the table has been completed 
for the polyhedrons that are available 
for the class to analyze, ask the ])upils 
if they can discover a pattern or relation- 
ship among the number of faces, ver- 
texes, and edges. This relationship was 
discovered more than 200 years ago by 
the Swiss mathematician Euhu. This 
relationship is F + V'" = E + 2, where 
F represents the number of facc's, V'" the 
number of vertexes, and F the number 
of edges. 




Rectangular Solid 



Triangular Pyramid 


(Tetrahedron) 


Cube 



Figure 18.48 


Circular Cylinder 
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1. How many dimensions may the subset 
of a one-dimensional figure have? a two- 
dimensional figure? a three-dimensional 
figure? 

2. Which of these are pentahedrons? 

a. Squares 

b. Triangular prism 

c. Square pyramid 

d. Cube 

3. Test the Euler formula given above for a 
pyramid with a pentagon for a base; with 
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EXERCISES 

a hexagon for a base; with an octagon 
for a base. 

4. Complete the following: A square is re- 
lated to a polygon as a is related to 

a polyhedron. 

5. What dimension has a point? a line? a 
surface? a solid? 

6. Explain how an angle may be considered 
a two-dimensional figure on one occa- 
sion and a one-dimensional figure on 
another. 
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MEASUREMENT 

AND METRIC GEOMETRY 


In 1955, Lancelot Hoghen published 
his valuable book The Wonderful World 
of Mathematics.^ Its European title was 
Man Must Measure. The work clearly 
shows that the history of inatheinatics 
and the history of measurement closely 
parallel eacli other. The text is color- 
fully illustrated and challenges the in- 
terest of elementary school children. 
Jean Piaget’s studies of the develop- 
ment of numbers and nieasurenient are 
useful guides in the gradation of topics 
in this field. An article by Coxford pre- 
sents a summary of Piaget’s studies.^ 

'(New York: DoiibJeduy & Company, Inc.). 


Measurement is perhaps the most im- 
portant application of number that chil- 
dren of all ages encounter, 'fhe pupil 
should learn about units of measure* as 
well as about instruments of m(*asure- 
ment and he should have firsthand ex- 
perience in applying what he learns.'* 
He shoidd also become familiar with 
the history and development of measur- 

■*“I'iam*t: XunibiT ami Measurement,” The 
Ariihmetir Trarhrr, Xovemher 19r)3, 10:428-434. 
The article rliscnsses the findings of Piaget with 
regard to stages of learning and the developimnit 
of concepts of niiinher and measurement. 

*HeIen C. Parker. “Teaching Measurement in 
a Meaningful Wav,” The Arithmetic Teacher, 
April 1960, 4:194-198. 
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ing instruments in order to gain an 
awareness of the ways in which man has 
devised methods of using number to 
describe in precise and meaningful 
terms the quantitive aspects of his en- 
vironment. 

'This chaiitcr (l<‘als wilh the follow- 
ing (opics; what nuMsmcMucnt is, h‘arn- 
ing about nu asuros; how to teach iiu ti ic- 
gcoin('tr>; ])erimc‘ters, anMs, and \ol- 
miu‘s; couiputation iii\ol\ iiig faiihliar 
measuri's. 

WHAT MEASUREMENT IS 

Meaning of measurement 

If the length of a line segment is ex- 
pressed as 6 inches, we have assigned 
a ineasun* to that segment. The measure 
is 6 and the standard unit of measure is 
an inch. A measurement is d<\signated 
as a number and not as a set of points. 
The number indieates how many times 
the unit of measure can be fitted into 
the (inantity that is measured. 

rhe use of number in measurement 
enables us to describe pn^eisely and 
meaningfully the things in our environ- 
ment. Measurement makes it possible 
for us to define, to prt'dict, and to con- 
trol. Scientists arc* continually looking 
for aspects of things to measure and are 
constantly devising, applying, and rr- 
fining means of doing so in objectixt' 
ways.** 

Origins 

In (*arly times the means of measure- 
ment were indefinite nd crude. Just as 
the decimal system of counting was the 
outgrowth of using the fingers of the 
hand, measures of various kinds wei 
derived from natural events and units 
that were easy to manage and to under- 

■*J()hn PcM'iA , The S/<fn/ oj Sldiidards (New 
Kunk Waj^nalls C'onipaiiy, Inc-., 1955), p. vii. 
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stand. Thus the movements of the heav- 
enly bodies furnished an easy way of 
reckoning time. The day was the time 
that elapsed from sunrise to sunrise; 
the month, the time between a certain 
phase of the moon and its recurrence; 
and the year, the time it took the sun to 
pass through successive changes from 
one position in the heavens to the same 
position. Short distances were measured 
by the number of steps taken to coveg 
them and longer distances by the num- 
ber of days’ journey. Bowls and cups 
were used to measure the capacity of 
containers, and grains of wheat and bar- 
ley were used to measure weights of 
valuables. For thousands of years bar- 
ter was the means of exchange, hence 
definite units of value were not needed. 

Development of definite units 

With the passing of hundreds of years 
and the development of community life, 
there arose in a haphazard manner, in 
response to ])ractical needs, various 
measures, which varied from loc'ality 
to locality. They were adopted as con- 
venience prompted. In some cases the 
names of units were similar among var- 
ious places in a geographical region, 
but the actual quantities they re])re- 
sented "ered from place to place be- 
cause ol lack of common standards. 
Travelers in Europe can to this day find 
remnants of local units of length on the 
walls of castles and in the market places. 
Thes(' units were thus made definite, 
but they w ere not standardized. 

'The cb elopment of eonnnonly ac- 
ce])ted units facilitated trade betw^een 
wideh separated localities. Ciradually 
there developed well-defined units for 
measuring lengths, surfaces, volumes, 
w'cight, capacity, time, value, tempera- 
ture, and arcs of circles. .At the present 
time scientists are still devising meth- 
ods of describing quantitatively aspects 
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of natural phenomena of all kinds, usu- 
ally expressed as some unit of measure- 
ment. 

Learning the meaning 
of measurement 

The child must learn through experi- 
ence to answer intelligently and con- 
fidently such questions as, How many? 
How far? How much? What does it 
weigh? and so on. To do so he must first 
learn to select an appropriate unit of 
measure, such as a yard, pound, or 
quart, as a basis and then find the an- 
swer by counting the units or by direct 
measurement. The major difficulty en- 
countered in measurement is deciding 
on the unit to use and then the method 
or device to employ in finding the num- 
ber of units. 

The learner must become familiar 
with the standard units that are com- 
monly used and with the related meas- 
uring devices. He should be taught 
what a siancUinl is and why standard 
units are necessary. A standard is a unit 
established by law and is used in every- 
day life by the members of the com- 
munity. The United States Bureau of 
Standards is the official agency con- 
cerned with the study and maintenance 
of standard units of measurement. Sci- 
entists have had the responsibility of es- 
tablishing and maintaining standards 
for about 200 years. Before that, the 
people who established standards were 
the rulers, i)riests, and merchants. 

Need for standardized units 

As long as man lived in isolated places 
there was almost no trade or industry. 
It was a matter of little concern that 
methods and units of measure differed. 
However, when men began to work in 
grou])s on construction work or wished 
to trade among themselves, it became 
evident that there should be established 


units of measurement that would have 
a common meaning. In order to measure 
and to barter effectively or to carry on 
business, it became necessary to set 
standard units that would have the same 
meaning to all concerned. At first this 
was done for large regions within a 
single country, then for a country as a 
whole, and ultimately for groups of 
countries. It is believed that the Romans 
were the first to establish widely ac- 
cepted standards of ineasurtunent. How- 
ever, with the downfall of the Roman 
Empire these units were largely dis- 
carded. 

LEARNING ABOUT MEASURES 
Measures in the primary grades 

In the primary grades the pupil 
should begin by considering the stand- 
ard units of everyday usage whose ob- 
jective representations can be demon- 
strated with concrete matc*rials, sucli as 
foot and inch and (luart and pound. He 
should learn about those units first by 
observing the uses to which they are 
put in the home and later by enacting 
, these uses in social situations. He must 
have firsthand experience in the actual 
manipulation and application of meas- 
uring devices based on these units, and 
he should also learn the types of ques- 
tions these units are supposed to an- 
swer about various kinds of amounts. 
For example, the ruler will help him to 
find the answer to the qu(\stion, How 

many inches (or feet) long is ? The 

scales will help him find the answer to 
such a question as. How many pounds 
(or ounces) does weigh? 

The pupil should next move to the 
consideration of less common units that 
he must “carry in his mind.” Square 
measure is an example. The standard 
units are unit squares that the pupil 
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should construct at the outset and use 
as objective units of measure, such as 
the square inch or the scjuare foot. The 
purpose ol this work is t(j ^ivt* meaninji 
to the units. Once the pupil underslands 
the unit of measure, he learns to find 
the area of a surface by a short-cut meth- 
od of multiplication. Cubic measure is 
another illustration of this type of meas- 
ure. 

Time was originally measured with 
natural units, such as tlu* day, month, 
or year. Later, mechanical devices, such 
as walerclocks, were used to find the 
number of intervals of time that elapst‘d. 
Tim discovery of the laws of the pendu- 
lum led to the development of the 
hijihly effic ient modern timepiece. Chil- 
dren begin to learn about time through 
a stud\ of the sc^asons, the c'ah'iidar, and 
the clock in the classroom. The> should 
also learn how the clock heli)s people 
to regulate the afiairs oi daily life, par- 
ticularly in business and iiidustry, and 
to ])lan tlunr activitievs. The study of 
standard tinu^ bo!ts in grades 5 and f5 
provides an exec licmt unit of work that 
show^s liow' the pt*ople of the earth 
solved tlu' ])roblems caused by the lack 
of a uniform time s>’st(uu, a situation 
that caused much confusion, cspeciallv 
in tlu' fields of travel and connnnnica* 
tion. 

Money provides a measure of value 
that is not stable and that varies from 
time to time in accordance with i)«)liti- 
cal, economic, and social cc'uditions. 
llow'(‘ver, without a well-supported and 
fairl>' stable* monetarv system, trade and 
industry wamld be ah M)st impossible, 
except insofar as bartt*r could make the 
exchange* of goods possible. Young chil- 
dren often become familiar with coin.' 
befe)re the^y ente*r school. Learning to 
comi^ute with me^ne'X is an activity that 
greatly interests children, and it shendd 
be begun in the primary grades. 


In all of the work with measurements 
the basic question always involves a 
standard unit. Se)me units can be ap- 
l)lied directly, others can be a])plied 
only indirectly, as has been shown. 
Through carefully guid<*d learning ex- 
periences the learner should become 
increasingly able to apply standard 
units of all kinds. If some consideration 
is given to the historx- of measurement, 
the pupil will come to see how the pres- 
ent system of measures dcvelo])ed from 
diversity to uniformity. 

Useful tables of measures 

At one time it was believ(*d necessary 
for children to memorize tables of meas- 
ures. .Much of the time alloted to mathe- 
matics was devoted to solving of i)rob- 
lems based on these tables. Today, 
hovvf-ver, less fn.*(|ncnt use is made of 
such specific know'ledge, and therefore 
less stress is placed in mathematics 
classes on mastering the tables. It is 
true* that c‘(*rtain facts, such as the num- 
Iv'r of fe(*t in a \ard and the number of 
minutes in an hour, are usually l(*arned 
incidentally and should be memorized. 
However, pupils should be taught 
wdiere to find tables of measures as w ell 
as fa.'ts about them in the dictionarx' 
and t(Ai' »ok. Frequent referenee to 
these ma. rials for necessary informa- 
tion in connection xvilh the solution of 
grou])s of problems and other classroom 
.wtivities xvill accustom the children to 
their use. 

There is ro evidence of a common 
system i' the ecpiivalent measures 
listed beloxv: 

2 pints - - 1 quart 

3 feet 1 ard 

4 quarts - 1 gallon 

5 cents --=• 1 nickel 

6 things -■ dozen 

7 days 1 week 

3 quarts - 1 peck 

9 square feet - 1 square yard 
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10 cents = 1 dime 

12 inches = 1 foot 

16 ounces = 1 pound 

ISi feet = 1 rod 

32 quarts = 1 bushel 

60 seconds — 1 minute 

144 square inches = 1 square foot 

160 square rods = 1 acre 

If our system of measures had been 
developed on a decimal basis, the con- 
fusion involved in converting measures 
and in computing with them would 
have been eliminated. In the beginning, 
measurement and our s\ stem of numer- 
ation were unrelated and independent 
of each other. A craftsman would select 
a subdivision of a unit of measure that 
enabled him to estimate or judge the 
value of the smaller unit in the task at 
hand even though the computations in- 
volved in accurate work were difficult 
and complicated. 

As long as measurement and its use 
in computation remained independent 
of each other, there was no conflict be- 
tween the systems of measurement and 
numeration. When the requirements of 
commerce demanded that computations 
be made with measurements, a diffi- 
culty arose. No relationship existed be- 
tween a set of measures divided binarily 
(base two) and the numeration system 
having base ten. There was no common 
relationship among units that would en- 
able the user to derive one unit from thc^ 
other. Even today it is necessary to rely 
upon memory to supply unrelated facts 
to find the answers to such questions as: 

1. How many feet in a rod? 

2. How many square rods in an acre? 

3. How many cubic inches in a 
bushel? 

4. How many cubic inches in a’ gal- ‘ 
Ion? 

5. What is the weight of a cubic foot 
of water? 

These and many other similar ques- 
tions dealing with measurement can be 


formulated but cannot be answered 
without a knowledge of isolated facts. 
The decimal ratio existing between 
places in the numeration system is miss- 
ing among consecutive units of meas- 
urement. Therefore converting from 
one unit to another often involves dif- 
ficult computation, as in finding the 
number of inches in a mile or the num- 
ber of square feet in an acre. 

The metric system 

The conflict between measurement 
and the numeration system was most 
pronounced in the field of science. 
When science demanded increased pre- 
cision in measurement, it became ne- 
cessary to construct a system of meas- 
ures related to the numeration system. 
The result was the construction of the 
metric aysteni of measures. The ratio 
between consecutive linear units in this 
system is the same as the decimal ratio 
of consecutive places in the numeration 
system. The following listing gives the 
!inits of linear measure in both the En- 
glish and the metric systcuns of measure. 

English 

12 inches “ 1 foot 
3 feet -- 1 yard 
62 yards ~ 1 rod 
320 rods — 1 mile 

Metric 

10 millimeters .= 1 centimeter 
10 centimeters — 1 decimeter 
10 decimeters — 1 meter 
10 meters = 1 decameter 
10 decameters = 1 hectameter 
10 hectameters - 1 kilometer 

The English system scarcely deserves 
to be called a system of measures be- 
cause there is no orderliness character- 
istic of the measures given; it is a col- 
lection of awkwardly related measures. 
On^ the other hand, the metric system 
was created by some of the best scien- 
tists in Europe at the beginning of the 
nineteenth century. The system bridged 
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the gap between measurement and 
computation. It is as easy to change 
from one unit to another in the metric 
system as to change from one number 
period to another. In each case the trans- 
formation is accomplished by shifting 
the decimal point. 750 centimeters is 
equal to 7.5 meters, just as 750 is equal 
to 7.5 hundreds. 

The metric system is used almost 
universally in the field of .science be- 
cause this system unifies the units of 
weights and measures. In our system 
ol measures the units for length, weight, 
and volume are unrelated. In the metric 
system there is a relationship among 
llibse elements. The centimeter is a 
basic unit of length; the gram, of weight; 
and the cubic centimeter, of volume. A 
cubic centimeter of water weighs a 
gram. Therefore units of weight and 
volume are related to a linear unit. F rom 
this fact :t tan b(' discovered that a re- 
ceptacle of water having a volume of 
1000 cubic centimeters, or a liter, has a 
weiglit of 1000 grams, or a kilogratn. 
The number o* .netric cubic units in 
the \ olume of a solid is the same as the 
number of metric units of weight of 
water of that solid. In the Knglish sys- 
tem of measures it is not possible to 
make aji easy computation dt'aling with 
weight and volume of any given cubic 
container when the weight of a cubic 
inch is knowii. 

The British government announced 
in May 1965 that it would switch to the 
metric* system from tlie traditional Eng- 
lish system of measurement in an ap- 
parent move to pronr'te trade with the 
Enro]:)c\m C Common Market. In the>e 
countries the metric system has long 
been in use. The announcement staU ^ 
that the change would be made by in- 
dustry over die next 10 years. When it 
is complc'ted the United States and 
Canada will be the last of the major in- 
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dustrial c;ountries using the so-called 
inch system. Many manufacturers and 
engineers in the United States have en- 
dorsed a change to the metric system. 
Their view is that the system is far more 
compatible with the soi)histicated toler- 
ances reciuired in today's machinery 
and tools than the inch system."’ 

The superiority of the metric system 
is evideid. One may wonder, then, why 
the English-speaking countries have iKJt 
replaced the old system of measurement 
with the metric system. The two chief 
reasons are a reluctance to make the 
change and the cost factor. The esti- 
mated cost involved in replacing the 
machinery geared to English measure- 
ment would run into billions of dollars. 
In addition, the English-speaking coun- 
tries are their own best customers in 
commercial world, and thus until re- 
cently there has not been a pressing 
need for change. Now that England has 
adopted th(‘ metric system, liowever, 
the pressure for changing to this system 
may increase in the United States and 
Canada. This should be espe*cially true 
when the metric system becomes ef- 
fective in England. 

The chief reason for teaching the 
met’ ic system is not its practical value. 
Rathe’, is highb rlesirable to teach 
the met. system because of its struc- 
ture. The system shows how comim- 
tation and measurement may be in- 
tegrated and unified. "Fhe pupil can 
compare the advantage that accrues 
from the use of this svstem when mak- 
ing the -ore comi)licated computations 
with our system ol measurement. He 
should then be able to appreciate why 
our system ( F numeration is superior to 
a system in which there is not a fixed 

■'’Junics R. Smart and J. L. Marks, “Tilt* Mathe- 
iiiatic s ol McasiirtMiumt,” The Arithmetic Teacher. 
April 1966, 13:28:t-287. 



346 


TEACHING ELEMENTARY SCHOOL MATHEMATICS 


ratio between any two eonseciitive 
places in a numeral.** 

It must be remembered that most of 
the units of measure in the English 
system were adopted because they 
passed the tests of practical usage. 
Measures were devised as man found 
it necessary to describe the character- 
istic's of things in si)ecific terms, but 
without relationship to other measures. 
The metric s\ stem was devised on a dif- 
ferent basis. To the scientist the centi- 
meter and the meter are based on our 
system of numeration and correspond 
to the inch anci the >ard. However, 
the ordinary ])erson finds the centimeter 
too small and the meter too large to ex- 
press in easily understood terms the 
lengths of 3 or 4 feet with which he 
most freciuently deals. There are those 
who maintain that measurement cannot 
be used in arithmetic to teach the nu- 
meration system but that the use of 
measures makes the work with num- 
bers significant. 

All measures are approximate 

Measurement is never exact; it is al- 
ways a])pro.\imate. It is impossible to 
draw a line segment that is exactly 5^ 
inches long. The segment is almost cer- 
tain to l)e a tiny bit too short or too long, 
depending upon the care with which it 
was drawn. We can say that to the near- 
est inch a line segment 5-^ inches long 
is 5 inches long, or that to the nearest 
-j inch the segment is 5^ inches long. 
The necessity for devising small units 
of measurement grew out of the demand 
for a higher degree of precision than is 
possible when larger units are used. 
Small units are divided into fractional ^ 
])arts as the need arises. 

"T. J. Johnson, "Thf Use of a Hiiler in TeaehinK 
Place \'aliie in Niinihers," The Mathematics 
Teacher, April 1952, 45:266. 


Tolerance 

Since no measurement is completely 
accurate, laws have been passed that 
recognize an allowable error of meas- 
urement in the various measuring de- 
vices. This legally recognized allow- 
able error for a given instrument, hence 
a procedure, is its tolerance. In Hand- 
book M29 tolerance is described as a 
value defining the amount of the maxi- 
mum allowable error or dej^arture from 
true value or performance.^ A measur- 
ing device is considered to be accurate 
if it is within its tolerance; otherwise it 
is regarded as inaccurate. Thus the 
recommended toleranee (presumably 
adopted in most states) for a foot rule 
is inch. For manufacturers making 
new foot rules, the tolerance is ^inch. 
The tolerance for gasoline is 18 cubic 
inches in excess for a lO-gallon nK*as- 
iire and 9 cubic inchc\s in dcficienc> . 

Three general principles ai)ply to 
the idea of tolerance. First, the larger 
the measure, the larger the tolerance 
may be. Second, tolerance in excess 
tends to bi‘ more lenient (that is, larger) 
than tohuance in dc^ficieney. .And third, 
tolerance is less for new mannfaetured 
device's than for dcwices in use, in fact, 
half as much.” 

HOW TO TEACH 
METRIC GEOMETRY 

NonmetrIc and metric geometry 

Geometry is often divided into two 
categories that are not completely sepa- 
rated.** Metric geometry deals with the 

'Piihli.slifd !)>’ IIm‘ Bureau of Standards, Wash- 
ington, I^.(^ 

"H H. Buckingham, Elemmitarif Arithmetic: 
Its Meaninti and Practice (Boston: (iinn and (aiin- 
pany, 1947), pp. 47S-479. 

Edith Bohinson, “The Boh* of (ic-omc'try 
in ElcMiicntary School Mathc*matics,” Tiie Arith- 
metic Teacher, JdnivAry 1966, 13:3-10. 
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properties of sets of points that can be 
measured, while nonmetric geometry 
deals with properties of sets of points 
to which measurejnent ideas cannot be 
applied. In teaching situations these 
two categories are intermixed. The 
theme of the preceding chapter was 
nonmetric geometry; the present chap- 
ter deals with metric geometry, which 
is basic work in the intermediate grades. 

Chapter 18 described such figures as 
points, rays, line segments, and angles. 
We shall be concerned here with find- 
ing measures for the set of points, such 
as a line segment, included in certain 
figures. 

Measuring line segments 

lam* s(‘gment AB is marked off in 
units each equal to the measure of the 
line segment CD. 

r I ' B 

C 0 

We can regard the measure of CD as 
the iDiit of measure. In mathematics 
we should not ' rit AB =4CD because 
AB and CD aie sets of points and not 
numbers. The symbol = shows that two 
numerals or se*ts name the same thing. 
'I'o state that the measure of A/3 is four 
times the measure of CD., we use I he 
following ('(piation: 

m{AB) - 4m{CD) 

We read the equation as, “the measure 
of AB is ecpial to four times tlu' measure 
of CD.” 

The most commonly used unit for 
measuring length in the Knglish sys- 
tem of measurement is the iiirli. The 
standard unit of measure of length is 
the meter. The meter determines the 
length of an ineh. We shall eonsider a 
inch as the standard unit in our system 
of measure. The length of EF is approxi- 
mately equal to the unit 1 inch. 

E— I 1 1 F 
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This unit is divided into four coivgruent 
segments, as shown. Two segments are 
congruent when one is placed on the* 
other and they matc;h throughout. 

A line has no fixed length, but we can 
find the length of a segment of a line 
that is designated by two points on the 
line. A ruler markc‘d off in fractional 
parts of an inch is used as a measuring 
instrument. 

The length of a lint' segment should 
not be confused with the measure of 
the segment. The measure of a line seg- 
ment is the number that shows how 
many units are ecpii valent to the s(jg- 
ment. The length of a line* segment 
means the measure of the segment and 
the unit list'd in measuring. TTius, the 
measure of a given line segment XB is 
4, but the length of AB is 4 inches, or 4 
of the unit of measure. 

Figure 19.1 shows a line segment 
AH and parts of a ruler, in which the 
inch is grad\iated into half inches, as in 
into fpiarter inches, as in A', and into 
eighth inches, as in /^ The length of 
A/3 depends upon the ruler used and 
may be exprc'ssed as follows: 


To the nearest inch 

{M} 

3 inches 

To the nearest half inch 

{M) 

2; 

inches 

To the nr 

’''est quarter in;h 

(A/) 

2; 

inches 

To the ni 

*st eighth inv. !. 

{P) 

2 8 

inches 



In a similar manner, the length of AH 
ma\ be expressed, to the nearest six- 
teenth inch, as 2-|^ inches, or to the 
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nearest thirty-second inch, as 2^ 
inches. The illustration shows that no 
ineasureinent is ever exact hut that a 
ineasurenient is always approximate. 

The precision of measurement de- 
pends upon the way a measuring instru- 
ment is graduated or calibrated. The 
smaller the unit of measurement, the 
more precise is the measurement. The 
measurement of AB in P is more precise 
than the measurement in A/ because the 
unit of measure is smaller in P than in 
A/. 

In the primary grades a pupil may be 
expected to measure a line segment 
longer than an inch but less than 2 feet 
in length to the nearest inch or half 
inch. In the intermediate grades he 
should be able to measure segments of 
this kind to tlie nearest quarter inch. 
Errors of measurement would result 
from the incorrect use of the measuring 
instrument. 

The value to be assigned a point be- 
tween two sealed values on a ruler is 
determined in the same way as the 
value assigned a number being rounded 
off. If the point is nearer one scaled 
value than the other, the point is as- 
signed the scale value of the point to 
which it is nearer. If the point is judged 
to be midway between two scale values, 
the point is given the value of the 
greater of the two scaled values. 

Other units used in measuring length 
are the foot, the yard, the rod, the mile, 
and the meter: 

1 foot = 12 inches 
1 yard = 3 feet 
1 rod = 5 i 5 yards 
1 mile — 5280 feet 
1 meter = 39.37 inches 

Measuring angles 

In Figure 19.2, the measure of Z.ABC 
is three times the measure of ZLDEF, 
hence m Z^ABC = 3mZ_D£F. Although 



Figure 19.2 

/_DEF is used as a unit of measure in 
the illustration, this unit is not a stand- 
ard unit. Just as the inch is a standard 
unit for linear measure, so the decree 
is a standard unit for angular measure. 
We symbolize the unit of angular meas- 
ure as 1° and read it as “one degree.” 

If we lay off 360 units of angular meas- 
ure in a plane about a point as a vertex, 
the entire plane will be covered. The 
Babylonians gave us the unit for angu- 
lar measure. Since the angular measure 
for a complete surface is 360, very prob- 
ably the number of days in a year was 
instrumental in selecting the unit for 
angular measure. It should be remem- 
bered that a measure is a luiiuber. We 
may state that the size of an angle is 
60*", but its measure is 60. 



The instrument for measuring an 
angle is a protractor (see Fig. 19.3). 
The outer edge of a protractor contains 
both an outer scale and an inner scale 
graduated to 180 degrees. The use of 
two scales makes it easy to measure an 
angle in any position. In the diagram the 
zero point of the outer scale is on the 
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left and of the inner seale on the right. 
The eenter of the seinieircle is marked 
on the protraetor by a “crowfoot.” This 
center is always placed on the vertex of 
the angle to be measured and the zero 
point is placed on one side of the angle. 
The point on the scale that is cut by the 
other side of the angle indicates the 
number of degrees in the angle. In Fig- 
ure 19.3, the protractor is set to show the 
measure of angle BOC, which is indi- 
cated to be 45. We write this fact as 
follows: 

m/_BOC — 45 

We read the e(iuation as “the measure 
ot /^BOC is 45.” Tell what the measure 
is of the other angles shown in Figure 
19.3. 

It has been conventional to write the 
above e(|uation as /LBOC = 45", in- 
dicating d\at a measure is involved. The 
term Z.BOC icfers to the set of points 
on the rays forming the angle. The term 
mZ_B()C clearly indicates that a meas- 
ure of the set t)f points between the 
rays is inteiuj.J. The teacher should 
have the pupil use the expression 
“measure of ziA” until it is clear that 
the i)upil understands the difference 
bctw(»eii an angle and its measure. 

A i)rotractor can lx* used to draw 
angle having any given measure. For 
(‘xample, to draw a perpendicular to a 
point on a line, place the center of die 
])rotractor at the given point av.d the 
zero point of tlie scale on tlu* line. Then 
mark the point that corresponds to the 
90° mark on the scale and connect this 
l)oint with the given point on the line. 
The angle formed is a right angle and 
its measure is 90. 

An acute auf^le has a measure greai • 
than 0 but less than 90. An obtuse anfile 
has a measure greater than 90 but less 
than 180. For Figure 19.4, have the class 
describe the pleasure of the sides of tri- 
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angles (A-C) and the measure of the 
angles formed by the sides in triangles 
(0~F). Have the pupil use a ruler or a 
protractor to verify his answer. 

The class should consider the dis- 
tinguishing characteristics of the s(]uare, 
the rectangle, and the parallelogram. 

The following cpiestions, which deal 
with these figures, will help the pupil 
to understand the concept of a measure 
and of an angle. 




A 




Figure 19.4 

1. Ii'. V many sides has a rectangle? 

2. He s do the measures compare of 
the opposite sides of a rectangle? of the 
sides of a square? of the opposite sides 
of a parallelogram? 

3. What kind of angle is formed by 
the adjacent sides of a rectangle? of a 
square 

4. Is a square in the set of rectangles? 

5. Is a rectangle in the set of scpiares? 

6. If R = the set of rectangles and S 
= the set ot squares, which of the fol- 
lowing number sentences is true? a. 
RCS?h. S C R? 

7 How does a parallelogram differ 
from a rectangle? 
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8. Is a rectangle in the set of paral- 
lelograms? 

9. Is a parallelogram in the set of 
rectangles? 

10. If P = the set of parallelograms, 
R = the set of rectangles, and S = the 
set of squares, select the true number 
sentences from the following: (a) P C 
R; (b) R C P; (c) S C P: (d)S CR CP; 
(e) P C R C S. Item (10) is intended to 
challenge the most able learners in the 
class. 

Congruent geometric figures 

The measures of AB and CD in Fig- 
ure 19.5 are the same, therefore we say 
the two line segments are cownrueut. 
We write AB ^ CD. The symbol for 
congruent is s. 


C 

Figure 19.5 

Any two plane geometric figures that 
have equal measures of corresponding 
sides and angles are congruent. In less 
technical terms, we may state that plane 
geometric figures that have the same 
shape and size are congruent. Which are 
the congruent figures in Figure 19.6? 



Figure 19.6 


Consider the illustrations of the three 
kinds of triangles given on page 331. 

1. What is the name of the kind of tri- 
angle that has three congruent sides? 

2. What is the name of the kind of 
triangle that has two congruent sides? 
What angles in that triangle are con- 
gruent? 


3. What is the name of the triangle 
that has no congruent sides? 


B 



D 

Figure 19.7 


Aititudes 

An altitude of a triangle is a perpen- 
dicular segment from a vertex of the 
tiiangle to the line containing the oppo- 
site side. In F'igure 19.7, the altitude 
of triangle ABC is BD. The segment 
BD is the perpendicular from the ver- 
tex B to the side opposite, or A('. The 
symbol b- indicates a right angle. 


F J 



ED G L I K 

N S 



Figure 19.8 

Name the altitude in each ol tlu‘ tri- 
angles in Figure 19.8. If there is more 
than one altitude, name all ol them. 

An altitude in a parallelogram is a 
perpendicular segment from a point 
on one of the parallel sides to the line 
containing the opposite side. In the 
given parallelograms in Figure 19.9, 
more than one altitude is drawn in each 
figure. How many altitudes can be 
drawn in each figure? Why? 
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Rectangle Parallelogram Square 

Figure 19.9 


Circles and compasses 

A circle may be drawn by traeinj^ a ...ft 
of points around a circular surface, such 
as a coin or the base of a bottle. A circle 
is the set of all points in a plane that are 
the same distance from a point O called 
the center of the circle. If A is any point 
on the circle, then the measure of AO 
is a radius. A circle of any given radius 
may be drawn by using a compass, as 
shown in Figure 19.10. 



Suitable e.xcrcises such as the follow- 
ing may be used to help the pupil de- 
v^elop skill in the use of a compass. 

1. Mark any point on your paper. Use 
that point as a ct nter to draw a circle 
with a compass. 

2. Use a compass to draw four circles 
that have different radii. 

3. Draw a st't of three circles that 
have different radii but the same center. 

4. Draw a circle having a diameter of 
2 inches. Draw and label a radius, a 


diameter, and a chord that is not a, diam- 
eter. (A chord is a line segment connect- 
ing any two points on the circle.) 

If A and B are any two points on a 
circle, the union of A, B, and all points 
on the circle betwt‘en them is an arc. If 
A and B are not endpoints of a diameter, 
the arc having the smaller measure is 
called the uiinor arc and the other arc 
is the major arc. 

5. Select any two points O and A on 
your paper. Use point O as a center and 
draw a circle through A. Draw the chord 
AB. What is the given radius? the diam- 
eter? Solve the following equation: 

m{AOB) - ^ m{AO) 

6. Use a com])ass and a ruler to find 
the lengths of given line segments hav- 
ing different measures. 

7. On a ray extending to the right, use 
yoir- compass to mark off with arc‘S 
thn line segments, each measuring !:{- 
inclu s. Start witli the endpoint on the 
left of the* ray. 

Constructing a perpendicular 
bisector of a line segment 

A line segment may lie bisected at 
right angles either by drawing the per- 
pendicular or by constructifi^ the per- 
])endicular. A pupil draws the bisector 
when b • uses a ruler to find the mid- 
point of the segment and a protractor 
to measure a right angle. He constructs 
the bisector when he uses only a com- 
pass and a straight edge without mark- 
ing in units of measure. 
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Figure 19.11 shows how to c onstruct 
cl perpendicular h iscc ^tor of an> line 
sejLj;inenl, such as AB. The numerals 
indicate the secjiience of steps for find- 
ing the points C and D. Begin h\ ])lac- 
ing the coini)ass point at 1, Have the 
pupil check the accuracy of his con- 
struction by using a protractor to see if 
each angle is a right angle and a ruler to 
see if the two segments are congruent. 

Bisecting an angle 

Figure 19.12 shows the sequence of 
steps to bisect a given angle, such as 
angle A. The pupil should bisect an 
angle using these steps and check the 
accuracy of the construction by nu^asur- 
ing angles m and n formed by AO to see 
if they are congruent. 



Figure 19.12 


First the pupil uses a compass to lo- 
cate two points, B and C. From these 
points as centers he makes the inter- 
secting arcs at O. He then draws a ray 
from A through O. 


Have the class bisect a right angle 
and an obtuse angle. A challenging ex- 
ercise is to have a pupil bisect each 
angle of a triangle. If the construction 
is accurate, the bisectors will intersect 
at a common point. 

Constructing a perpendicular 
to a line 

Figure 19.13 shows how to construct 
a perpendicular to a line from a point 
P that is above the line. The small nu- 
merals indicate where the point of the 
compass should be placed, beginning 
with 1. First the pu])il locates points A 
and B with a compass, using P as a cen- 
ter. Then using A and B as centers and 
a radius that is longer than 4Aii, he lo- 
cates M. A/P is the perpendicular to 
AB through P. The pupils should meas- 
ure the angles formed to check their 
construction. 



Figure 19.13 


Have the class draw two lines on 
their papers in different positions (Fig. 
19. 1 5), and construet ])er|XMidiculars 
to them from points below the lines. 

Figure 19.14 shows the steps to fol- 
low i« constructing a perpendicular to 
AB from a given point on the line as 
point O. The numerals indicate where 
the point of the compass should be 
placed beginning with 1. The problem 
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Figure 19.14 


is to locate point E al)ovc or below the 
line which lies on the perpendicular. 

Have the children carry out the steps 
shown, "rhen have them draw per])en- 
dicnlars to ])oints on lines in different 
positions, such as are shown in Figure 
19.15. 



Figure 19.15 


Constructing an angle congruent 
to a given angle 

Figure 19 16 shows the steps in con- 
structing an angle congruent to an\ 
given angle A. 'I’lu* teac’hcr should 
demonstrate at the chalkboard the s('- 
(luencc of steps in the construction. 
First, draw an arc BC, as shown in step 
1. Draw a ra> and select any point O on 
this ray as a ccmter. Use a radius A/1 and 
draw an are (2). Select the jKiint where* 
the arc c*uts the ray, as ])oint I). Then, 
using BC as a radius and I) as a center, 
draw an arc* that cuts the first arc at F 
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(3 and 4). Draw OF. The rays OD and 
OF are the sides of an angle that is con- 
gruent to angle A. 

The class should follow the steps de- 
scribed in constructing two congruent 
angles. The angles the pupils draw will 
vary in size. Each pupil should use a 
protractor to check the accuracy of his 
constnic*tion. 

The class can use ])rotractors to draw 
an angle having any given measure at 
some point on a line. The more able pu- 
pil can construct congruent copies of 
certain familiar geometric figures, such 
as scinares, rectangles, and ecjui lateral 
triangles. 

PERIMETERS, AREAS, 

AND VOLUMES 

Finding perimeters 

A ])olygon is a plane chased figure 
bounded by line segments. The perim- 
eter of a polvgon is the sum of the meas- 
ures of the sides of the figure. A text- 
book problem i)ertaining to finding a 
perimeter may have the dimensions of 
the figure given or it ma\ be necessary 
to measure the sides in order to com- 
plete the solution. The length of a side 
can be found direct measurement 
witl ruler or by the use of a compass 
and a ruler. The pupil may measure the 
Ic.igth of a side of a polygon with a c*om- 
l)ass and then lay off a segment having 
the same measure on a ray and continue 
the process for tlu* other sides of the 
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figure. He can tlien use a ruler to meas- 
ure the segments on the ray. The sum of 
the measures of these segments is the 
perimeter of the polygon. 

The following exercises suggest a 
suitable seciiience of activities related 
to perimeters: 

1. Find the perimeter of each of the 
pohgoiis in Figure 19.17. 


3 " 



3" 3" 6" 3" 


Figure 19.17 


5. In the upper grades have class dis- 
cussions and demonstrdtions to derive 
the formulas for the perimeters of the 
following (see Fig. 19.20): 



b s b 

A B C 


b s b 

A B C 

s / 

s s w w 

S / 

D Figure 19.20 E 


2. Draw figures having the same 
shape as those given in problem 1. Then 
measure the sides with a ruler and find 
the perimeter. 



a. The perimeter of any triangle is 
ecjual to the sum of the measures of the 
three sides. The Formula is 

p = a i- to + c 

b. The perimeter of an ecpii lateral 
triangle is etiual to three times the 
measure of one side. The formula is 

p — 3s 


3. Consider triangle ABC in Figure 
19.18. The dimensions are not given. 
First draw a ray. Use your compass and 
open it ecpial to the distance from A to 
B. On the ray, lay olf AB as shown. In 
the same wa\ mark off BC and AC in 
succession on the ray. Then with a ruler 
measure the length of the three line 
segments. This measure is the perim- 
eter of the triangle. 

4. In a similar way lay off the sides 
of triangle DEF (Fig. 19.19) on a ray 
and find the perimeter of the triangle. 



E F 

Figure 19.19 


-c. Th(‘ formula for the perimeter of 
an isosceles triangle is 

, p — 2a + to 

d. The perimeter of a scpiare is ecpial 
to four times the im^asure of one side. 
The formula is 

p = s f s f s + s, or p = 4s 

e. The perimeter of a rectangle* is 
equal to the sum of the measures of the 
four sides. The formula is 

p / -+- tv -h / -I- W 
p = 2/ + 2tv 
p = 2(/ 4- tv) 

The pupil should show that all three 
formulas for the perimeter of a rectangle 
are equivalent by replacing / and \c 
with numbers and then performing the 
indicated operations. He should also 
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identify the formula )) = 2(1 + w) as an 
application of the distributive i)ropcrty 
of multiplication over addition. 

Unit of measure for area 

Tn the rectanj^le ABCD of Figure 
19.21 the union of the set of points form- 
ing the figure and the set of points with- 
in is called a region. Often a teacher 
uses a rectangular surface, such as a 
table to]) or a rectangular cutout, to 
model a rectangle, 'fhe im])il is then 
asked to find the area of the rec'tangle. 
From an illustration of this kind he may 
form an erroneous concept of the mean- 
ing of th(‘ area of the rectangle. A rec- 
tangle has no area, but the region it en- 
closes has an ar(‘a. It is important for 
the pupil to understand that finding 
the area of a rectangle refers to the area 
of the region enclosed by the rectangle. 

D C 


A B 

Figure 19.21 

Tt is impossible to fill the region of a 
rt»ctangl(‘ with line segments. Anotluu* 
n^gion must be used to fill the enclosed 
sixiee, hence a region may be used as 
a measure of a region. The standard 
unit of measure of a plane r<‘gion is a 
surface bounded by a sejuare having a 
side of I. The standard unit for area is 
a siitiare i}irh. Figure' 1 9.22 shows a 
unit of area. The area of a plane figure 
means the measure of the region of i‘ at 
figure' and the unit used for measuring 
that region. Thus, the area of the large 
square (Fig. 19.22) is 4 square inches, 
but the measure of this square is 4. 


■ 

r 


1 sq. in. 

1" 


2 " 

Figure 19.22 


Finding the area of a rectangle 

Figure 19.23 shows that each of the 
four plane surfaces or regions of A is 
congruent to the region of B. We can 
state that the measure of A is four times 
the measure of /^, or niA = 4/.//1. If the 
area of B is 1 sejuan' inch, the area of A 
is 4 s(iuare inches. 


Figure 19.23 


B 


Til* teacher should use two types of 
aetivii i*s to he*lp the class discover how 
to find the* area of a rectangular surface. 
First, the pupil should fill a rectangular 
region with squares and count the num- 
ber needed. Second, he should find the 
number of scpiarc's in a rectangular sur- 
face that is divided in unit squares. 

Each pui)il should draw on paper a 
rectangle having measures expressed 
as whole numbers, such as 4 inches by 
3 inches. Wo should then find the num- 
ber of 1-inch squares needed to fill the 
region. He ma> do this either by using 
a 1-inch square and marking off the 
number needed in each row and re- 
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peating the process for each row or by 
using enough of these squares to fill 
the region. In either case he would 
count tile number of squares needed. 
The experiment should show that there 
are 4 squares in a row and that the num- 
ber of squares is 3x4, or 12. By repeat- 
ing the process with rectangles having 
different measures, the pupil should 
discover that the number of square units 
in a rectangular region is the same as 
the product of the number of linear 
units in the length and in the width. 

According to tlie second plan, the 
teacher should show j^ictures or draw- 
ings in which a rectangular surface is 
divided into congruent parts. Figure 
19.24 shows a rectangular pan of fudge 
divided into squares. The pupil should 
count the number of scpiares and also 
find the number by multiplying the 
number of squares in each row by the 
number of rows. In a similar manner, 
he should find the number of units of 
measure in any rectangular surface. 

1 ^ ^ 

I I I 

I I i 

I I i 

4 - 1 A 

I I I 

I I I 

I I I 

1 I I 

I I I 

I I I 

I I I 

I I I 

I I I 

Figure 19.24 

The experiment for discovering the 
area of a rectangular surface bounded 
by sides having dimensions expressed 
as inches can be repeated with 1-fooi 
squares. The class should discover that 
the measure of a square having a side 
of 1 foot is 144 times the measure of a 
square having a side of 1 inch. In Figure 
19.25, the areas in (A) and (B) are equal. 


r 12" 


r 

A 

Figure 19 

therefore 1 square foot = 144 scpiare 
inches. 

The teacher should draw on the chalk- 
board a square having a side of a yard. 
The region should be divided into 
scpiare feet. The drawing will show that 
the measure of a square yard is the same 
as the measure of square feet, or an 
area of a square yard is equal to an area 
of 9 square feet. 

At this point the pupil should attempt 
to formulate both the rule and the for- 
mula for the area of a rectangle. The rule 
for the area of a reetangle may be stated 
as follows; 'fhe number of scpiare units 
in the area of a rectangle is tht‘ product 
of the number of units in its length and 
the number of units in its width. Both 
dimensions must be express(‘d on the 
same linear unit. 

The formula for the area of a rec- 
tangle is 

A — iw 

In advanced classes pupils should at- 
tempt to fill the space in his rectangle 
with cutouts of other figures, sueh as 
circles, equilateral triangles, or hexa- 
gons, which in most cases will prove 
to be impossible. This will show why 
the square is considered the most ac- 
ceptable unit for expressing area. 

For enrichment the experiment could 
be continued with figures other than 
rectangles to be filled. It will be found 
that equilateral triangles of certain di- 
mensions, for example, will fill equi- 



12 " 

B 


.25 
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lateral triangles having eertain larger 
dimensions but not any other figure. 

The relations among the most com- 
monly used units of area are the fol- 
lowing: 

144 square inches — 1 square foot 
9 square feet — 1 square yard 
1 acre =- 43.560 square feet 
1 acre ^ 160 square rods 

To apply what they have learned the 
pupils should find the approximate 
areas of available surfaces, of surface^ 
where dimensions are shown in dia- 
grams, and so on. Many problems hav- 
ing to do with finding tlie areas of rec- 
tangular surfaces are given in mathe- 
rnatic s textbooks, which can be used to 
provide necessary practice. 

The square is a particular kind of 
rectangle in which the measures of the 
sides are equal. In the formula A = ho, 
we may replace / by tv or w by /. The 
formtda diei^ becom..s A = u;- or/-'. The 
letter v is generally used to represent 
the side of a stpiare, hence the fonimla 
for the area of a square becomes A = 
.s‘ X v, or .s '. T hus the measure of the 
area of a 4-inch square is 4 X 4, or 16, 
and the area is 16 square inches. 

Finding areas of other 
piane figures 

If time permits the teacher may de- 
velop with advanced classes tin* rules 
and formulas for the areas of other 
plane figures, such as the following: 

Area of a triangle - ' (base ' altitude) 
or A - ba 

Area of a parallelogram - base ' altitude, 
or A — ba 

Area of a trapezoid - ' h{a r b) 

Area of a circle - n-r 

The pupil should derive the forn das 
given above and should also identifs 
the mathematical properties and prin- 
ciples of numbers that apply when num- 
bers replace the variables in the for- 
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mulas. The formula for the area of 
triangle is A = -hha. The number prop- 
erties and the mathematical principles 
that apply to this formula are as follows: 

1. The commutative property of mul- 
tiplication, as ^ba = -^ah. 

2. The associative property of multi- 
plication, as ^ba = (4 X />) X « = 7 
X {b X a). 

3. The inverse relationship between 
multiplic;ation and division. Multiply- 
ing by 4 is eciuivalent to dividing by 2. 

4. If a set of factors is to be divided 
by a number, only one factor is divided 
by that number. To divide the factors 
(lb by 2, divide either a or b by 2 but 
not both. 

The formula for the area of a trape- 
zoid is A = -^liia + b). The same four 
items that apply to the formula A = ^ba 
apply to the formula for the area of a 
trapezoid. T1 k‘ distributive property of 
multiplication over addition also ap- 
plies to the formula A = 4/i(^^ + b). 

For purposes of enrichment for the 
more able learner in the elementary 
school, the work dealing with areas of 
triangles, ])arallelograms, and trape- 
zoids should include the following: 

1. Derivation of the formula for the 
area of the figure 

2 ^"valuation of the formula (replac- 
ing t: variables b\' numbers and then 
computing) 

Z. Identification of the number prop- 
erties and mathematical principles that 
apply to a formula. 

Unit of measure for a solid 

Figure 19.26 shows some of the more 
familiar types of solids or solid regions. 
When we measure a solid, we measure 
its interioi region. A solid is a figure that 
has dimensions of length, width, and 
height or thickness. 

Just as a square region is the unit of 
measure for a plane figure, a cubic re- 
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Cylinder 



Cube Pyramid 



dioti is the unit of measure for a solid 
region. The standard unit in our sys- 
tem of measures is the cubic inch. The 
measure of a solid region shows how 
many times the unit of measure will fit 
into that region. The volume of a solid 
is the measure of that solid and the unit 
used for measuring. Thus, the measure 
for a solid may be 12, but the volume 
would be 12 eubie inches, 12 c ubic feet, 
or 12 of some other standard unit of 
measure. 

In this text we shall limit the discus- 
sion of solids to the measurement of a 
rectangular prism. A rectangular prism 
is a solid of the kind shown in Figure 
19.26. Each face and base of a rectangu- 
lar prism is a rectangle. 


Finding the voiume of a prism 

Figure 19.27 shows a prism (rectangu- 
lar) having dimensions of 5 inches, 3 
inches, and 2 inches. The figure shows 
one layer of the prism. Since the height 
is 3 inches, there will be three of these 
layers. The volume of each layer is 10 
eubie inches, therefore tlie volume of 
the prism is 30 cubic inches. 

The classroom should be ecpiipped 
with approximately 125 1-ineh* cube* 
and several small rectangular boxes of 
different dimensions. The dimensiems 
of a certain box are 8 inches, 5 inches, 
and 2 inches. A member of the class 
should fill the bottom of a box of this 


size with 1-inch cubes. The class should 
discover that a layer contains 5 rows of 
8 blocks each, making a total of 40 
blocks. Since there will be two such 
layers, the box will hold 80 blocks or 
cubes. The number in a layer is the 
product of the measures of the length 
and width. This product multiplied by 
the number of layers will be the num- 
ber of cubes a box will hold. The num- 
ber is the product of the measures of the 
three dimensions when each dimension 
is expressed in the same unit. When a 
pupil discovers how to find the number 
of cubes a box will hold he has learnc*d 
how to find the volume of a rectangular 
solid. 

If / = length, IV = width, and h = 
height, the formula for the volume of a 
prism is 


V~lwh 



Figure 19.27 

The pupil should evaluate* the for- 
mula and show how the associative and 
commutative properties of multiplica- 
tion are applied. If / =6 inches, w = 4 
inches, and h = 3 inches, the measure 
of the volume is 6 X 4 X 3, or 72. 


6 X 4 3 - (6 V 4) V 3 

(6 V 4) >, 3 - 6 (4 X 3) 
6 M4 * 3) - 6 (3 A 4) 
6 ^ (3 y 4) = (6 - 3) x 4 


Binary 

property 

Associative 

property 

Commutative 

property 

Associative 

property 
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The illustrations show that the fac- 
tors may be rearranged in any way 
without affecting the product. This gen- 
eralization is a consequence of the as- 
sociative and commutative properties 
of multiplication. The class had other 
illustrations in dealing with multiplica- 
tion to show that regrouping or rear- 
ranging factors does not affect the prod- 
uct. The teacher should utilize every 
opportunity to have thc' class idfmtify 
this mathematical principle. 

Summary of measurement 
of figures 

We have discussed the measures of 
Migures having one, two, or three dimen- 
sions. A summary of the units of meas- 
ure and the measures of these figures 
follows: 

A. One-dimensional figures 

1. Ijiiu’ >e^nieiits The standard unit 
of measure in our syshmi of measures 
for a line segmtmt is an inch. The meas- 
ure of a line sc'gment is the number that 
tells how many times the unit can be 
fitted into the given segment. The length 
of a line segment is tlie measure ol the 
segment and the unit of measure. I'he 
measure of a line segment may be 3, but 
the length of the segment is 3 inehe\s. 

2. A/ig/c.v. The standard unit of meas- 
ure for an angle is a decree (T). The 
measure of an angle is the numbe: that 
tells how many times an angle of 1° can 
be fitted into the angle. The size of an 
angle gives its measure and the unit of 
measure. 

B. Two-dimensional figures 

PohjgOHs. The union of a pohgon 

and its interior is a plane region, '’he 
standard unit for measuring a plane re- 
gion is a square having a side of 1 inch. 
The measure of a region is the number 
that shows how many times the unit ol 


measure can be fitted into the region. 
The area of a region is the measure and 
the unit of measure, as the area of a rec- 
tangle, is 6 sejuare feet. 

C. Three-dimensional figures 

Prisms. The uinon of a rectangular 
prism and its interior is a solid region. 
The standard unit for a solid region is 
a cube having an edge of 1 inch. The 
measure of a ])rism is the number of 
times the unit can be fitted into the re- 
gion. The volume of a prism is the meas- 
ure and the unit of measure, as the vol- 
ume of a prism, is 8 cubic inches. 


COMPUTATION INVOLVING 
FAMILIAR MEASURES 

Visualizing transformations 
of measures 

It is easy to show the transformations 
of measures by means of concrete and 
visual materials. For example, suppose 
that the problem is, How man> quarts 
are there in 7 pints? First, some child 
should be asked to place 7 pint con- 
tainers in a row, as shown in Figure 
19.28. 
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Figure 19.28 

H<' ' hould then bt* asked to tell how 
main pints there are in a quart. Next he 
should be asked to show how many 
groups of 2 pint bottles he can make 
with the r bottles. The arrangement 
should b(* as shown in Figure* 19.29. 

There are three pairs of pint bottles 
and an extra bottle. Therefore 7 pints 
art' the same as 3 (luarts and 1 pint. 
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Figure 19.29 


The reverse procedure of changing 4 
quarts to pints can l^e demonstrated 
with a variety of materials in a similar 
way, as slujwn in Figure 19.30. 
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Figure 19.30 


The changing of other units such as 
inches to feet and feet to inches, feet to 
> ards and yards to feet, nickels to dimes 
and dimes to nickels, and so on, can he 
demonstrated in similar wavs with ob- 
jective materials. 

Later diagrams can he used to show 
visually the process of transforming 
measures. Thus in F'igiire 19.31, 12 
quart bottles are shown. The class 
knows that there are 4 ciuarts in a gallon. 
So by encircling groups of 4 bottles the 
class can see at a glance that 12 quarts 
are the same as 3 gallons. The process 
used is division, the ratio conce]3t. From 
a number of such experiences with var- 
ious measures the class discovers tha' 
to change small measures to larger 
measures we divide. In a similar way 
the class discovers that to change large 
measures to small measures we multi- 
ply. 


Changing measures to 
fractional parts of other units 

Considerable use is made of frac- 
tional equivalents in dealing with meas- 
urement. Thus a measurement of 
pound can be expressed as ounces by 
finding of 16 ounces. Similarly, ^ 
hour can be expressed as minutes by 
finding -j of 60 minutes. Computation 
of this kind with measurements is one 
of the most common uses of multiplica- 
tion of fractions. 

A more difficult usage is the chang- 
ing of a smaller measure to a fractional 
part of a larger unit. Thus to exi^ress 30 
minutes as a fractional part of an hour, 
the learner must solve the example, 
30 minutes = □ hour. He should be led 
to see that 1 minute is ^houi, hence 
30 minutes must be ^ hour. When re- 
named in lowest terms the fraction be- 
comes -o, hence 30 minutes = 4 hour. 
He can then prove that his answer is 
correct by showing that 4 of 60 minutes 
is 30 minutes. 


Developing standards of reference 

The learner can be taught how to 
apply measurement with which he is 
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familiar as standards of reference in es- 
tiinatinj? ineasiireinents of things whose 
quantity he does not know. To illus- 
trate, to develop standards of reference 
to be used in making estimates oflength, 
width, and height the following labora- 
tory procedure can be used: 

1. The teacher should make a list of 
things of varying sizes that either can 
be placed on a table or arc readily ac- 
cessible, such as a 3-by-5-inch card, a 
small sheet of ordinary writing paper, 
a larger sheet of wrapping pai)er, a win- 
dow or a picture frame, and a table top. 

2. Next, the teacher should prepare 
a record form, one copy for each ])upil. 

^Viach child should first estimate to the 
nearest half inch and then record his 
estimate for each item on the record 
form (see Table 19.1). 

3. Then using a foot ruler (or yard- 
stick) each child should measure the 
things listed on the jccord form. 

After the measurements Iiave been 
com])l(‘t(‘d, tlu'v should be compared 
with tlu‘ estimah's. TIk^ ilass should 
discuss th(‘ range of the difftncnces for 
individual children between the esti- 
mations and the true measurements, 
the* difFcre*nces among the meml;)c*rs ol 


1. What is a standard unit of measure? 

2. Select some measuring device and look 
up its history. 

3. Why can the measures used in our 
country hardly be called a system? 

4. What are the merits of the metric sys- 
tem? 

5. Demonstrate the fact that all meas e- 
ment is approximate. 

6. What topics In metric geometry do you 
think should be taught at various grade 
levels in the elementary school? 


TABLE 19.1 

Record Sheet for Estimates 
and Measurements 



Measure- 

Estimates 

ments 

Lgh. Wdh. 

Lgh. Wdh. 

Small card 

Sheet of writing 
paper 

Sheet of wrapping 
paper 

A window (or 
picture) 

A table top (or desk) 



the class, and possible reasons for these 
differences. The procedures used in es- 
timating by children whose differences 
were smallest or largest should then be 
discussed, the inirpose being to bring 
out the value of standards of reference 
to be applied in making future esti- 
mates. The class should then suggest 
suitable means to visualize an inch, a 
foot, a yard, and other measures of 
length. 

Similar procedures can be applied to 
help tin* child to establish standards of 
reference tor measures ot weight, sizes, 
area, volume, time, and money. 


EXERCISES 

7. Illustrate the difference between draw- 
ing and constructing an equilateral tri- 
angle. 

8. Dr.tw any chord that is not a diameter 
in a circle. Construct a perpendicular 
bisector of the chord. If your construc- 
tion is accurate, the bisector will pass 
through the center of the circle. 

9. Draw a circle having a radius of I 2 
inches. With that radius, mark off in 
succession 6 arcs on the circle. Con- 
nect these points to form a hexagon. 



362 


TEACHING ELEMENTARY SCHOOL MATHEMATICS 


What is the perimeter of the hexagon? 
10. If 0 = the set of quadrilaterals. P = the 
set of parallelograms, R = the set of 
rectangles, and S = the set of squares, 


The most helpful materials for use in teach- 
ing about measurement are found in spe- 
cial articles in school encyclopedias, such 
as Britannica Junior, Compton’s Pictured 
Encyclopedia, World Book, and similar 
series. See also the following books: 

Buckingham, B. R., Elementary Arithmetic: 
Its Meaning and Practice. Boston: Ginn 
and Company. 1947. Chapter 13. 

Clark, J.. and L Eads. Guiding Arithmetic 
Learning. New York: Harcourt, Brace & 
World, Inc., 1954. Chapter 8. 

McSwaIn, E. T., and R. J. Cooke, Under- 
standing and Teaching Arithmetic. New 
York: Holt, Rinehart and Winston, Inc., 
1958. Chapter 10. 

Merton. E.. and L. May, Mathematics Back- 


write the number sentence in which 
each succeeding element of a set is a 
proper subset of the previous set or 
sets. 
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EQUIPMENT FOR THE 
MATHEMATICS CLASSROOM 


The modern inatliematies pupil is li»^er- 
ally surrounded l)y aids to help him 
learn, ranj^inj? from models and measur- 
inj^ deviees to reltuenee books and inun- 
phlets, visual and audiovisual aids, ex- 
hibits, prot^ramed learning? materials, 
and other elassroom resourees. Some 
of these materials are for use in group 
situations while others serve as means 
for developing individual eapaeities. 
The variety of materials and purposes 
for whieh they are used bring to oui 't- 
tention the possible steps that ean be 
taken to iiierease the variety ot learning 
materials that ma>' be used in a partieii- 
lar situation for a given purpose. 


The- • onsideralioiis the teaeher should 
bear i mind in order to provide the 
neeessary materials to eover the wide 
range of individual differenees in any 
class are suggested by the following 
series of (piestions: 

1. x\re the varietx and (luantity of n‘- 
soure< in the elassroom sufficient to 
permit choice? 

2. Are the resources organized in 
such a wa> that they can be quickly lo- 
cated when needed? 

3. How accessible to the learner are 
tlie resources? 

4. Do the available learning devices 
and materials include a variety of ap- 
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proaches to learning in order to satisfy 
the needs of pupils who learn best from 
m an i pul ati n g eo n c re te mate ri al s an d 
the needs of those who can handle more 
abstract material? 

5. W ill the use of this resource free 
the teacher to give individual help or to 
meet other needs of the group? 

6. W ill the learning resulting from 
use of the resource justify the time ex- 
pended? 

7. Is the resource sufficientK related 
to what children already know so they 
will find it easy to use in extending their 
experiences? 

8. Do many of the materials provide 
a multisensory approach to knowledge?* 

1’liis chapt(*r considers the rollouing 
topics, kind's ol m.itmials to guid(‘ and 
dir(*c‘l learning; t('aching macliint's ami 
progitinic'd learning matcri.ils. 

KINDS OF MATERIALS TO GUIDE 
AND DIRECT LEARNING 

Exploratory materials 

Exploratory materials include ob- 
jects the learner can handle and move 
about. Some of these materials have* a 
social application, such as coins, meas- 
uring cups, thermometers, and foot 
rulers. Other materials are specifically 
designed to help the learner understand 
some aspect of the mathematical phase 
of arithmetic. For example, disks are 
used in counting and grouping, the aba- 
cus and place-value charts to show the 
meaning of numbers and number oper- 
ations or the role of zero as a place 
holder, and fractional parts of circles to 
help the learner discover relationships 
among fractions of different values.- 

‘See Indii idualiziiifi Instructioti, 1964 Year- 
book oFthf l)(>partiii(Mit of .Supervisors and Direc- 
tors of Instniction (Washington, D.O.: National 
Kdiication Association), p. 122. 


The use of exploratory materials that 
children can mani])ulate or arrange in 
various ways is an excellent way of giv- 
ing them direct experience with num- 
ber and its applications. These activities 
are especially valuable in the primary 
grades where a background of meanings 
is being developed. Counting and 
groui)ing objects such as disks, buttons, 
toothpicks, and small blocks are con- 
crete ways of making small numbers 
meaningful and developing tin? con- 
cept of number groupings.** 

The need for using ex])loratory ma- 
terials decreases as children grow older 
and are able to think abstractly and to 
generalize. However, the teacher should 
never hesitate to use these materials 
when a demonstration with obji'cts will 
clarify new work and give it meaning. 

Exploratory materials for 
demonstrating structure of the 
numeration system and 
number operations 

Throughout this book tlu* readcu* has 
found discussions of the use of man\' 
different kinds of exploratory materials 
that demonstrate the meaning of num- 
bers and number operations. 

Some of the most useful of these aids 
are the following: 

1. Pegs, tiekets, or stieks to show' 
groupings and ’ regroupings of ones, 
tens, and hundreds 

2. Hundred board to show meanings 
of numbers to 100 

J. Sanders, "The l\c of Models in Mathe- 
matics Instruction," Tlw Aritliftictir Tearhrr, 
March 19f)4, 11:157-165. 

■‘Marvin Karlin, "Machine's," Tlw Aritliniclir 
Tvarher. Ma> 1965, 12:327-334; W illiam II. lai- 
c'ow, "Testing the (aiiscnairc Method," The Arith- 
metic Teacher, Novcinher 1963, 10:435-438; 

Donald K. White, ‘The Kfleet of Ciiisenaire Ma- 
-terials on He'asonin^ and C'oinpntation," The 
Arithmetic Teacher, \ovemh«-r 1963, 10:439-440; 
JaiTie.s II. Zant, “The Use of New F.dneational 
Media,” The Arithmetic Teacher, De<*emher 1965, 
12:640-644. 



EQUIPMENT FOR TRE MATHEMATICS CLASSROOM 


367 


3. Place-value charts to show the 
meaning of place value in numbers and 
of grouping and regrouping in number 
operations 

4. An abacus to demonstrate place 
value and the role of /(mo 

5. Set of cards with 100 scpiares, 
strips of 10 scpiares, and single scpiares 
to show numbers lo 1000 

6. Ciitout circles and fractional parts 
of circles, involving especially halves, 
fourths, and eighths 

7. Flannel board with fractional parts 

8. Fractional chart for discovering 
ecpii valent fractions. 

Some of the most useful exploratory 
1«iaterials for helping tlu‘ child lo dis- 
cover and understand the steps in the 
procedures in tin* diffenent o]Dcrations 
with whole numbers, fra(‘tions, and 
decimals are: 

1. Place-vahu* charts 

2. Chitoiii circh's a. id fractional parts 
of circh‘S 

3. Sets of squares. 

A modern abacus 

Tlu* abacus lias plaved a significant 
rol(‘ in developing our numeration s\s- 
tern. An instrument of this kind should 
be part of the equipment of the class- 
room in order to help the pupil undfu- 
stand the structure of the numeration 
system. There are many different kinds 
of abaci. Oiu* form that is an effective 
aid for classroom instruction may be 
designated a modern aharus.* Figure 
20.1 shows an abacus of this ty]ie. 

A modern abacus has the rods (w- 
tended in a Ncrtical position with a 
bridge across them to divide the rods 
into halv(\s. A bead can pass from one 
hall to the otlun* hall of each rod 
cause the rod is so Hexibh* that the bead 
can easily clear the bridge. Wlum the 

*Oistril)iitf‘(l 1)> Unit, Hiiu'liait and \\ iiistnii, 
Inc., New York. 



Figure 20.1 

beads are in the iiosition shown, the 
abacus is clear. Beads shown on the 
lowt‘r half of a rod represent a given 
number. 

Each rod of a modern abacus c'on- 
tains 10 beads. Nine of these beads are 
the same color. The color of the tenth 
bead is the same as the color of the first 
9 beads on the rod lo the left. Sup])ose 
the c ^or of the li/st 9 beads on the rod 
to the ght in thc' ones’ place is blue. 
The tenth bead should be a different 
coh.., such as vellow. Then the first 9 
beads on the next rod in tens’ place 
should be \ellow. The tenth bead on 
that rod sliould be a different color, such 
as reel Then tlu‘ first 9 beads on the rod 
ill hundreds’ place should be red. It is 
doubtful if a classroom abacus should 
contain m(n;e than four rods, each con- 
taining l(i i)eads. 

.A modern abacais may be used to en- 
able the pupil to understand two char- 
acteristics of our numeration system: 

1. 'Fhe value* of a place to the left of 
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any designated place is 10 times the 
value of that place. 

2. An empty rod on an abacus holds 
a place in a numeral in the same way as 
0 holds a place in a written numeral. 

Let us consider the first character- 
istic. The pupil can move the 10 beads 
on the ones’ rod and 1 bead on the tens* 
rod to the lower half of the rods. The 
two amounts represented are equal. The 
tenth bead on the ones’ rod is the criti- 
cal bead, as shown by its color. This 
bead has the same color as the bead on 
the tens’ rod. In a similar manner, the 
same ratio between two consecutive 
rods can be shown 1)\ using the rods in 
tens’ and hundreds’ places or by the 
rods in hundreds’ and thousands* places. 
The use of different colors should help 
the pupil to discover the relationship 
between the values of any two consecu- 
tive places on the abacus. This relation- 
ship is the same as that e.xpressed be- 
tween an\’ two consecutive places in 
the system of numeration. 

The second characteristic of the num- 
ber system is the function of 0 as a place 
holder. The abacus in Figure 20.2 shows 
the numeral 3049. The 9 beads of the 
same color on a rod conespond to the 
digits 1-9 in our number system. The 
value represented by a rod depends 
upon the position of the rod. By arbi- 
trarily assigning ones’ place to the rod 
to the right, the value represemted b\ 
each succeeding rod is 10 times the 
value of the rod to the right. The num- 
ber of beads shown on a rod shows the 
number of times the value of this place 
is taken. Thus the first rod to the right 
shows 9 ones; the second rod, 4 tens; 
the third rod, 0 hundreds; and the fourth 
rod, 3 thousands. The absence of a bead 
on the rod in hundreds’ place shows that 
there are no hundreds in hundreds’ 
place. It is not necessary to have a bead 
to represent 0 because the rod holds 


hundreds’ place. To write the numeral 
3049 it is necessary to have 0 or some 
other means to show that there are no 
hundreds in hundreds’ place. It is for 
this reason that 0 frequently is known 
as a place holder. Zero not only holds 
hundreds’ place in the numeral 3049 
but it also shows the frequency of the 
base, just as each of the other digits per- 
forms these functions in a written nu- 
meral. 



Figure 20-2 

When an abacus is used to ri*prcscnt 
a number, a rod holds a given i)lace. 11 
the frecpiency of the* base is 0, tin* rod 
is left vacant. It should be apparent why 
a modern abacus has 9 beads of the 
same color on each rod. It is never ne- 
cessary to use more than 9 beads on a 
rod to represent the digits of a number 
o;i the rod of an abacus. The tenth bead 
of a different color is used only when 
demonstrating the decimal ratio be- 
tween two adjacent places in our nu- 
meration system. 
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Kits for teachers and pupils 

Ideally a kit of materials should he 
available for eaeli child at each grade 
level above grade 1. The contents of 
the kit should match the materials used 
in teacher demonstrations. Pu])il-clis- 
coverij materials need not be as large as 
teacher’demonslration materials, sincc^ 
the material used by the teacher in a 
class demonstration should be visible 
from all ])arts of the room. 

The contents of the learner’s kit will 
vary to some extent from grade to grade 
because of new toj^ics that are intro- 
duced in succeeding grades, 'rim's as is 
shown in Chai)ters 5 and 6, children in 
grades 1 and 2 should have groups of 
small objects to count and group as they 
learn th(' meaning of numbers, discover 
number groupings, and learn basic num- 
ber facts These simple* exi)eriences are 
hardly necessarv in grades 4-S. On the* 
other hand, a pupil’s kit in grade 5 
should contain a se't of fractional parts 
to be* used in tin* study of i)r()e(*sses 
with fractions, as described in C^hapteis 
13 and 14. 

The* teacher faces the ])roblem of de- 
termining a minimum list of mat(*rials 
for the class for instructional pun)osc*s 
and for pupil discovenj. 

1. A typical pui)il kit of discovery ma- 
terials for the primar\- grades should 
iiK‘lude the following: 

a. Disks and small objects to be used 
in counting, grouping, and >o forth 

b. Squares — hundreds, rectangular 
strips of 10 sepiares, and single squares 
to learn meaning of place* value 

c. Ruler showing inche's and halt 
inches (smaller parts optional) 

d. EverybeKb'-shovv game and nec» 
sary cards. 

2. A typical teacher kit lor the same 
grade level should include the follow- 
ing materials: 


a. Flannel board and small flannel 
objects to be ])laced on it to show num- 
bers, groupings, facts, and so fe)rth 

b. Hundred board (optional) 

c. An abacus to show place value 

d. Plac(*-value charts and markers 

e. Flannel fractional cutouts. 

3. A typical pupil kit for the inter- 
mediate grades should contain the fol- 
lowing: 

a. 10 strips of groujjs of geomefric 
patterns arranged by twos, threes, fours, 
and so on, to nines, to be used in dis- 
covering products and quotients 

b. Ruler showing fractional parts of 
inch, including sixteenths 

c. Fraction kit 

d. Squares grouped as onc^s, tenths, 
and hundredths to show decimals 

e. F.verybody-show game and neces- 
sary cards. 

4. A typical teacher kit of demonstra- 
tion materials for the intermediate 
grades should contain: 

a. Abacus 

b. Plac(*-vahu* charts — whole num- 
bers and decimals 

c. Fractional ecpiivalents — cardboard 
or flannel 

d. Flannel board 

e. Chart of fractional equiv^alents 

f. i larged scpiares similar to pupil 
sciuarc. o show decimals. 

Detailed directions for making the 
following essential materials are gi\'en 
in the Appendix: (1) charts of fractional 
ecpiivalents; (2) flannel board; (3) frac- 
tion kits; (4) place-value charts; (5) 
scpiaro. to show whole numbers and 
decimals. 

Use of materials 

The* value d(*rived from e(iuipi)ing a 
classroom as a learning laboratory de- 
pends on the use made of the available 
maierials. The pupil may merely manij)- 
ulate materials as direc*ted by the 
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teac her without gaining any insight into 
what is being presented. The teaeher, 
however, may teach the cliildren how 
to use concrete material to discover re- 
lationships among the quantities in- 
volved. Obviously the ex])eriences the 
pupil has had in dealing with the vari- 
ous kinds of materials will determine 
the particular type he needs at his level 
of thinking. In the early stages of learn- 
ing too much emphasis should not be 
placed on abstract, s\*mbolic materials. 
Ordinarily experiences with explora- 
tc)r>' and visual materials should pre- 
cede the work with symbolic materials 
to make the underlx ing concepts more 
meaningful and to reduce reading diffi- 
culties. The pro])er functioning of each 
kind of material is essential to a mean- 
ingful program. 

In the primarx' grades considerable 
use should be made of exploratory and 
visual materials. As the pupil grows in 
his ability to deal intelligently with 
numbers, he should show a correspond- 
ing growth in ability to deal with sym- 
bolic materials. In a learning laboratory 
the teacher directs the learning activi- 
ties, asks (piestions to guide the think- 
ing of the children, and leads the dis- 
cussion. Discoveries are made by the 
individual learner. The basic under- 
standings are developed by joining or 
separating sets or by comparing sets. 
The pupil then translates the operations 
with sets into mathematical symbols. 

It is the process of learning rather 
than the end product that is vital. A 
problem that the piq^il is ready to at- 
tack is the ideal basis of learning. Xum- 
bers help him to analyze the situation 
and to formulate the relationships that 
are involved. Through the use of ex- 
ploratory' materials and visual aids he 
can test one or more possible ways of 
arriving at a solution and ultimately dis- 
cover a method of finding an answer that 


is meaningful to him. He is then ready 
to learn the systematic algorism that is 
€\\plained in the textbook. Subsequently 
he can apply the new step in a variety 
of situations to broaden its meaning. 

Many teachers evaluate learning in 
mathematics in terms of the skills that 
have been mastered and give almost no 
consideration to the means used by the 
learner to master them. The result is 
that thev tend to overlook the impor- 
tance of understanding in learning. If 
the process of learning is such a vital 
element in the instructional program, 
the teacher should use a variety of ma- 
terials and experiences that will make 
it quite certain that the learner will ac- 
quire dv understanding of what is being 
taught. 

Instruments of measurement 

The use of instruments of mcasuri*- 
inent in concrete situations is an excel- 
lent learning activitx'. Through these 
experiences the childnm become fa- 
miliar with the various units of meas- 
urement and devices for applying tlurn 
The construction of usablt* measuring 
instruments, such as a ruler, clock, or 
thermometer, giv(*s the child imrming- 
ful and accurate concepts of standard 
units of precision and fractional ])arts 
of those units. 

In the primary grades the tt*acher 
should arrange learning activities in 
such a way that the child will have fre- 
(pient opportunities to observe the use 
of measuring devices b> others and also 
to use the simpler instruments hims(‘lf. 
Later tlu^ child can learn to read scalt‘s 
on instruments of various kinds and thus 
become familiar with fractional parts of 
units and increased precision of mcas- 
-urenumt. 

Some of the measuring devices that 
should be available in a learning labora- 
tory are the following: 
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1. Quantitif: ahacus, adding machine, 
number charts, tallying devices, strc?et 
numbers, fact finders, counting block 

2. Leiifiths: ruler, yardstick, tape 
measure, meter stick, standards for 
measuring height, micrometer, speed- 
ometer, odometer 

3. Time: calendar, clock, watch, stop- 
watch, sundial, shadow stick, candle 
clock, hourglass, timetable, standard 
time chart 

4. Value: coins, bills, checks, wam- 
pum, tax tokens, stamps, price tags 

5. Weif'ht: postal scales, balances, 
spring scales, pressure gauges, height- 
weight charts, pictures of scales for 
Weighing large amounts, labels showing 
weights of things 

6. Area: s(piare-inch cards, square- 
foot cards, maps 

7. Volutiie: pint, quart, gallon meas- 
ure's; ciq), teaspoon, tablespoon; cook- 
ing nu.ismes; i)eck .uid bushel meas- 
ures; rainfall gauge; cubic-inch blocks 

8. Tern petal It re: tlu'rmometer, clini- 
cal thermometer, cooking thernionu4(*r. 

Illustrations and pictures 

lectures can be made the ba.^is of 
discussion of the uses of mathematics 
in daib' life when direct contact is not 
feasible or is ditfieiilt to arrange. The* 
study of pictures is <*s])('cially valuable 
in the i)riniar\’ grades, for it enables the 
teaehc'r to show the children in a short 
time man\ different situations in whic-h 
mathc'inatic s is api^lied. 

Modc'rn mathematics textbooks and 
workbooks contain a w(*alth of illustra- 
tive materials of thi''' kind to enrich and 
c'xtend meanings. Most museums have 
c'xeellent collections. At all grade* levels 
teachers c*an also accumulate and h* 
for future* use many excellt*nt pictures, 
l)hotographs, and other visual aids to 
supplement the* te\tboe)k and to intro- 
duc*e new develc)])me*nts in mathemat- 


ics. The drawing of pictures based on 
the use of mathematics in some situatie)n 
is a stimulating experience in ejuantita- 
tive thinking. The study of maps, home 
plans, and pictures of business forms 
alse) enriches learning. It is evident that 
the use e)f pictures and visual aids is 
one of the most efFec*tive ways we have 
of stimulating pupil interest in a topic 
and making it meaningful. 

The teacher should consider citre- 
fully the purposes of pictures and other 
visual aids in instruc-tional materials. 
Pictures in textbooks may be classified 
as thr(*e types, (1) c'ompositional, (2) 
associative, and (3) functional.’’ 

A picture classified as compositional 
is primarily a “filler.” It gives a flashy 
appearance to the textbook, but makes 
little if any contribution to the meaning 
of the materials being presented. The 
discusjion is not geared to the picture, 
and the pupil gets little help from it. 

A ])icture may be classified as asso- 
ciative if it deals with some activity in- 
cluded in a grou]) of problems or in a 
discussion of a topic*, but no particular 
use is made of the picture in the text. 
Por instance, if a page of problems is 
about the uses of mathematics on a farm, 
there ma> appear on the page a picture 
of so rural sc*ei.c or activity. 

A p lire or illustration classified as 
functional is one that makes a definite 
c-ont.ibution to the discussion. It may 
serve as the basis of the work and add 
to the meaning of the situation. A func- 
tional picture ordinarily contains infor- 
niatior on w hic'Ii problems are based or 
fac*ts that are necdc'd to solve one or 
more* of the problems. For example, the 
picture ma'‘ contain a price list to wdiich 
the* pupil would be expectc^d to refer to 
find th(* prices of articles mentioned in 

‘•F. fc;. (aossnickk*. “llln.stratioiis in Antlinit*tic 
Tc'Mhnoks/' Elcuienliirii School Journal, October 
47:Sl-92. 
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the problem. An examination of mathe- 
matics textbooks indicates that the use 
of functional pictures is increasing quite 
markedly. 

The discussion of simple, clear pic- 
tures of evcr>’day uses of mathematics 
is an important element of a well- 
rounded readiness program in the pri- 
mary grades. During this type of 
discussion reading difficulties are elimi- 
nated and meanings and oral vocabulary 
can be stressed. Pictures enable the 
children to perceive relationships that 
otherwise would be difficult to grasp. 

Graphs, maps, diagrams, business 
forms, and clippings from newspapers 
and magazines are excellent types of 
functional illustrations. They can be 
made the basis of groups of questions 
that can be answered only by referring 
to the illustrations for necessary in- 
forrnation. 

Motion pictures and television 

Numerous experiments on the use of 
films and television have shown that 
the total learnings, both direct and in- 
direct, are greater than those attained 
by any other medium.*^ The results are 
best when films are used in connection 
with other methods of instruction. Mo- 
tion pictures contribute much to the 
significance, richness, and accuracy of 
the concepts being learned, especially 
those related to the social applications 
of mathematics. The experiences be- 
come more meaningful, thinking is 
made more effective, and verbalism is 
reduced. Films make it easy to arouse 
and maintain interest. There a])parently 
is greater retention of information, par- 
ticidarly in the case of children of aver- 
age and lower intelligence. 

'’Heloii K. Struve, I. Brune, and R. C. Glazier, 
“Arithmetic via Television,” The Arithmetic 
Teacher, October 1956, 3:162-168. 
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Motion pictures and filmstrips are an 
excellent substitute f()r field trips and 
excursions. They can be used to clarify 
important points connected with visits 
and situations that arise in the course of 
elassroom discussions. Many school sys- 
tems now have excellent collections of 
visual aids and films that are used fre- 
quently by teachers to add vitality to 
mathematics instruction. A few have 
television programs in mathematics, 
for example, Portland, Detroit, and 
Pittsburgh. 

The value of teaching by television 
can be shown by the results of an ex- 
periment conducted in Pittsburgh dur- 
ing the school year 1955-1956. A total 
of 20 television classes and 19 control 
or comparison classes in grade 5 in 
school districts near Pittsburgh partici- 
pate^d in the experiment. The subjects 
taught daily by television included 
reading, mathematics, and French. We 
shall deal with the results obtained in 
mathematics. There were 655 ])upils in 
the television group and 696 pupils in 
the control group. The two groups were 
equated for mental ability and abilit\' 
in arithmetic. The results and conclu- 
sions reached were as follows: 

1. rlie mean grades at the end of the 
experiment in arithmetic wc*re about 
one month greater for the control group 
than for the TV group. 

2. Significant gains made by the com- 
parison pupils over the TV' pupils in 
arithmetic were made by those in upper 
middle and middle IQ groups. Compari- 
.son pupils and 'IT pupils in lower IQ 
group did equally well in arithmetic. 

3. Teachers and pupils agreed that the 
chief value of TV teaching in comparison 
with regular classroom teaching was its 
ability to bring abundant (*nrichment to 
pupils. 

4. Both teachers and princ'ipals agreed 
that the chief vahu!S of regular classroom 
teaching over TV teaching pertained to 
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various pupil-teacher relationships and 
acljustments to the individual differences 
of piipils.^ 

Several sets of audiofilms have been 
published to be used in teacher educa- 
tion programs: 

SMSCm hih}is. Modern Learning Aids, 
New York, New York 10022 (30 films 
with lectures by L. Moredock), 1064 
The Need for Modern Mathematics. 
Science Research Associates, Chicago, 
Illinois 60611 (1965) 

Mathematics for Tomorrow. National 
Council of Teachers of Mathematics, 
distributed by Audio-Visual Sound 
Studio, National Education Association, 
^201 Sixteenth Street, N.W., Washing- 
ton, D.C. 20036 (1966) 

Using modern mathematics 

Teachers should contact producers 
and distributors for lists of films that are 
available lo*’ school v.'.e. The following 
list of selected titles suggests the wide 
variety of films that can be s(?cured: 

Motion pictures and filmstrips 

1. Teaching Nund?crs and \nmhcr 
Operations 

Base Ten. Encyclopedia Britaimica 
Films, Wilmette, Illinois 
Conntinff. Encyclopedia Britannica 
Films, Wilmette, Illinois 
Discovcrinfi Numerals. Film Associ- 
ates, Santa Monica, California 
Doin^ and Undoiufi in Mathematics. 
Film Associates, Santa Monica, (Cali- 
fornia 

Ine(fualities. Enc> clopedia Britannica 
Films, Wilmette, Illinois 
hiverse. Film Associates, Santa Moni- 
ca, California 

Place Value, Ones, Tens, llundrt * •. 
Coronet, Chicago, Illinois 

U^ittshurtih Srhnol.s Bulletin (l'ittshiirj;li: Di- 
vision orCAirric'iiliiin Dovolopinciit and Kc***c*aifh, 
1957 ), 4 - 5 : 177 , 180 . 


Set Relations. Encyclopedia Britan- 
nica Films, Wilmette, Illinois 

2. Applications of Mathematics 
Arithmetic in the Food Store. Coro- 
net, Chicago, Illinois 

Clo.sed Curves. Encyclopedia Britan- 
nica Films, Wilmette, Illinois 
Graviltj, Weif^ht, Weifihtlessness. 
Film Associates, Santa Monica, Cali- 
fornia 

How Man Learned To Count. Assotd- 
ation Films, New York, New York 
Makiuii Change for a Dollar. Coronet, 
Chicago, Illinois 

The Story of Our Money System. Cor- 
onet, (Chicago, Illinois 
The Story of Weif'hts and Measures. 
(Coronet, Chicago, Illinois 
What Time Is It? (Coronet, (Chicago, 
Illinois 

3. General 

Geometry: Curves and Cireh v. Film 
Associates, Santa Monica, California 
Vsin^ and Vnderstandintl Nttmera- 
ion. Society for Visual Education, (>hi- 
cago, Illinois 

Seeing the Use of Number Series. Eye 
(-at(» House, Jamaica, New York 

Using Modern Mathematics. Society 
for Visual Education, Chicago, Illinois 
Usihj Nutnhers. Encyc lopedia Britan- 
nica F IS, Wilmeite, Illinois 
Matht tnaties for the Primary Grades. 
Asso -iation Films, New York, New ^’ork 

Most large-city school systems and 
all stale de partments of education have 
a film library. A list of films a\'ailable for 
distril^ution can be found in Education 
Film Collide and Educational Media In- 
dex, H. II. Wilson, 950 Universitv Ave- 
nue, Bron.' New York. 

Symbolic materials 

Textbooks and workbooks contain 
the most imi^ortant symbolic materials 
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used in teaching of mathematics. A good 
textbook with its accom]')anying teach- 
er’s manual is an invaluable guide in 
planning the mathematics program. 

A modern mathematics textbook is set 
up as a learner’s book. It is well illus- 
trated with functional pictures and 
illustrations. It contains a carefully ar- 
ranged, systematic, step-by-step de- 
veloi)ment of the number ])rocesses, 
which are clearly and meaningfully i)re- 
sented. The modern textbook develop- 
ment is geared to the use of exploratory 
and visual materials, such as have been 
described. The textbook contains the 
necessary visualization and simple, adt‘- 
(piate explanations of each new step to 
be learned. 

The textbook contains an abundance 
of practic'c materials to establish and 
maintain the basic skills in computation 
and problem solving. The practice ma- 
terials include exerc ises to develop skill 
in reading and interpreting tables, 
charts, graphs, diagrams, maps, and 
other kinds of ciuantitative materials 
found in the curriculum. 

\ modern textbook contains many il- 
lustrations and problems dealing with 
cveryda\ applications of mathematics 
that arc within the range of the inter- 
ests and needs of most children. It is a 
source of materials for enriching the 
work in mathematics for the morc^ able 
learners (see Chap. 24). To assist the 
teacher in appraising the achievements 
of the children, the modern textbook 
provides the necessary testing ])roce- 
dures for evaluating the progress made 
and for diagnosing and correcting learn- 
ing difficulties (see Chaps. 21 and 22). 

Evaluation and selection 
of textbooks 

The basic consideration in evaluat- 
ing a series of mathematics textbooks 
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should be: To what extent does the 
series fit into, or make possible, a mod- 
ern program of instruction? An effective 
mathematics program requires the use 
of exploratory, visual, and symbolic ma- 
terials, such as have been described in 
the ])receding sections of this chapter. 

The choice of a textbook should never 
be made until a syst('matic overview of a 
number of books has been completed 
to determine their strengths and limita- 
tions. The list of items following sug- 
gests some of the important kinds of in- 
formation that should be considered in 
making an evaluation. The headings in 
the list indicate the areas to which s])e- 
cial attention should be given. 

Items to be considered in examining 
and selecting textbooks are: 

1 . Consideration of structure of math- 
ematics (arithmetic, geometry, algebra) 

2. Rigor of presentation (clarity, proof, 
reasons for principles) 

3. Vocabulary (names of signific‘ant 
ideas) 

4. Definitions and undc'fined tt'rms 
(adecpiacv, clarity) 

5. Correctness of statements and con- 
tact 

6. 4’heorems and proofs (geometry) 

7. Cieneralizations i)r{)vide(l lor (as 
aids to learning) 

8. Ordering of content (sc({uciH'i\ 
gradation, organization) 

9. Tests, exercises, reviews (kinds, 
frequency, distribution) 

10. Illustrativt* examples (ad(*<iuac\ 
of explanations, color) 

11. Teachability (reading difficulty, 
s])acing of content) 

12. Optional topics (enrichment).'* 


“Philiii Prak, “Aids lor Kvaliiation of Matlu‘- 
inatics 'I\*xtl)()oks," The Arithinvtir Tenrher, May 
1965, 12:388-394. 
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In addition to the above items the 
committee suggested the importance 
of considering the following character- 
istics of materials being evaluated: 

1. General format (cover, illustra- 
tions, spacing) 

2. Indc?x and references (and glossary) 

3. Usability (durability, size) 

4. Services ol iht' publisht'r (guides, 
consultants, catalogs) 

5. Teachers manuals and teacher 
helps. 

The following references contain 
discussions of i)ractical proer'dunvs to 
be used in the* analysis and twaluation 
of mathematics U‘xtbooks: 

Kooley, Mother M., “The Relationship 
between Arithmetic Research and the 
(a)ntent of Arithmetic Textbooks, 
1900-1957, ’’ The Arithmetic Teacher. 
April 1960, 7:178-183. 

Downing, M., “A (Comparison: Text- 
book... laintestii* a’..d Foixngn,” The 
Arithmetic' Teacher. November 1963, 
10:428-434. 

lleddtms, |. L., and L. Smith, “Reada- 
bility of Mathematics Rooks,” 77n’ 
Arithmetic' Teacher. November 1964, 
I 1 :466-468. 

Lerch, II. II., and (C. F. Mangnim, “In- 
structional Aids Suggested b> Text- 
book Stnii's,” rhe Arithaietic Teac h- 
er. November 1965, 12:543-546. 
Sluninan, II. S., and R. E. Relding, “.Are 
Sovi(‘t Arithmetic* Books Better Than 
Ours?” The Arithmetic Teacher. Dc*- 
cember 1965, 12:633-637. 

Smith, K., and J. Ileddens, “Readabil- 
ity of Expcnimental Mathematics Ma- 
terials,” The Arithmetic Teacher. 
October 1964, 11:391-394. 

VWsIey, J. E., and V'. Robinson, “Quanti- 
tative (Concei)ts in Selt‘etc'd Seco ^ 
CCrade Social Studies Textbooks, 
Elementary School Journal. Decem- 
ber 1964, 64:159-162. 


The interested .student should also 
look under the topic “arithmetic” in 
Encyclopedia oj' Educatiofial Research 
(New York: Oowell-Collier and Mac- 
millan, Inc., 1960), pp. 63-77. 

In making a preliminary study of sev- 
eral series of textbooks, a teachers’ com- 
mittee should select for study those 
items in the major list that they regard 
as most important. A list of pages and il- 
lustrations that deal with these iteihs 
should then be compiled for each book. 
This information should be made the 
basis of the selection of the three or four 
series to be more fully considered be- 
fore making a final choice. If it is de- 
sired to give point ratings to the* text- 
books, items should be selected from 
the main list that can be rated in this 
wav. 'fhe weighting of each item should 
be agreed on bv the members of the 
coinmitiee. 

'The basis of a rating may be cither a 
subjective judgment as to the quality 
of the content related to an item in the 
list or an evaluation based on an analv sis 
of numerical data found b\’ counting the 
actual number of times selected items 
appear in the textbook. In the former 
case such (piestions are asked as. How 
effective is the use of exploratorv ma- 
terial' How effect ve is the use of 
visual . terials? How well is practice 
distributed? An item may be rated from 
excellent to poor. 

When (juantitative data are desired, 
the basic qiu'stion is. How many illus- 
trations, e.vamples, tests, or problems 
does tlv' book contain? On the basis of 
such facts a judgment as to the merit of 
the contents of several textbooks can be 
made, based on a direct comparison of 
the quantitaiive data secured for several 
series. Weaknesses in certain textbooks 
have often been brought to light b>' 
quantitative analyses of their contents. 
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Supplementary practice materials 

Modern textbooks and workbooks 
contain such a wealth of practice mate- 
rials that it seldom is necessary for the 
teacher to prepare additional exercises. 
However, when a pupil needs practice 
on simpler exercises than those pro- 
vided in the basic textbook, the teacher 
should either make use of materials 
found in the textbook for a precedinji; 
grade or else prepare tlie necessary 
supplementar> materials as the\' are 
needed. The authors believe that sets 
of textbooks and workbooks for a span 
of at least three grades should be avail- 
able for exery teacher. In that way in- 
structional materials can be adapted to 
the child’s needs and to his level of de- 
velopment. Thus if a child whose read- 
ing ability is low needs special help in 
problem solving, the teacher may use 
groups of simpler problems in a text- 
book for a lower grade level.^ 

Teachers should be very critical of 
the supplementary materials they pre- 
pare. Hastily prepared materials used 
in classrooms often reflect little insight 
into the nature of learning difficulties. 
Prepared materials in textbooks, con- 
structed according to rigorously applied 
specifications by specialists, are prefer- 
able to those devised by the overworked 
teacher on the spur of the moment. 

Oral work in arithmetic 

Much of our thinking with numbers 
is done without direct use of paper and 
pencil. Thus when we read that the 
population of a certain city is 487,()()(), 
we usually transform this figure, to facil- 
itate thinking, to 500,000 or to*a half^a 
million. We do this kind of thinking 

K. Durr, “'fhe* Use of Arithmetic Work- 
books in Relation to Mental Abilities and Selected 
Achievement Levels,” yowrni// o f Educational Re- 
search, April 1958, 51:561-571. 


without using paper and pencil. In daily 
life most of the comf)utations involve 
calculations that are simple enough to 
be done mentally. This fact makes it 
necessary to include considerable work 
with oral or unwritten computations in 
arithmetic practice exercises. 

Oral arithmetic emphasizes the use 
of number relationships and other im- 
portant aspects of the number system. 
Extensive use is made of approxima- 
tions and estimations of values. Instead 
of trying to multiply by 49 or 68, we use 
the rounded numbers 50 and 70 because 
they are easier to handle. 

Oral arithmetic is probably most im- 
portant in the primary grades because 
it eliminates both reading and writing 
difficulties and focuses the attention of 
the class on the number relationships 
involved, especially in problem solv- 
ing. The work in oral arithmetic also 
provides an excellent means of review- 
ing and practicing number facts and 
processes. The efficieiicy of this exer- 
cise can be increased by having the 
children number 20 lines on a page and 
then write the answers to a list of facts, 
examples, or ijroblems without using 
paper or pencil in making necessary 
computations. This plan requires pupils 
to pay close attention to the work at 
hand and to select the important points 
involved. 

Using paper and pencil 

When we compute carefully with 
paper and pencil, as in taking a test or 
in practicing a number operation, we 
usually do so because an exact answer 
is required and so that we can subs(‘- 
quently go over our work to check it. 
We also use paper and pencil to write 
down facts and information that we de- 
rive from an analysis of the quantitative 
aspects of a situation. Subsequently we 
manipulate the data in performing ne- 
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cessary calculations to arrive at a solu- 
tion. Wc usually write down estimates 
and approximations arrived at mentally 
as a record of our thinking. This is espe- 
cially useful in the teaching of number 
work in the primary grades. A written 
record of numeration and facts focuses 
attention on the facts and reinforces 
learning. Listing facts on i)aper tends 
to systematize them and thus to make 
learning more vivid and more perma- 
nent. 

In grades above the primary level, 
writing out procedures used in learning 
a step in a number operation tends to 
clarify thinking. Drawing a piefure or 
'^making a diagram often adds to the 
meaning of a situation and brings out 
basic number relationships, such as 
those in finding the perimeter of a rec- 
tangle. (Chalkboard or paper can be 
used to demonstrate and record various 
possible wavs of so\ing a problem so 
that the proceciures derived by the chil- 
dren can be compared and evaluated. 

Suppleme’itary books 
and reference materials 

In most of th(* sets of school enev- 
cl()])('dias, such as The World Book, 
Compton's Pictured Eucijclopedia, and 
Britanidra Junior, there are authentic, 
w(dl-writt('n discussions of many topics 
studied in arithuu^tic. The World Al- 
manac is another valuable source of in- 
formation on manv' topics. The prepa- 
ration of oral or written reports by 
selected children based on these ma- 
terials is an excellent activity. All of 
the children should be encouraged to 
explore' these and similar reference 
books because of the interest that will 
be aroused. 

Many children’s books have been 
published that deal with applications 
of arithmetic, for instance, the story of 
money, the arithmetic of the weather. 


aviation, and the like. The contents are 
largely informational in nature. Many 
places of business publish pamphlets 
containing valuable information about 
their activities, much of it quantitative 
in nature. The teacher should draw on 
the resources of the local library for 
books and l)ullctins about topics being 
studied that will enrich the work for 
the children and familiarize them with 
all the available sources of inforjna- 
tion. 

Catalogs, governmental bulletins, 
special reports, and similar materials 
also provide excellent sources of infor- 
mation about problems that are being 
investigated in class. The teacher should 
use a convenient filing cabinet to ar- 
range these materials by topic for ready 
reference. These should be supple- 
mented from time to time as new mate- 
rials become available. 

Bulletin boards and displays 

Many teachers add vitalitv to the 
learning experiences by posting on 
bulletin boards clippings from news- 
papers, magazines, and similar sources. 
Clippings may also be brought to class 
by the children, such as advertise- 
ments, weather reports, cartoons, pic- 
ture* maps, and interesting reports of 
civic* nd industrial affairs containing 
statistical information. School maga- 
zin 's and periodicals often contain in- 
teresting articles in w-hich number plays 
an important role. The discussion of 
these materials makes children sensi- 
tive *^0 the main' uses of number in 
evervtlay affairs. 

"’See E. J. Berjier anil I). A. Johnson. .\ Gui(h> 
to the Use (I >ii Pwt'uirmcnt of Tcarhin^ Aids for 
Matlttondttcs (Washington, National Coun- 

cil of Teachers ol \Iathcniatii s, 1959). p. UK). 
Clarence E. Ilard^rox'c, The Elementary and 
Junior tli^h Sehoid Mathematies Library (Wash- 
inj^ton, I).C.: .National Council of Teachers of 
Mathematics. 1960), pj). 1-20. 
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- WRONG ANSWERS 



QUESTION 1 

Wt hav 9 iMumid tiMt th§ num- 
(Mrs muttipliad togtkhar to form 
^ product art coMthe tacton 
of that product. 

There art tpme interesting 
and important results when the 
same number is used as a fK- 
tor several times. A knowledga 
of this process is essential to an 
understanding of esponents, 
logartthms. the slide rule, the 
operation of certain computers, 
and of many other powerful 
mathematicaf tools. 

Here's an example of the 
same number used as a factor 
more than once: 

In the multiplication 
3X3s9 

the number 3 appears as a fac- 
tor twice. Of course we can use 
the same factor more than twice. 

What is the product when 2 is 
used as a factor 3 times? Press 
the button corresponding to the 
right answer. 



YOUR AN8WEII: When 2 is used 
as a feetoi' three times, tha pro- 
duct Is 6. 

You merely used 2 and 3 as 
factors. 2 X‘3 3 6. This is in- 


correct. 

We want the product you 
would get if you used the num- 
ber 2 as a factor three times, in 
other words, we went the result 
of the multiplication 

7x2x23? 


YOUR ANSWER: When 2 is used 
as s factor three times, the pro- 
duct is 9. 

Your answer Is incorrect. You 
have used the number 3 as e 
factor twice. 

3X339 

However, you were asked to 
use the number 2 as a factor 
three times. 



WRONG ANSWER C 


RIGHT 

WRONG ANSWER A ANSWER 



YOUR ANSWER was "8" 


You ara correct. 
2X2X238 

Tha mathamaticai symbol 
meaning “form tha product 
reached by using 2 as a factor 
three times" is 
2 * 

It means 

use the number 2 *-**’ii m«rty timtt 
as e factor 

Similariy. 2 X 2 X 2 X 2 
could be written as 2*. 3 X 3 as 
3', etc. 

What would 3 * be? 

Answer Button 

3*33X4=12 C 

3*34X4X4 = 64 B 
3*33X3X3X33 81 A 


Figure 20.3 


TEACHING MACHINES 

AND PROGRAMED LEARNING 

MATERIALS 

Characteristics of 

teaching machines 

Expcriinental psychologists have 
found that when a pupil understands 
what he is learning and knows immedi- 
ately whether he is right or wrong he 
learns most easily and retains what he 
has learned. 

The basis of programed instruction 
in mathematics is the attempt to apply 
the findings of the science of learning 
to the task of teaching. Intetisive j-e- 
search is being done in various centers 
with the support of private and public- 
funds to develop the necessary methods 
and means of effective programs of 
mathematics instruction. Special types 


of textbooks, workbooks, and teaching 
machines have been constructi^d. It has 
been found in case after case that these 
materials produce marked improve- 
ments in the speed and effectiveness 
of learning.” 

Scientists have observed that learn- 
ing with these, materials proceeds best 
when the following five conditions arc 
met: 

1. What is to be learned is clearly 
presented one small step at a time and 
with simple explanations that can he 
easily understood (see the sample frame 
of instructions in Fig. 20.3). The stu- 
dent advances from simple to more com- 
.plex and more difficult material only 
after he is fully prepared to do so. Since 

"David R. Cram, Explaining ^'Tearliin^ Ma- 
chines** and Profiramminfi (San Francisco: Fcaron 
Publishing; Company, I96J). 
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the preceding material has always been 
understood and mastered, the learner 
is confident of his progress at every 
point. The sequence of materials is so 
designed that it includes adecpiate cues 
and helps to learning and the necessary 
distributed practice to assure retention. 

2. An active response by the learner 
is required. Writing is the most widely 
used method of response. The pupil 
learns by doing something. He mpv 
work a typical example or solve a prob- 
lem and in various ways use his previ- 
ous knowledge. With programed mate- 
rials the learner must “construct” an 
active response, sueh as filling in a 
blank, answering a question, selecting 
an answer from a group of possible an- 
swers, and so forth. l\sychologists have 
found that an active response insures 
total recall and not mere recognition of 
“wrom^” alternatives. The student does 
not ill fcict ieinii anything that he does 
not understand and actually respond to 
actively. 

3. There )n immediate presenta- 
tion of the Lurrect answers to each re- 
sponse b(*fore the next step is presented 
when the pupil’s response is appropri- 
at(‘ and correct; prompt confirmation of 
this fact is a powerful reward, f'xperi- 
niental psN chologists have obsi ed 
that learning that is iimnediately re- 
warded is most likely to be thoroughly 
retained. Approval of work done and 
knowledge of success are effective aids 
to further advance. The\ reinforce 
learning. If an error is made, the h^arner 
is fully informed lK*lore he is allowed to 
proceed on an uns mnd basis. In a word, 
the effect of the ('rror in learning is re- 
moved befort* it can become cumula- 
tive. 

4. With well-prepared materials there 
is a low error rate. The carefully gradu- 
ated steps in the development work and 
the provision for clear instructional 


aids to a large extent eliminate the like- 
lihood of errors. Learning that is free 
from error is not only simpler and easier 
but also has the side effects of improved 
pupil morale and a high level of motiva- 
tion. It is believed by programers that 
it is possible for learners to learn to 
avoid errors without actually having 
to make them. Ciood programing seeks 
to strengthen correct behavior in real 
situations in which alternatives are nu- 
merous and are often unstated. 

5. Self-pacing by the pupil of his rate 
of progress is provided in programed 
learning. In ordinary classroom instruc- 
tion, whether by lecture or visual means 
such as television, films, or slides or by 
discussion of the content of a textbook 
page, the teaching is invariably directed 
at the class as a whole, ordinarily the 
average student. Under such conditions 
relatively few of the class can make an 
active response. The slow iiKiy not un- 
derstand, they strain to keep up with 
the others, they become discouraged 
and fall behind; on the other hand, the 
rapid learner is held back and his po- 
tential ])ower is not challenged or de- 
velo])ed. Programed inslruclioii is 
learner-centered, and each student is 
encouraged to work at his own best 
rak This indi''idiialized procedure 
peril s the learner to pause for reflec- 
tion and analysis without penalizing 
him by “bondage to a relentless pace.” 
He can work at the pac t* he finds com- 
fortable and at the same time he is given 
incentixes to advance rapidly !)>' con- 
tent icinforcement. 

Preparation of programed materials 

The cM-nshuc tion of such i)rogramed 
materials for mathematics rec^uires care- 
ful ste])-by-step sequencing of instriu*- 
tional content, the j^reiiaration of a clear, 
simple explanation for each step in the 
development, and the interweaving of 
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new ideas and those previously pre- 
sented to assure growing insight and 
surer retention. These materials must 
be tested repeatedly to make sure that 
the error rate is low and that the pupils 
are in fact learning. At frequent inter- 
vals achievement tests covering what 
has been learned should be adminis- 
tered to evaluate the program as it de- 
velops. In its early stages it cannot be 
expected that programed materials can 
be so constructed that errors will not be 
made or that learning cfficicmcy cannot 
be improved. In any case, the experi- 
ence of repeated success and growth in 
the mastery of what is being learned 
creates and maintains a high level of 
motivation. 

The use of programed instruction in 
matheinaticN has a promising future. It 
provides a sound basis for adapting the 
work in the classroom to the wich* range 
of individual differences among the 
students. The successful use of these 
materials in the upper grades and 
in colleges at the present time should 
encourage teachers of grades 1-6 to 
utilize sets of similar materials in math- 
ematics that arc now being published 
in ever-incrcasing numbers. Active ex- 
perimentation with self-instructional 
materials and devices prior to adoption 
by schools is to be encouraged. 

Sources of programed materials 

Persems concerned with the selection 
of instructional materials in mathemat- 
ics should secure catalogs from pub- 
lishers and distributors of teaching ma- 
chines, textbooks, and pupil workbooks. 
The following list contains a variety of 
sources from which to obtain informit- 
tion: 

1. Leading publishers of school text- 
books are exploring the field. 

2. A list of commercially available 
programs and devices may be obtained 


from the Department of Audio-Visual 
Instruction. National Education Asso- 
ciation, Washington, D.C. 

3. Cal lornia Test Bureau, Monterey, 
California 

4. Encyclopedia Britannica Films, 
Wilmette, Illinois 

5. Field Enterprises Corporation, 
Merchandise Plaza, Chicago, Illinois 

6. leaching Machines Cori)oration 
(TE-xMAC), a division of (holier, Inc., 
575 Lexington Avenue, New York, New 
York 

7. Teaching Machines, Inc., Albu- 
querque, New Mexico 

8. A Guide to Programmed liistrur- 
iional Materials Available to Educators 
Washington, D.C.: Government Print- 
ing Office, 1962. 

As an aid to research the Department 
of Audio Visual Instruction, National 
Education Association, in 1960 pub- 
lished a 700-pagc sourcebook containing 
a conn)cndium of titles on the subj(‘ct, 
“reaching Machines and Programmed 
Learning,’' edited by Arthur 11. Lums- 
daine and Robert Glaser. Tht* volume 
contains the original article by B. F. 
Skinner of Harvard Universitv in which 
the use of automation procedures and 
programed learning was first discussed. 
This source should be consulted by 
those interested in the development of 
programed learning materials and de- 
vices. 

The following articles are recent re- 
ports dealing with the use of i)rogramed 
materials in mathematics: 

Bonghart, F. W., J. C. McLaulin, J. B. 
Wesson, and L. Pickart, “An Exi)eri- 
mental Study of Programmed versus 
Traditional Elementary School Math- 
ematics," The Arithmetic Teacher, 

. April 1963, 10:199-204 
Dutton, W. H., “Individualizing In- 
struction in Elementary School Math- 
ematics for Teachers," The Arithmetic 
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Teacher, March 1966, 13:227-231 
Fincher, G. E., and H. T. Fullmer, “Pro- 
grammed Instruction in Elementary 
Arithmetic,” The Arithmetic Teacher, 
January 1965, 12:19-23 
Meadoweraft, B. A., “The Effects of 
Conventionally Taught Eighth Grade 
Mathematics Following Seventh 
Grade Programmed Matlunnaties,” 
The Arithmetic Teacher, Deeemher 
1965, 12:614-616 

Smith, L. VV., “'I’he Use and Abuse of 
Programmed Instruction,” The Math- 
ematics Teacher, Uecember 1965, 58: 
705-708 

The followiiiji ])nl)lic‘ations contain 
general discussions on the construction 
and use of pro^ianied materials: 

Hughes, J. I Programmed Instruction 
in Schools and Indiislri/. C^hicago: 
Science llesearcli Associates, Inc*., 
1962 

Prof^ramed InstructioHy Sixty-sixth Year- 
hook of tiu' National Society for the 
Study of r (hication. Part 2. (Chicago: 
University of Chicago Press, 1967 
Skinner, B. 1"., “I’eaching Machines,” 
S('ienre, October 1958, 78:969-977 
Teaching Marhim^s and Pro^irammed 
Instru('tion, Kdvvard Fry, ed. \'*\v 
^'ork: McChaw-Ilill, Inc., UJ68 


1. Members of the class may volunteer to 
prepare or gather some of the various 
kinds of instructional materials described 
in this chapter as part of a mathematics 
exhibit. Prepare a teacher’s kit for the 
grade level at which you are to tea* • 

2. “Markers and a number line are the only 
supplementary aids necessary to teach 
number concepts in a modern program,” 
said a teacher. Evaluate this statement. 


Teaching Machines and Programmed 
Instruction, A. A. Lumsdaine and 
Robert Glaser, eds. Washington, D.C. 
National Education Association, 1960 

Sources of instructional devices 
and materials 

The following is a list of well-known 
companies that distribute instructional 
devices and materials. (Catalogs are 
available on request. 

Creative Playthings, Oanbury, New 
Jersey 08512 

Cuisenaire Company of America, Inc., 
246 East 46th Street, New York, New 
York 

(dim and (Company, Boston, Massachu- 
setts 

j. L. Hammett Company, Kendall 
Squans (Cambridge, Massachusetts 
Holt, Rinehart and Winston, Inc., 383 
Mailison Avenue, New York, New 
York 10017 

Houghton Mifflin (Company, 2 Park 
Street, Boston, Massachusetts 
Ideal School Supi)ly C'ompany, Oak- 
lawn, Illinois 

Jam Handy Organization, Detroit, 
Michigan 

Judy Company, 310 North Second 
Street, Minnea])olis, Minnesota 
W. Welch Scientific Caimpany, 1515 
Scv -.wick Street, (Jhic'ago, Illinois 

EXERCISES 

3. Some abaci contain as many as 20 beads 
or .1 rod. From the standpoint of an ef- 
fective instructional aid, compare the 
value of an abacus of this kind with a 
modern abacus (see p. 367). 

4. Try to obtain and observe a mathe- 
matics film and then to evaluate it. 
How effective was the film, judging 
from your reactions and those of the 
observers? 
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5. Outline a plan to be used by a faculty 
for evaluating and selecting a series of 
mathematics textbooks. 

6. Why might a mathematics corner be of 
value? 

7. How should the teacher organize the 


DeVault, M. V., Improving Mathematics Pro- 
grams. Columbus, O.: Charles E. Merrill 
Books, 1961. Chapters 9 and 10. 

Instruction in Arithmetic, Twenty-fifth Year- 
book of the National Council of Teachers 
of Mathematics. Washington, D.C.: The 
Council, 1960. Chapter 10. 

Merton, E., and L. May, Mathematics Back- 
ground for Primary Teachers. Wilmette, 
III.: Colburn & Associates, 1966. 

Programed Instruction, Sixty-sixth Year- 
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work in geometry to make the most ef- 
fective use of the materials for teaching 
geometry. 

8. Try to secure and examine a teaching 
machine or some form of programed 
material. Evaluate its usefulness. 

SELECTED READINGS 


book of the National Society for the Study 
of Education, Part 2. Chicago: University 
of Chicago Press, 1967. 

Spencer. P., and M. Brydegaard, Building 
Mathematical Competence in the Ele- 
mentary School. New York: Holt, Rine- 
hart, and Winston, Inc., 1966. 

The Teaching of Arithmetic, Fiftieth Year- 
book of the National Society for the Study 
of Education, Part 2. Chicago: University 
of Chicago Press, 1951. Chapter 7. 



APPRAISING OUTCOMES 
OF ELEMENTARY 
MATHEMATICS 


In order to (Ictermine the clfectivcMiess 
oF tlie malheinaties program, teachers 
t an appl\' a variety oF evaliiati' e proet'- 
dnres, ran^in^ From measurement oF 
al)ilit\ in elementary mathematies to in- 
Formal observation oF beliavior in the 
elassroom and el‘^'wheie to ])ersonal 
interviews. In recent years special em- 
phasis has betm placed on dev(do])in^ 
methods oFappraisinji[onteomes \u . *\\s 
that do not easily lend themselves to 
objective measurement. For example, 
understanding oF the struetiire of the 
numeration system and number o]>era- 


tions, tlie ability to use mimbtn- ellee- 
tiw ly in (|uantitati\ e situations, and 
attitudes toward matlunnaties. These 
new i)roc*i*duies havt* brouj^ht to the at- 
tention of teachers important values 
that ba\e sometimes in tlie j^ast been 
overlooked. 

rlns c’hapter will discuss th(' Follow- 
iiiii topic ; tlu‘ appraisal process; se- 
h'c'tion aiul construction of appraisal 
instruments; methods oF e\ aluation; in- 
terpreting the results ol ai^])raisals, eval- 
n itiiij^ the instriu-tional program; im- 
proving the matheiihitic’s program. 
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THE APPRAISAL PROCESS 

The nature of appraisal 

Appraisal is a continuous process that 
is concerned with the evaluation, study, 
and improvement of all aspects of the 
instructional program in mathematics, 
including pupil achievement. Ideally 
this process should he carried on coop- 
eratively h> all who are concerned with 
the care and development of children.* 
On the l)asis of information secured by 
suitable evaluative procedures, judg- 
ments can be made concerning the ef- 
fectiveness of the mathematics program 
and the extent to which it meets the 
needs of the children and of the com- 
munity as a whole. An anab sis of pupil 
growth and communit\ needs reveals 
the strengths and weaknesses of the 
mathematics program and can point to 
the means for assuring effective educa- 
tional practices. 

Basic steps in the evaiuative 
process 

The essential steps in the process of 
evaluation arc discussed in the follow- 
ing i)aragraphs. 

1. .All major goals and values of the 
mathematics program must be deter- 
mined and accepted. These reflect the 
ideals and wishes of the community. 
Objectives were discussed in C}iapter2. 

2. The objectives, both immediate 
and ultimate, should be based on a sys- 
tematic anaKsis of individual and group 
needs. The> should be clarified and 
formulated in terms of desirable be- 
havior on the part of the individuals 
and groups concerned. 

‘T/ir Impact and Inipwi cment of School Test- 
ing Programs, .Sixty-second Yearbook of the Na- 
tional Society for the Study of Education (Chi- 
cago: University of Chicaji'o Press, 1963), Part 2, 
Chaps. 1 and 2. 
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3. Steps must then be taken by ap- 
propriate procedures to collect evi- 
dence of achievements and growth with 
respect to the estal)lished goals and 
values as revealed by changes in the be- 
havior of the learners. 

4. There should be an examination 
of the school environment and of in- 
structional practices, including the cur- 
riculum and the kind of instruction that 
are used to achieve these goals. The 
contacts and experiences of children 
both in and out of school should be 
analyzed. 

5. The synthesis and interpretation 
of all of these findings concerning pupil 
growtli and educational practices is the 
final step in evaluation. This evaluation 
may lead to redefinitions of goals and 
values, as may ai)i)ear desirable, and to 
the planning ol improved ways and 
means to attain the accepted objec- 
tives. 

6. The schools should act throughout 
to secure the interest and cooperation 
of parents and all (*ommunity agencies 
concerned with the growth and devel- 
opment of children in evaluating tin* 
total mathematics ])rogram and in plan- 
ning its improvement. Choices should 
be based on the informed judgment of 
the groups involved as to the situation 
that exists and the likelihood that pro- 
posed procedures will bring about de- 
sired clianges. The continuing study of 
local i)roblems and cxi)eri mentation 
with ways of solving them are areas in 
which teachers should be expected to 
play an important role. 

SELECTION AND CONSTRUCTION 
OF APPRAISAL INSTRUMENTS 

There are five basic steps in develop- 
ing methods of evaluating the important 
outcomes of the mathematics program. 
They may be listed as follows: 
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1. Formulate the objectives olearly 

Chapter 2 analyzed the specific out- 
comes of instruction in elementary 
mathematics. The outcomes to be evalu- 
ated shoidd include not only skill in 
number operations and in problem solv- 
wii hut also knowledge of the meanings 
of numbers and the l)asic vocabulary, 
understanding of structure, ability to 
think critically and to apply learnings 
in all curriculum areas, maturity to use 
effective study and work habits, and 
resourcefulness in usin^ numbers in 
dealinj^ with (pumtitative situations. 

To be most helpful, a general analy- 
^'^sis of objectives should be further bro- 
ken down in order to indicate the si)e- 
cific objectives for each sta^e of growth 
or j^rade level. Such an analysis is of 
value both to the teacher and to anyone 
who is attemiptiug to devis(' a suitable 
means ol appraisal, it should be rc'cog- 
nized that the learning of mathematics 
is a long process of developintmt and 
that s])ecific objf'ctives and goals should 
be adjusted the growth ])rocess. Pu- 
pils do not all progress from stage to 
stage at the same rate. The listing ol ob- 
j('ctives according to hnels ol growth 
rather than grade levels is nec(\ssary for 
adeipiate provision to be made in ui- 
dividual differences in rates of learning. 

2. Clarify the objectives 

The objectives must be further de- 
fined b> describing them in terms of 
pupil behavior that represents changes 
in the direction of the desired objec- 
tives. For example a t(\st of understand- 
ing of the system of numeration should 
be based on an analysis of what this 
item means, as discussed in (]hapi »’ 5. 
Jn constructing or selecting procedures 
to be useii in appraisal, these (luestions 
should be (‘oiisidered: Does the kind 
of behavior involved in this procedure 


or instrument relate to an important ob- 
jective of mathematics? and. What eval- 
uative means can be used to appraise 
other imyjortant outcomes? 

3. Collect test situations and items 

A test should consist of situations that 
are representative of the varietv’ of sit- 
uations in which tin? ])upil ordinarily 
uses the skills, information, and other 
items to be tested. The test situations 
should be practieable from the stand- 
point of time, effort, and facilities re- 
quired. They should sam])le the defined 
behavior under a variety of conditions 
so that dependable conclusions may be 
drawn as to the tyincal performanct* of 
those tesh'd. 

4. Record the behavior 

Some sort of record of the pu])irs be- 
havior is necessary so that his perform- 
ance can be evaluated. Procedures in- 
volving the use of paper and pencil 
furnish one kind of record, suc'h as or- 
dinary examinations, objective tests, or 
daily written work. Reports of observa- 
tions of ])upil behav ior, records of re- 
sponses in test situations or in free ac- 
tivities, things ])r()diiced by the learner, 
anecdotal records, photo sami)les, tape 
rec< d'ugs, checlx lists in aualvzing be- 
hav'i< and similar means are also used 
in recording behavior. The form of re- 
coid to be used depends on tlu‘ nature 
of the behavior to be evaluated. A cumu- 
lative Record of prevnons behavior and 
other information about the individual 
will '.rreatly facilitate a diagnosis. II 
records are to be practical and useful, 
they should not reciuire much time and 
(effort for Miter])retation. 

5. Evaluate the behavior 
and interpret the record 

To evaluate a piipiPs behavior, his 
performance should be appraised in 
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terms of the important objeetives of in- 
striietion. The question should be 
raised: What is the individuars status 
with respect to a particular objective? 
The chief problem here is the establish- 
ment of standards for evaluating ob- 
served performance in different kinds 
of test situations and for various kinds 
of reports. In some cases ap])raisal is 
relatively sim])le, as in testing the abil- 
ity of a grade 4 c hild to add two three- 
place numbers. This can be done by 
finding the percentage of a group of 
representative examples that were an- 
swered correctly. On the other hand, 
the evaluation of a pupil’s understand- 
ing of the decimal system of numeration 
or of his ability to use the four opera- 
tions in various ciuantitative situations 
is difficult because objective means of 
describing pupil achievement relative 
to these objectives are lacking. These 
traits must be appraised by less formal 
inocedures. 

The problem of setting up norms of 
achievement presents man>’ difficulties. 
The present general practice is to con- 
sider the average score for children of 
a given chronological or mental age 
group or of a given grade as the normal 
achievement of children of the group. 
Because of the wide range of differences 
in the abilities and interests of the indi- 
viduals in the group, this method of ar- 
riving at a norm is of doubtful validity. 
In setting u]) a goal for an individual 
child, the primary consideration should 
be the nature of the objective and the 
evidence there is that the learner is 
making optimum progress in the direc- 
tion of the goal. The teacher’s purpose 
should be to guide the pupil “from 
where he is to where he ought to l)e,” 
as judged by the achievements of simi- 
lar children and his own potentialities, 
that is, his level of expectancy. In many 
schools the norm used to measure sub- 


sequent progress in corrc'ctive work is 
the individual’s past performance. In 
general it is recognized that if the be- 
havior is in harmony with the accepted 
objectives, it is given a high rating. 

F]valuation is facilitated by using ob- 
jective types of data so that, as far as 
possible, subjective judgment and per- 
sonal bias are eliminated. When avail- 
able, a form of lest should be used that 
can be easily administered and scored. 
In recent years considerable progress 
has been made in the development of 
evaluative procedures for appraising 
outcomes that were formerly regarded 
as unmeasurable. 

School records contain a wealth of 
information about the intelligeiicc, 
school history, health, interests, and 
home background of clnldrcn that is of 
great value in inter])reting tin* data 
gatherc'd about pupil achievement and 
behavior in mathematics b\ tlu^ above 
apprai sal procedures. 

METHODS OF EVALUATION 

Procedures for evaluating the 
outcomes of the mathematics 
program 

A great many different kinds of 
techniques are being used to appraise 
the behavior artel characteristics of the 
leanu*r that are related to mathematics. 
Some of these procedures are of recent 
origin, while others have been used for 
many years. Table 21.1 presents a list 
of learning objectives and the tech- 
niques used to evaluate these objec- 
tives. The most valuable methods are 
the following: 

1. Standard tests and objective* test 
procedures 

a. Standard tests 

(1) Achievement tests 

(2) Readiness tests 
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TABLE 21.1 

Outcomes of Learning and Techniques to Evaiuate Them 

Outcomes Eraliialivc Techniques 


The learner is; 

1. Developing a clear understanding of the 
structure of numbers and of the decimal system 
of numeration 

a. Understands the significance of place value 
in numbers 

b. Understands grouping and regrouping of 
numbers in operations 

c. Understands the number line 

d. Understands number properties 

2. Becoming skillful in fundamental opera- 
tions and the ability to apply them 

a. Has control of knowledge of basic number 
facts 

b. Understands the meaning of the four num- 
ber operations and their interrelationships 

c. Has skill in performing computations 

d. Can solve real and vicarious problems 

3. Developing competence in utilizing sys- 
tems and instruments of measurement and quan- 
titative procedures in dealing with problems of 
daily living 

a. Ca'- »'ead and use the ruler 

b. Has skill in using nieasurements to describe 
and define quantitative aspects of objects, 
events, and ideas 

c. Constructs and interprets methods for com- 
municating’ bv grapnic and tabular means 

4. Developing meaningful concepts in algebra 
and geometry 

a. Uses manipulative and visual aids effec- 
tively 

b. Uses mathematical sentences intelligently 
in solving problems 

c. Knows how to solve equations 

5. Developing desirable interest in an^ atti- 
tudes toward mathematics" 

a. Makes voluntary contributions of signifi- 
cance to class discussions 

b. Reads widely about mathematics and its 
uses 

c. Is resourceful and inventive in dealing with 
quantitative aspects of problems and situ- 
ations 

6. Developing desirable behavior patterns 
and good citizen traits as a result of group activi- 
ties 

a. Reveals qualities of leadership 

b. Participates effectively in group work, com- 
mittee assignments 

c. Is able to attack real problems sysi. lati- 
cally and effectively 


Objective tests of understanding 
Observation of daily work 
Interview with learner 
Anecdotal records about contributions 
Demonstration by learner 


Standard tests 

Informal tests, from textbooks or teacher- 
prepared 

Observation of behavior 
Analysis of daily written work 
Interviews to test understanding 
Anecdotal records 


Problem-situation tests 
Objective tests 
Behavior records and ratings 
Rating of product of student’s work 
Interview with learner 

Reports of responses in other curriculum areas 


Observation of daily work 
Interviews with learner 
Questionnaires 

Analysis of reports of methods of study 


Intert nventory 

Rating^ of interest In activities and toward curric- 
ulum content 
Observation of behavior 
Self-rating devices 
Interview with learner 
Questionnaires 
Anecdotal records 

Observation of behavior 
Problem-situation tests 
'Guess who ” tests 
Rating scales 
Interviews ''-ith learner 
“What would you do" tests 
Tape recordings 


"Sec Richard Madden, "New Directions in the \h asiircim nl of Mathematical Ahilil\/‘ The Arith- 
metic Teachet\ May 196fi, 13:375-379. 
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(3) Diagnostic tests, dealing with 
specific phases 

1). Unstandardized short-answer oh- 
jectix e tests 

(1) Simple recall or free response 

(2) Alternate response 

(3) Mnltiple choice 

(4) (Completion 

(5) Matching 

2. Evaluation by less formal proce- 
dures 

a. Analysis of behavior in some prob- 
lematic situation 

b. Use of behavior records 

(1) Controlh'd conditions involv- 
ing check lists, rating scales, time 
studies, recordings 

(2) Uncontrolled conditions, in- 
volving anecdotal records, diaries, 
reports b\ self and others, obser- 
vation of behavior in the class- 
room and elsewhere, records of 
soc ial agencies 

c. Inventories and (piestionnaires 
about attitudes, interests, activities, 
methods of study 

d. Interviews, conferences, personal 
reports 

e. Anal\ sis of the ciualities and merits 
of some product, such as a graph or an 
oral report 

f. Sociometric* procedures to study 
social relations 

Characteristics of 
standardized tests 

The principal characteristics of a 
standardized test are as follows: 

1. The contents of the test are se- 
lected and arranged systematically ac- 
cording to accepted specifications. 

2. The conditions under which the 
test is to be administered, the directions 
to be followed in giving it, and the time 
allowance for the test are all standard- 
ized to insure uniformity. 

3. The specified method of scoring 


the test is definite and cd^jective, so that 
as far as possible the personal judgment 
of the tester is eliminated. 

4. Standards or norms based on the 
performances of large numbers of typi- 
cal pupils are provided, making it pos- 
sible to evaluate and interpret the scores 
of an individual pupil. 

It should be kept in mind that norms 
are based on average results for average 
pupils taught by average teachers with 
average materials, and hence they are 
at best measures of mediocrity. These 
standards are usually surpassed where 
there is high-grade instruction. 

The application of informal evalu- 
ative procedures recpiires the observer 
to select suitable technicpics from 
among those available. When informal 
evaluation is used, there are no stand- 
ardized procedures or norms, and the 
interpretation of the data secured must 
be based upon estimates of values and 
subjective personal judgments. 

The most widcK ust‘d standardi/i'd 
tests in elementary school mathcmiatics, 
grades 3-6, that are available* inc lude 
the following: 

("alifornia Arithmetic Test, (California 
. Test Bureau 

(Contemi)orary Mathematics Test, (Cali- 
fornia Test Bureau 

Kunctional Evaluation in Mathematics, 
American Guidance Service 
Iowa 4'ests of Educational Devclo])- 
memt. Science Research Associates, 
Inc., 259 East Erie Street, (Chicago, 
Illinois 6061 1 

Metropolitan Achievement Test, Har- 
conrt. Brace & World, Inc., 757 Third 
Avenue, New York, New York 10017 
Secpiential Tests of Educational Prog- 
ress (STEP), Educational Testing 
* Service, Princeton, New Jersey 08540 
SRA Achievement Series, Science Re- 
search Associates, Inc., 259 East Erie 
Street, Chicago, Illinois 60611 



appraising outcomes of elementary mathematics 


389 


Stanford Achievement Tests, Harcoiirt, 
Brace & World, Inc., 757 Third Ave- 
nue, New York, New York 10017 
The Iowa, SRA, and Stanford tests in- 
clude test items in reading j'raphs and 
tables in the study skills section of the 
test battery. 

A number of publishers of mathemat- 
ics textbooks for grades 3-6 have devel- 
oped sets of unstandardizc'd tests that 
parallel their textbooks. Such tests are 
useful for teaching and diagnostic pui' 
]K)ses. Most of the following include 
some* items dealing with contemporary 
mathematics, an important item in test- 
ing: 

Addison-Wesley Publishing Company, 
Inc., Heading, Massachusetts 01867 
Holt, Rinehart and Winston, Inc., 383 
Madison Avenue, xNevv York, New 
York 10017 

Science' Research Associates, Inc., 259 
East Erie* Strcd, Chicago, Illinois 
60611 

Scott, Foresman and (a)mi)any, (ilen- 
vic'w, Illiiv is 60025 
Silver Burcl. lt C:ompan>, Morristo^.n, 
New Jmsey 07960 

Purpose of standardized tests 

'fhe purpose of standardized ae bicN c- 
ment tests is to i)ro\ ide a basis to’- de- 
tt*rniining the efl'eclivciu'ss of the math- 
tnnalics program as a whole, as measured 
))\ the i^rogress made* l^y individuals 
and groups toward the achio ement o^ 
accepted goals. I’he data supplied b> a 
dependable surve>' test also prov ide the 
teacher with information on which to 
base thc^ instructie ual program. 

At tlu* prcsc'iit time there are avail- 
able a number of standardized mathe- 
matics tests that arc useful lor si (*> 
purposes. B>' c*arelul selcc*tion it is pos- 
sible to secure fairK satisfactory meas- 
ures of such outcomes as eomputatioiial 
skill; abilitv to solve verbal problems; 


knowledge of mathematics vocabulary 
and technical terms; knowledge ot so- 
cial applications of mathematics; ability 
to read maps, graphs, and tal)les; func- 
tional (piantitative thinking; and under- 
standing of the system of numeration 
and number operations. 

Criteria considered in seiecting 
appraisai methods 

The following criteria should be (:'on- 
sidered in selecting measurement and 
testing methods: 

1. The value of the characteristic or 
aspect of growth tested Does the test 
claim to measure an aspect or character- 
istic of pupil growth in which \()u are 
interested? Arc the educational out- 
comes tested of undoubted value and 
significance? 

2. Validity Doc's the test actually 
measure what it purports to measure? 

3. Reliability Does tlu' test measure 
accurately? Will the children tend to gt't 
the sanu' scores if measured again? 

4. Ease of administration and scor- 
ing Are the directions for administer- 
ing V, • test clt'ai ;ind easy to follow? Is 
the i t fairK easy to score? Are llic 
tabulation forms clear? 

5. Provision and usability of stand- 
ardized norms Does the' test \ield 
scores that are well defined and ade- 
(pia^ standardized? Aie the scores 
readiK understandable? 

The discussion of diagnostic t(‘sts is 
deferred fo Chapter 22. 

Testing outcomes 

related to modern mathematics 

The only standardized test that deals 
to any extent with the contents of con- 
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temporary mathematics other than com- 
putational procedures is the Contem- 
porary Mathematics test for grades 4 
and 5 published by the California Test 
Bureau. The test deals with structure 
and modern mathematical devices and 
is regarded by the publisher as a supple- 
ment to the California Achievement 
Test, which deals with traditional arith- 
metic. Some of the unstandardized 
tests distributed by textbook publishers 
contain a sampling of items related to 
modern mathematics. This means that 
the schools must usually prepare in- 
formal tests. 

The following are examples of objec- 
tive test items that can be used to 
appraise outcomes related to modern 
mathematics. A number of basic mathe- 
matical concepts are co\ered and the 
examples include multiple choice, com- 
pletion, specific-answer, and optimal- 
answer items. 

A. Sets^ 

1. Which of the following expressions 
is a set? 

a. 22+1 = 29 

b. {8-4=4} 

c. 7,9, 11, 13 

(1. {2,4,6,8, • • ■} 

2. The set { 7 , 7 , 7 , 7 } is called 

a. a finite set 

b. an infinite set 

c. an empty set 

d. an equal set 

3. { 2 , 3, 4 } is called a subset of 

a. { 1 . 2 , 3, 4} 

b. {2, 4. 6, 8} 

e. {2.4,8, 12} 

-See Hubert Brock, “Measuring AVithinetic 
Objectives,” The Antlimrtir Teacher, November 
1%5. 12.537-542; Roljert II. Koeiiker, “Meas- 
uring the Meanings of Arithmetic,” The Arith- 
ntctit Teacher, Keimiarv 1960, 7:93-fJ6, Russell 
A. Kennv, “Matbeinalical Understandiiig-s of 
Elementars Sc*booI Teachers,” The Arithmetic 
Teacher, October 1965, 12:431-442. 


4. What is the set { } called? 

5. A line is an infinite set of 

6 . A plane contains an infinite set of 

points. Yes No 

B. Understanding the numeration 
system^ 

1. In the numeral 3796 in what place 
is the 7 written? (a) ones; (b) tens; (c) 
hundreds; (d) thousands. 

2. Which of the following names the 
same number as 47? (a) 477; (b) 4 tens 
+ 7 tens; (c) 47 tens; (d) 40 + 7. 

3. The zero in 5308 means (a) no tens; 
(b) 30; (c) no ones; (d) 3 hundreds. 

4. The Roman numeral XI names the 
number as (a) 4; (1>) 9; (c) 6 ; (d) 11. 

5. The numeral 234 is written in (a) 
base four; (b) base two; (c) base ten; (d) 
base three. 

6 . Which of the numerals below has 
the least value? (a) IO 4 ; (b) K)-,; (c) Kh; 
(d) !()«. 

7. Which of the numbers below will 
make this sentence true: 3268 = 3000 
+ □ + 60 + 8 ? (a) 2; (b) 200; (c) 368; 
(d) 68 . 

• 8 . The numeral .38 is the same as 
(a) 38 ones; (b) (c) 38 tenths; (d) 38 

^ hundredths. 

C. Understanding of properties'* A 
good t>pc of test to use to evaluate 

•’.See Franci-s KlonrnoN, l)oiotli> Bi.mdt, and 
Johnnie McCregor, ‘‘eiij)il Understanding of ihe 
.Numeration S\stem,” The Arithmetic Teacher, 
Fi briiarv 1963, 10:89-92, W. II. Dutton, Eiatu- 
atiitf' Pupil Uiulerstaiuliii^ of Arithiuetic (Engle- 
wood Cdiff.s, \.|.: Rreiitiec-llall, Inc., 1964); 
Roland E. (irav, “An Approach to Evaluating 
Arithiiu-tic Understanding," The Arithmetic 
Teacher, March 1966, 13:187-191. The last- 

ihimc^d article discusses the use ot the intcrvi<‘W 
t(‘chnif|ne. 

‘See Florence Flournoy, “Applving Ba.sic 
Mathcnnatics Ideas in Arithmetic,” The Arithme- 
tic Teacher, Febniar> 1964, 11:104-11)8. The ar- 
ticle reports test data For 18 multiple choice items 
related to mathematical prop<*rti(*s. 
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B 

Principle 

— I. Coiiinuitative property of addition (4) 
-- II. Comiiiiitative property of multiplication (7) 

— 111. Associative property of addition (2) 

— IV. Associative property of multiplication (5) 

V. Distributive property (6) 

VI. Identity element lor addition (1) 

— VII. Identity element for multiplication (3) 


A 

I Illustration 

1. 4 +0 = 4 

2. (4+5)+7 = 4 + (5 + 7) 

3. 7 X 1 = 7 

4. 4 + 5 = 5 + 4 

5. 3 X (4 X 5) = (3 X 4) X 5 

6. 3 X 46 = 3 X 40 + (3 X 2) 

7. 2X4 = 4X2 


knowledge ol a group of related items 
is the matching te.st. The exercise 
above illustrates this type of test. 

On each blank write the number of 
the statement in (A) that matches the 
statement in (B). ('Hie key is given in 
])ar(‘ntheses in the column at the right.) 

Below is a seri(\s of suitable multiple 
choice items that can be used to test un- 
derstanding of number properties: 

1. if 78 + 69 + i47 = 294+hen 147 

+ 69 + 78 - (a) 194; (b) 492; (c) 

284; (d) 294. 

2. 46 X 2^^ l.is the same product as 
40 X 25 pin. □: (a) 4 X 25; (b) 6 X 25; 
(c) 40 X 5; (d) none of these. 

3. When we know that S + 5 = 13, 
then b\ the commutative property ol 
addition w(* know that (a) (5 + '0 + .5 
= 13; (b) 5 + 8 = 13; (c) 13 + 1-8 
+ 5; (d) 13 + 0 = 13. 

4. Which of the following is not true? 
(a) 27 + 48 = 48 + 27; (b) 48 - 27 
= 21; (c) 27 X 48 = 18 X 27; (d) 48 
-f- 27 = 27 ^ 48. 

D. Mathematical sentences 

1. In which of 'he following does LJ 
hold a place for a missing sum? (a) 

8 + 4 = U; (b) 8 - 4 = □; (c) 8 -f- 4 
= □; (d) 8 X 4 = □. 

2. In which of the following does a 
hold a place for a missing addend? (a) 

9 — n = 6; (b) n -r 5 = 7; (c) n X 5 = 

25; (d) 12 n = 3. 


3. In which of the following does n 
hold a place for a missing product? (a) 
7 X n = 7; (b) 9X8 = n; (c) 7 + 9 = n,- 
(cl) n - 7 = 15. 

4. In which of the following does n 
hold a place for a missing factor? (a) 
4X7 = n; (b) 6 X n = 30; (e) n -h 3 
= 12; (d) 4 + 7 = n. 

5. The mathematical sentence 3 + 4 

= 4 + 3 is called an [Equation] 

6. What is the value of □ in the c(|na- 
tion 4 + □ = 7 + 3? (a) 3- (l)j 6; (c) 14; 
(d) 5. 

E. Knowledge of mathematical sym- 
bols 

1. Which of the following mathemati- 
cal stmtcnces is tnu'? (a) 7 < 9; (b) 6+5 
= 7+2; (c) 8 > 8 + 0; (d) 25 < 24 X 1. 

2. W Inch of the following mathemati- 
cal . itcmces is lals('? (a) 4+7 = 7 + 
(3 + ; (b) 8 < 6; (c) 7 > 5; (d) 26 + 0 
= 26. 

3. W hich of the following mathemati- 
cal stmtenccs is true? (a) 2 X 38 = 56 
X 4; (b) 38 X 2 > 2 X 38; (c) 2 X 48 
< 48 X 2; (d) 3 X 48 > 2 X 48. 

4. '^'Mnch of the following mathemati- 
cal st*ntencc*s is false? (a) 1 It. < 1 >d.; 
(b) 2 (it. = 4 i)t.; (c) 2 hr. = 120 minutes; 
(d) 14 7^ 2 X 7. 

F. Problem solving 

1. Consider this ])roblein: lion much 
(I ) 4 oranges u ci^h if 1 weighs 5 oun- 
ces}^ Which mathematical sentence be- 
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low would you use to find the answer 
to the problem? (a) 4 X 5 = □; (b) 4+5 
= □; (c) □ X 5 = 4; (d) 5 4 = ^ 

2. Consider this problem: Jack is 52 
inches tally Tom is 55 inches tali and 
Bob is 59 inches tall. What is their aver- 
age height? (a) 52 + 55 + 59 = □; (b) 
(52 + 55) — 59 = □; (e) none of these; 

(d) (52 + 55 + 59) -f- 3 = □. 

3. May bought 3 apples at 5 cents 
apiece and 1 candy for 40 cents. How 
much did she spoul in all? Whieh math- 
ematieal sentence would you use to find 
the answer to the problem? (a) (3 X 5) 
+ 40 = □; (b) 3 + 5 + 40 = □; (e) 40 - 
(3 + 5) = □; (d) 40 - (3 X 5) = □. 

G. Geometry 

1. How man\ lines can be drawn 
through an\ given point? (a) 1; (b) 2; 

(e) 4; (d) so mam we can’t count them 
all. 

2. A ]n)int has what dimensions? (a) 
length; (b) width; (c) no dimension; 
(d) depth. 

3. The area of a rectangle 4 inches 
long and 2 inches wide is (a) 6 inches; 
(b) 2 square inches; (c) S square inches; 
(d) 12 inches. 

I. O; 11. □; 111. 1131; i\\ I 1. 

4. W'hich of these is not a parallelo- 
gram? 

5. We call a geometric figure that has 
only one endpoint a; (a) line; (b) ray; (c) 
line segment; (d) side. 

6. A triangle has two right angles. 
[Yes_._ No__] 

7. A (juadrilateral has sides. 

[C]ompletion] 

Arithmetic attitude scale ^ 

10 5 Arithmetic thrills me and I like* it better 
than any other subject. 

9 0 I would like to spend more time in school 
working arithmetic problems 

''Aclaptecl from an attitude scale developed li> 
W. H. Dutton ancl reprinted in “Attitudes of 


PROVIDING FOR INDIVIDUAL DIFFERENCES 

8.1 Arithmetic is very interesting 
7.0 Sometimes I enjoy the challenge pre- 
sented by an arithmetic problem 
5 9 Arithmetic is as important as any other 
subject 

4.6 I don t think arithmetic is fun. but I always 
want to do well in it 

3 7 I don * feel sure of myself in arithmetic 
3 0 I can't see much value in arithmetic 
2 5 I have always been afraid of arithmetic 
1 5 I have never liked arithmetic 

Pupils ciin be asked to check the item 
in the scale that most neaiK' describes 
their attitude. It may be of interest to 
know that in one investigation it was 
found that children in grades 5 and 6 
rated arithmetic as one of the best-liked 
fields of study.*’ Bo\s rated arithmc*tic 
first and girls rated it second, slightK 
below reading. Chase asked the pupils 
to rank arithmetic among all of the sub- 
ject areas given in a list. This procedure 
can be used b\ any teacher. Wlum arith- 
metic is rated low in interest by chil- 
dren, the teacher should study the pos- 
sible causes and take steps to improve 
the situation. 

Evaluation by less formal 
procedures 

For reasons of space it is impossible 
*to describe here in detail the less for- 
mal procedures that can be used in 
evaluation of outcomes relatc'd to arith- 
metic instruction. The illustrative* analy- 
sis on page 387 defines six important 
outcomes of arithmetic along with sev- 
eral evaluative technieiues, including 
tests for ascertaining pupil performance. 
Other outcomes can be appraised by 
similar procedures. 

Junior UiKli School Ihij^ils toward Aritliinctii-,” 
Sr/iool Ht'iifjii, Jaiiiiary 1956, 64:18-22, sri* also 
11; Basshain and otIicT.s, “.Attitinh* and Ac-hievf- 
nient in Aritliinctic," Tftc Arithmetic Teacher, 
hebriiary 1964, 8:66-72. 

”VV. I. (]haso, "Siihjfc't ProlcrtMucs of Fifth 
(iradf (diildrt*n,“ Elementanf Sciiool J<mrtiah 
'Dfcenilu-r 1949, .50:208-21 1. 
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INTERPRETING THE RESULTS 
OF APPRAISALS 

The interpretation of any evaluation 
data should be done with caution even 
when standardized procedures are used 
and when agreed-upon norms and de- 
pendable standards are available. When 
these are lacking, as in the case* of the 
informal procedures, special care should 
be exercise*d in the interpretation of 
the results. Consideration must be j'iven 
to the j^eneral characteristics and capa- 
city of the individuals and their ])ossible 
achievements. Teachers should always 
^intc*rpret the results of standard tests 
in terms of the backj^round and experi- 
ence of the children. Unfortunately, it 
is usually true? that a ^?roup of children 
from an underprivileged area cannot be* 

e.xpected to acliieve as high a h'ved as 
a group li>’ing in a more favored area. 
Ill general, however, knowledge of test 
results greatly aids the teacher in apply- 
ing the l(‘ss formal types of evaluation 
in observing inlclren in the classroom. 

The* analysis given below suggests 
methods for analyzing and inter])reting 
the results of survey tests in arithmetic 
at various l(*vels in the school system, 
beginning with administrative officers 
<ind concluding with the elassr(,;.!ii 
teacher: 

I. Superintendent and ((‘utral staff 

a. Analy sis of eit\’-wide results grade 
by grade in conpiarison with expected 
performance 

b. (amiparison with results of pre- 
vious Nears 

c. (amsideration of the consolidated 
distributions of class results 

d. Overview of results for vari is 
schools 

e. (Consideration of possible causes 
of these variations in results among the 
different schools 


f . Planning next steps for improving 
the educational program 

2. Stalls of individual schools in co- 
operation with consultants 

a. Comparison of results for the 
school as a whole w'ith city-wide scores 
and with standard score's at various 
grade levels 

1). (General trends or progress from 
grade to grade as compared with results 
for previous years 

c. The deviation of each grade and 
class from expected levels of attainment 
in relation to the nu'utal ability of the 
children, their social background, and 
health 

d. (Consistency of levels of attainment 
in the various areas tested 

e. The range of test results for t*aeh 
area within individual classes 

f. 'The ov('rlapping of test scores at 
const'ciitive grade levels 

g. Identifying strengths and weak- 
nesses of the sehooPs program on the 
basis of the test results 

h. Considering possible next st(*i)s 

3. Individual teachers in cooperation 
with princijxil or consultant 

a. Overview of the results for the 
class as a whole, sharing the informa- 
tion w ith the pii])ils 

1). ah sis of the progress made by 
indivn nal pupils based on comparison 
with ])revious tests, preferabb summar- 
ized in gra]dn'e profile form 

c. (Critical comparison of educational 
levels achieved in relation to the mental 
ability of individuals 

d. C.onsideration of factors that might 
throw light on variations in achieve- 
ment of individuals and deviations from 
levels of (' .peetancN 

e. Consideration of diserei)aneies be- 
tw^een test results for individual pupils 
and teacher s estimates 

I . Analy sis of the test items that have 
possible diagnostic value 
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Planning the ways in whieh to use 
tile data most efFeetively in the public 
relations program. 

The steps to be taken to evaluate in- 
formation secured b>- less formal ap- 
praisal ])rocedurcs are similar to those 
used in dealing with test results. Kvalu' 
ation will necessarih' be less precise 
and definite than is possible with the 
use of standard tests, because compar- 
able norms are lacking. 

EVALUATING THE INSTRUCTIONAL 
PROGRAM 

There are three aspects of the instruc- 
tional program that should bt‘ evaluated 
as part of a comprehensive appraisal 
])rogram: (1) the curriculum, (2) the 
methods of classroom instruction, and 
(3) the materials and ecpiipmcnt avail- 
able. 

The curriculum 

The curriculum should be evaluated 
in terms of criteria, which should grow 
out of grou]) discussion and study of 
modern trends in elementary matlu‘- 
matics. 

The curriculum, either as found in 
the classroom or as discussed in instruc- 
tional guides, may not be vVell organ- 
ized; the objectives may be too limited 
and max not include the wide variety of 
outcomes discussed in Chapter 2; the 
gradation and scciuence of subject mat- 
ter may be faulty; the content may be 
highlx academic, formal, and unredated 
to the needs and interests of the chil- 
dren; the contents may be out of line 
with recent developments in elemen- 
tarx mathematics; it may not be adapted 
to development and rates of growth; 
standards set up may not be flexible 
and the contents of the curriculum may 
not be adapted to differences in the 
abilities of the children. Special con- 
sideration should also be given to the 
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process by which the curriculum is be- 
ing developed. The jirogram may be 
limited to a textbook, by the prescrip- 
tions of the course of study, and by regu- 
lations set up by the school authorities. 
Apparently little may be done to assist 
teachers to study the needs of the chil- 
dren and the community as a basis of 
selecting curriculum content. 

Evaluating methods 
of classroom instruction 

Tlu* evaluation of methods of teach- 
ing used in classrooms should be a co- 
operative undertaking in which t(\ich- 
ers take an active i)art. Such criteria as 
the following should be set up cooiier- 
atively bx the grou]) and then a])plied 
in appraising instruction: 

1. Procedures should be used that 
will make number and number opera- 
tions meaningful to the children. 

2. The i)rocedurcs should stress the 
understanding of number and efficiency 
ill (piantitative thinking. 

3. The work in elementary mathe- 
matics should be associah'd with the 
activities of the school day and not only 
with a particular class janiod. 

4. Instruction should provith* ade- 
(|uate time in school for the systematic 
practice needed to devclo]) coinp(4enc(' 
and skill in the use of number and (pian- 
titative i)roct*dures. 

5. Tlu* diagnosis and tn*atment of 
learning difficulties in arithmetic are 
essential. 

6. Provisions should Ik* madt* to 
adapt instructional proceduri*s to indi- 
vidual difrerenc(*s in ability and in 
rates of beaming. 

7. The school should provide for 
mental health and social adjustment 
ihrough successful work on challeng- 
ing activities. 

8. There should be a continuous pro- 
gram of evaluating learning which in- 
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forms child, teacher, and parent about 
the individuars growth in arithmetic. 

It may be demonstrated by careful 
appraisal that many of these criteria are 
being successfully ap])lied. On the 
other hand it may be discovtued that 
instruction is highly formal and that the 
work is largely limited to an intensive 
drill i)rogram dealing witli the mastery 
of computational skills. LittU* attention 
may be given to other important out- 
c'omes. The practice that is provide <4 
may be on operations tluit have not been 
made nunmingful to the children. 'Fhen 
the i)upils do not understand what they 
are l)eing recpiired to learn. TIig teach- 
'^iiig procedures may not l)e in line with 
tlie findings of resi'arch and may be un- 
skillfully applied. Little attempt may 
be made to group tlu‘ children accord- 
ing to their lU'cds. 

The fliseussion of the methods of 
diagiKising learning difficailties in arith- 
metic, of the factors contributing to 
them, and methods ot treating them is 
th(* tb(mu‘ of *lv next chapter. 

Evaluating materials of instruction 

The availability and adecpuuA of ma- 
huials can be exaluated b\ applying 
such criteria as the following: 

1. Manipulative and exploratory 
terials, objects, and visual aids should 
be used to make number and number 
operations imMiiingfiil to children. 

2. Supplementary reading materials 
should be us(‘d to explore and extend 
tlu‘ voc-abular> and background ormalli- 
ematies. 

3. Special mate l ials especialb in- 
tended to arouse and maintain interest 
in mathematics should be made :ieeess- 
ible to teachers and children. 

4. Efficieml seientifiealK eonstriieted 
practice materials and testing proce- 
dures should 1 h‘ list'd to devt'lo]) and 
maintain basic knowledge and skills. 


It may be found that the instructional 
materials and equipment are fully ade- 
quate to meet the needs of a learning 
laboratory as described in Chapter 3. 
On the other hand, it may be decided 
that there are serious limitations in the 
(luality and variety of what is available. 
The materials of instruction may be too 
dilfieult or they may be poorly organ- 
ized, constructed, and arranged. The 
contents may not be presented attrac- 
tively or clearly; the subject matter may 
lack interest; the supplies may not in- 
clude essential concrete' teaching ma- 
terials and diagnostic tests. Limited 
supplementary material and few visual 
aids may be available' and little use may 
be made of places of business, muse- 
ums, librarie's, and similar civic centers 
to enrich and broaden h'arning. These 
situations arise partly because these 
agencies may be indifferent, even un- 
willing te) permit the sehoojs to use 
them, partly because the school has not 
integrated them into learning experi- 
ences. 

Systematic procedures for 
evaluating the mathematics 
program 

In recent years the yvidespread in- 
ters n till' evaluation of mathematics 
l)rogi. is has led to the di'y^elopnu'nt 
of systematic methods of evaluation 
anu their application in all jiarts ol this 
country. The most yvidely used aj)- 
j^roai'hes are subjective ratings of the 
arithmetic program, checklists, eon- 
sens«. stndit's, and group discussion. 
The following refen'iiees should be 
consulted for helpful suggestions and 
procedure” by teachers, consultants, 
and others yvlio yvish to study and im- 
]m)ve their arithmetic programs: 
Brueckner, L. J., Improiiiw. the Arith- 
metic Program. \eyv York: Appleton- 
Centnr> -Crofts, 1957. 
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Elcmenianj Evaluative Criteria. Bos- 
ton: Boston University, 1953. 
Evaluating the Eleuientarij School. 
Atlanta, Ga.; Southern Association of 
Colleges and Secondary Schools, 
1951. 

Ragan, \V. B., Modern Kleinentanj Cur- 
riculum, 2nd ed. New York: Holt, 
Rinehart and Winston, Inc., 1966. 

IMPROVING THE MATHEMATICS 
PROGRAM 

Selecting items to be improved 

The group concerned having evalu- 
ated the existing program, should then 
list the problems, difficulties, short- 
comings, and needs revealed by the ap- 
praisal. New departures that might be 
considered for introduction into the 
local situation should also be listed. 
Through discussion the group should 
list their needs, problems, and new de- 
partures which seem most urgentlv to 
require alteration. These items can 
then Ijecome the objectives of an im- 
pro\ ement ])rogram. 

Planning the improvement program 

Once the problems are selected and 
defined, the next task is the cooperative 
planning and organization of the actual 
activities of diagnosis and solution." 
The improvement program should be 
flexible and adapted to the needs of in- 
dividuals and of groups having common 
problems and needs. The ])rogram may 
involve any of a number of subsidiary 
techniques,^ including: 

"Dan 'IVcdway, “Tin* Seconclarx Te*aclu"r and 
Kleinfntar> School Mathematics,” The Mathe- 
matics Teacher. April 1965. .58:313-316. 

•*VV. H. Burton and L. J. Bnieckner, Supervi- 
sion. .A Social Process (New York: Appleton- 
Century-Crofts, 1955), p. 133. 


PROVIDING FOR INDIVIDUAL DIFFERENCES 

1. Conferences with individuals and 
small groups for the planning of any and 
all kinds of projects 

2. A series of local study groups, 
general or limited teachers’ meetings 

3. A local w^orkshop with facilities 
and personnel available at stated times 

4. Extension courses, summer school 
work, leave of absence for study or 
travel 

5. Cooperatively developed bulle- 
tins, usually with references and study 
guides 

6. Experimental work, either indi- 
vidual or group, for the development of 
new materials, new evahiational de- 
vices; for try-out of materials 

7. Committee and study groups to 
examine student interests, attitudes, 
problems, and needs 

8. Committee work on curriculum 
improvement or course of study writing 

9. \'isiting teachers in local and out- 
side schools according to plans devised 
by teac hers and staff 

10. Visits and conferences by super- 
visorx personnel, usually on call and lor 
cooperatively determined pur])oses 

11. Cooperatively determined pro- 
. grams of directed observation and di- 
rected teaching 

12. Committees and study groiq^s to 
examine new texts, to selc^ct texts and 
materials 

13. Exchange of teachers between 
schools and between systems.'* 

An illustrative improvement 
program 

The program of curriculum researc h 
in developmcTital arithmetic in New 
York City, described by Eads, illustrates 

E. Uard^rovt* and B. jacksoii. “Ct/PA/ Re- 
port on tlie Training; of Teachers of Eleiiieiitars 
.School Mathematics,” The Arithmetic Teacher. 
F<-hriiary 1S)64, 11:89-93. 
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cooperative procedures for improvins 
arithmetic instruction.'® The program 
began because of general dissatishic- 
tion of gifted children with their pro- 
gress in arithmetic at all grade levels. 
The main problems were lack of under- 
standing of subject matter and vague 
number concepts. In the first year ex- 
perimental work began in the primary 
grades to develop methods and mate- 
rials to teach meaningful number coii- 
eepts and processes. The results of tin; 


'"Idiiira K. Kads, “Lcaniiiij' Priiiciplt's That 
(]haraclerizf Developmental Mathematics, ’ Thr 
Teacher, October 1957, 4:179-181. 


1. Why should the evaluation of the math- 
ematics program be regarded as a co- 
operative undertaking? 

2. Examine local school records to deter- 
mine the data given that would assist 
in interpreting test results in mathe- 
matics. 

3. What are the values and limitations of 
standardized tests? What standardized 
tests are used in local schools? 

4. Why is it necessary to use less formal 
methods of evaluation in many in- 
stances? 

5. Try to get a measure of attitudes toward 
mathematics of children in some class 
using Dutton’s ‘^cale or a ranking pro- 
cedure. 

6. Examine a mathematics textbook to de- 
termine the types of tests that a in- 
cluded. Evaluate the tests. 


experimental work were then intro- 
duced in grade 1 on a city-wide basis. 
Each succeeding year the next higher 
grade was included in the program. 
Trained classroom teachers assisted 
regular teachers to apply the proce- 
dures. Workshops were organized that 
developed and demonstrated experi- 
ences, materials, procedures, content, 
drill devices, procedures for evaluating 
pupil learning, and similar materials. 
Bulletins and guides for teachers weie 
also prepared and distributed. This ex- 
perimental approach is the essence of 
a continuing program to imi)rove arith- 
metic instruction. Methods suggested 
could be used in any school. 


EXERCISES 

7. Secure the results of a mathematics tesi 
for some class. Analyze the errors and 
indicate the kinds of remedial measures 
you would apply. 

8. Why may test results prove to be at a 
level considerably below normal? What 
can be done to improve conditions re- 

to curriculum, instruction, and 
n- ?rials? 

9. What is being done by the local schools 
to improve the program in elementary 
mathematics? 

10. Have a student give an evaluation of a 
widely used standardized test in arith- 
m“tic as reported in one of the Mental 
Measurement Yearbooks. The third and 
fourth yearbooks are published by Rut- 
gers University Press, while the fifth 
and s.Aih are published by the Gryphon 
Press, New Brunswick, N.J. 
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Brueckner, L. J., Improving the Arithmetic 
Program. New York: Appleton-Century- 
Crofts, 1957. 

Brueckner, L. J., and G. L. Bond. The Diag- 
nosis and Treatment of Learning Diffi- 
culties. New York: Appleton-Century- 
Crofts, 1955. Chapters 2 and 8. 

Dutton. W. H., Evaluating Pupils’ Under- 
standing of Arithmetic. Englewood Cliffs, 
N.J.: Prentice-Hall. Inc., 1964. 

Evaluation in Mathematics, Twenty-sixth 
Yearbook of the National Council of 
Teachers of Mathematics. Washington, 
D.C.: The Council, 1961. 


PROVIDING FOR INDIVIDUAt DIFFERENCES 


SELECTED READINGS 

The Impact and Improvement of School 
Testing Programs, Sixty-second Year- 
book of the National Society for the Study 
of Education, Part 2. Chicago: University 
of Chicago Press, 1963. Chapters 1, 2, 3. 

Mathematics in General Education, Report 
of the Committee on the Function of 
Mathematics in General Education for 
the Commission on the Secondary 
School Curriculum. New York: Appleton- 
Century-Crofts, 1940. 

Spitzer, H., Teaching Elementary School 
Mathematics. Boston: Houghton Mifflin 
Company, 1967. Chapter 14. 



THE DIAGNOSIS 
AND TREATMENT 
OF LEARNING DIFFICULTIES 
IN MATHEMATIC! 


The school should arraiij^'* a \ari('t\ of 
functional l(*arninj2: c\i)cncnc(\s that, if 
effective, will lead to the* well-rounded 
growth and deveh pnuMit of all wholc'- 
some as])ects of the learner’s person- 
ality. The chief prohleni is to provide 
hdly and effici('ntl>' for individual hl- 
ferences ainon^ the children. The con- 
tinuous study of the ]>upil hy the teacher 
by means of carefulh- selc‘ct('d evalua- 


tion techniciues as well as self-appraisal 
by the learner himself arc important ele- 
ment- d a well-conceived Knidauce pro- 
gram. Whcnc'ver there is an>' realistic 
evidence that growth and development 
are not i)roceedinjf satisfactorily, it be- 
comes necessary to identify the nature 
and causes of the deficienc\' by appro- 
priate diagnostic procedures so that the 
lU'cessaiN corrective and remedial meas- 
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ures can be taken as soon as possible. 
Thus appraisal, guidance, and diagno- 
sis are intimately intertwined parts of 
a continuing process of guiding learn- 
ing. 

The guidance fuiiction of the school 
requires the creation, with that part of 
the environment under its control, of 
conditions that are most likely to be 
conducive to wholesome growth; and 
in that part of the environment not un- 
der the school’s control, the securing of 
the cooperation of the pupils and of all 
members of the social group in creating 
an environment that stimulates and sus- 
tains the gimvth of all. The school 
should help the pupil to set up stand- 
ards of attainment and behavior by 
which he can at all times evaluate his 
conduct. 

When instruction is effectivel)* organ- 
ized and the work is meaningful to the 
children, only some of them w^ill en- 
counter difficulties. The teacher should 
continuously scrutinize the work of in- 
dividual pupils to discover points of 
weakness so as to prevent the accumu- 
lation of deficiencies that may interfere 
w^ith progress. In spite of the best efforts 
of the teacher, some children do not 
understand what they are learning, and 
the\ invent strange procedures that ap- 
pear to them to be correct but are actu- 
ally faulty and inefficient. In some cases 
such factors as moving from one com- 
munity to another, excessive al)sence 
due to illness, physical handicaps, and 
emotional disturbances may interfere 
with leaniing. The teacher should make 
every effort to analyze learning diffi- 
culties and should take steps, that are 
likely to bring about an improvement. 

This chapter deals with the follow- 
ing topics: the use of tests in teaching; 
individual and trait differences; levels 
of diagnosis; techni(|ues of diagnosis; 
the treatment of learning difficulties. 


PROVIDING FOR INDIVIDUAL DIFFERENCES 

THE USE OF TESTS 
IN TEACHING 

Standard tests 

Most teachers have found standard 
achievement tests useful for a variety 
of purposes. Modern tests focus atten- 
tion on important educational objec- 
tives and clarify them for teachers and 
pupils. The results of w^ell-constriicted 
tests place each pupil on a scale of abil- 
ity in a particular field or skill, varying 
from an inferior performance to an out- 
standing one. This information aids the 
teacher in determining each pupil’s re- 
lative status in the whole group. Tests 
also enable the teacher to measure the 
pupil’s growth over a period of time. 
This information should be shared with 
the individual. It should be realized 
that many factors such as an emotional 
upset or some temporarx' distraction 
make it difficult to ineasiire the changes 
in individual pupils with certainty. The 
use of the results of standard tests of 
intelligence in interpreting achieve- 
ment test scores makes them more 
meaningful. 

Informal testing 

Informal testing provides an excel- 
lent means for checking on the amount 
of subject matter a i)iipil has learned. 
Test results stimulate learning b\ en- 
abling pupils to think of their achieve- 
ments in objective terms. They also 
serve as an excellent motivating device 
by revealing evidences of growth. Tests 
can be constructt‘d so that they reveal 
specific learning difficulties. They serve 
as a helpful means for locating areas of 
learning that should he reviewed. The 
teacher can use evaluative data to di- 
vide a class into groups for instructional 
purposes. Tests enal)le the teacher to 
measure the effectiveness of steps that 
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are taken to adjust the instructional pro- 
gram to the strengths and weaknesses 
of individual pupils. Test data also 
provide an effective basis for a well- 
rounded, balanced presentation of pu- 
pil progress for parents. 

Use of tests 

in the guidance of learning 

Testing should be used as the need 
arises in the teaching-learning sitiia 
tion. Before teaching is begun, the 
teacher should gather information about 
the mental ability of the children, 
their readiness for new work, their 
^jspecial abilities and interests, and their 
strengths and weaknesses in all curri- 
culum arenas, particularly their reading 
ability. This can be done by use of pre- 
tests, by analysis of data on the pupil’s 
premanent record card, and b\’ obser- 
vation behavior during class discus- 
sions. In the M)urse of learning, pro- 
gress should be appraised from time to 
time by the informal methods of ap- 
praisal discussed in Chapter 21. 

The diagnosis and treatment of learn- 
ing difficulties that appear from time 
lo time* should be a continuing process 
that is undertaken wlu‘iu*Ncr the need 
arises. Th<^ teacher c*an use the evalu- 
ative data to guide and motivate li.e 
learner by discussing his performance 
with him. In many school systems, cases 
in which serious difficulties and defici- 
encies develop that the regulai teacher 
c'annot effeetiveh' deal witli in the class- 
room are referred to guidance clinics 
for special study and diagnosis. On the 
basis of their findings these clinics 
make suggestions as to the steps to be 
taken that are most likely to lead to im- 
provement. 

A number of mathematics tc^xtbooks 
contain well-constructed test exercises 
for the guidance of learning, including 
inventory, t(\sts, readiness tests, diag- 


nostic tests, and progress tests. These 
materials are invaluable supplements 
to a standard testing program. 

INDIVIDUAL AND 
TRAIT DIFFERENCES 

Range of Individual differences 

Perhaps the most important fact that 
has been revealed by educational ine'as- 
ureinenl, as far as instruction in mathe- 
matics is concerned, is the wide range 
in achievement and intelligence levels 
in any typical class in our schools. 
Equally significant are the differences 
in results from school to school. There 
apparently is an increase in variability 
in both achievement and intelligence 
from grade to grade and age by age. 
Cook‘ showed that the range in arith- 
metical computation and reasoning is 
l)etween six and seven \ears on the 
grade 6 level. This range is somewhat 
less than the range for other currii u- 
lum areas, such as reading. 

The data in Table 22.1 illustrate the 
differences in achievement levels in 
typical classes in arithmetic. They show 
the variations in the scores on tests in 
arithmetic and reading in the 1957 edi- 
tion . • the California Arithmetic Test 
of the f children in grade 5.1 in a small 
eastern city. The medians for the group 
in ciiithmetic were practically equiva- 
lent to the test standards. In reading, 
the median, grade 5.7, was approxi- 
mately ^ix months above the norm. 
I lout er, tlu*re was a ver> wide range 
in ability in both arithmetic and read- 
ing. The range in ability in arithmetic 
reasoning was from grade 3.0 to grade 
6.9, or approximately 4 \'ears, for arith- 

‘W. W. OooV, Educational Measurement (Wash- 
iiij^ton, 1)(^; Anifiicaii Coiintil on Education, 
la.'il). j)p. 10-12. 
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PROVIDING FOR INDIVIDUAL DIFFERENCES 


TABLE 22.1 

Variability in Arithmetic and Reading Ability in Grade 5.1 
in a Small School System (73 Cases) 


Grade 

Level 

Arithmetic 

Reasoning 

Arithmetic 

Fundamentals 

Total 

Arithmetic 

Read inti 

8.0 and up 

- 

- 

- 

1 

7.5-7.9 

- 

- 

- 

2 

7.0-7.4 

- 

- 

- 

2 

6.5-6.9 

2 

— 

- 

9 

6.0-6.4 

11 

1 

- 

11 

5.5-5.9 

13 

11 

15 

7 

5.0-5.4 

16 

29 

29 

18 

4.5-4.9 

21 

19 

21 

13 

4.0-4.4 

8 

10 

6 

6 

3.5-3.9 

0 

3 

2 

1 

3.0-3.4 

2 

0 

0 

3 

Medians 

5.3 

5.1 

5.1 

5.7 


nietic funclaincMitals from grade 3.5 to 
grade 6.4, or 3 >ears, and for total arith- 
metic from grade 3.5 to grade 5.9, or 
2.4 years. In reading, the range was still 
greater, from the 3.0 grade level to 
above the grade 8.0 level. 

Trait differences 

When the results of general achieve- 
ment tests in reasoning and fundamen- 


tals are broken down into scores on 
tests of more specific items or traits, 
the range in the abilitv of the children 
in each trait is also vc*r>’ wide. The* data 
in Table 22.2 illustrate this point. The 
data are for 100 children in grade' 6.1 
with IQ’s from 90 to 1 10, selected at 
random from the whole country. Haw 
scores and grade scores are given for 
seven traits and for general ability in 


TABLE 22.2 

Variability in Scores on Sections of the California Arithmetic Achievement Test 
of 100 Children in Grade 6.1 with IQ’s Ranging from 90 to 110 




Raw Scores 



Grade Sf'ores 


1. Reasoning 

LOWEST 

HIGHEST 

MEAN 

LOWEST 

HIGHEST 

MEAN 

A. Meanings 

2 

13 

8.6 

2.7 

8.0 + 

5.7 

B. Signs and Symbols 

5 

14 

11.8 

3.4 

7.4 

6.2 

C. Problems 

1 

12 

7.0 

2.6 

8.0 -h 

5.4 

Totals on A, B, C 

II. Fundamentals 

16 

35 

27.4 

3.9 

7.7 

5.9 

D. Addition 

4 

15 

10.0 

3.6 

8.4 

6.0 

E. Subtraction 

1 

15 

9.6 

2.4 

8.0-h 

5.9 

F. Multiplication 

3 

15 

7.5 

4.5 

8.0 + 

5.8 

G. Division 

3 

15 

8.7 

4.4 

7.9 

6.1 

Totals on D, E, F, G 

21 

52 

35.7 

4.8 

7.4 

6.0 
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arithmetic reasoning and fundamentals. 
For example, the range on test A is from 
grade 2.7 to grade 8.0 +, on problems 
from grade 2.6 to grade 8.0 +, and in 
subtraction from grade 2.4 to grade 
8.0+. The ranges on tests of single 
traits are wider than for general abili- 
ties included under totals. 

Providing for individual differences 

There is no one plan of classroom oi- 
ganization that solves the problem of 
individual differences in teaching math- 
emati(!S. What the teac her does and the 
procedures that are used determine' the 
♦^success of any plan of organization for 
the teaching of elementary mathematics. 
Six of the most widely used plans are 
the following-: 

1. Ability grouping: A plan whereby 

the cliildren of a given grade are di- 
vided two or more sections and 

then placed ir different classrooms on 
the basis of mc'iital age and 

2. Completelv individmilized instruc - 
tion: A plan wherebv each pupil pro- 
ceeds at his own rate from one type to 
another. 'Hiis plan is best known as the 
W'innetka (Illinois) Plan, where the 
program is being effectively applied to 
tile learning of the number operations. 
This part of the program is paralleled 
by the study as a c lass of applications 
of mathematics. 

3. A combination of the whole class 
plan and the small achic'vemcnt group- 

“Ki.iiufs t'loiirnox .md Mfni\ J. Otio, "l\p«‘s 
of Class Organization Idi Mfoting Individual Hil- 
lortMic’os," hulii idua! Dilftn'cnccs iit 

Aritiunctic, Publication \o 11 ol tlic* Biiumu ol 
Laborator> Sc hools (Austin. Tt \.. Tlif lbii\c isit> 
ofTt'xas, 1950), pp. 12-19. 

•*(»rant C. Pinm*>, “(irouping of ArPbnu'tic- 
Ahili(\ — An FAporiincnl in tin* Traclinig of . di- 
niotic,” The Arilhmetu Tearhcr, March I9(il, 
«:12()-123. Cforgc McMt-on, •Diftcrentiating 
Arithnu'tif Instriic'tion lor X’arions Lc'vcds of 
Ac‘liic‘vc*infnt.’‘ The Arilhmetie Teacher, April 
1959, 6:113-120. 


ing: This plan preserves the uniform 
forward movement of the class as a 
whole. The successive topics are intro- 
duced to the whole class at the same 
time, but intraclass groups are used to 
differentiate the methods, materials, 
and aspects of the topics that are pre- 
sented. Siip])lemcntary materials are 
used for practice and to provide enrich- 
ment activities. The whole class stays 
with a topic until all of the children Can 
undertake a new topic. 

4. Splitting a class into two achieve- 
ment groups for instructional purposes: 
The basis of the division is general per- 
formance on standard tests. Ordinarily 
the better half of the class is in one sec- 
tion, the lower half in the other. Teach- 
ers believe that this plan makes it pos- 
sible for instruction to be better adapted 
to individual differences. 

5. Division of the class into three 
groups early in the year: Undei this plan 
the three groups progress at different 
lates. The groups are divided early in 
the > ear on the basis of general mathe- 
matics achievement and instructional 
needs. Each such grou]) starts with the 
topics and level of difficulty at which 
the teacher believes it can experience 
reasonable success. The teacher must 
plai' parate preg 'ams for each group 
in ac* xlancc' with readiness and the 
capacity to move forward. 

6 Helping individual pujnls in a 
class as they move through a uniformly 
paced program: The chief problem the 
teacher faces is to provide for individual 
differr-iccs 1)>' making special efforts to 
give individual helj) to slow learners 
and to provide some enrichment for 
the fast learners.^ 

'll. II. L(‘r 1» .iiul V. J. Kell>, “A MutliviiiiiUts 
IVograiii for .Slow I.caniois at the junior High 
Sfliool l.r\t’I, ’ The Arithmetic Teacher, March 
1966, 13:232-236, Ranuui V. Ro.ss. “Diagno.si.s 
aiv! (Correction of .Arithinctic Undcrachievenient,” 
The Arithmetic Teacher, Janiiar\ 1961, 10:22-27. 
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School resources for pupils 
with special needs 

The bulletin School Resources for 
Pupils with Special Needs of the Los 
Angeles school system analyzes the re- 
sources that are provided for this pur- 
pose by one of our largest cities. The 
following are the headings under which 
the various services are discussed. They 
show the wide variety of provisions a 
growing American community has found 
it necessary to make. 

1. Adjustment within schools for pu- 
pils with academic or behavior problems 

2. Provisions for intellectually gifted 
pupils 

3. Ser\ices for pupils needing special 
help in reading 

4. SerN'ices for mentally rctard(‘d pu- 
pils 

5. Services for pupils with speech and 
hearing disorders 

6. Services for aphasic pupils (com- 
munication disorders) 

7. Services for pupils who arc socially 
maladjusted 

8. Services lor pupils who are emo- 
tionally disturbed 

9. Services for pupils who are educa- 
tionally handicapped 

10. Ser\'ices for pupils with home or 
community centered problems 

11. Services for pupils with postural 
defects 

12. Services for visually impaired pu- 
pils 

13. Services for pupils with auditory 
impairment 

14. Services for physicallv handi- 
capped pupils 

15. Special programs. 

Under the la.st heading are listed a 
number of educational programs that 
are being offered in designated schools 
under state or federal auspices on an 
experimental basis to meet the con- 
stantl> expanding needs of individual 
pupils, such as extended day programs, 
preschool classes, and Saturday classes. 


PROVIDING FOR INDIVIDUAL DIFFERENCES 

Sources of difficulty 
in learning mathematics 

Collier, as an outgrowth of an exten- 
sive investigation dealing with causes 
of difficulties in arithmetic, lists the 
following possible blocks to mathemati- 
cal understanding and reasoning ability: 

1. Kmphasis on memorization and drill 
at the expense of understanding and 
thinking 

2. Not enough concrete ('xperiences in 
situations to help the learner to develo]) 
meaningful concepts 

3. * Poor understanding on the part of 
teachers, resulting in poor instriu'tion 

4. Fear and dislike of arithmetic. How 
much the teachers’ attitude toward a sub- 
ject area affects the learners’ attitude ‘Sve 
really don’t know” 

5. Children not physic’ally, mentally, 
or emotionally ready 

6. Lack of understanding of important 
mathematical terms 

7. Pupils see little reason for learning 
arithmetic 

8. Bad reputation of arithnu*tic.‘' 

Collier suggests that more experi- 
ences taken from everyday life should 
be utilized in the classroom. Arithmetic 
will be a more enjoyable expcnience 
and understanding will be facilitaU'd, 
he believes, if the teacher will take ad- 
vantage of more and better instructional 
aids, and he stresses the imi)ortance of 
helping every child experience early 
and continuing success in mathematics. 

LEVELS OF DIAGNOSIS 

We shall di.scuss three levels of diag- 
nosis that may be identified as (1) gen- 
eral diagnosis, (2) analytical or diff(‘r- 
ential diagnosis, and (3) case study 
procedures used in the study of indi- 
vidual children. 

•'•Calhoun It. Collier, “Blocks to Arithmetical 
Uiiderstaiiding,” The Aritlimeth Teacher, No- 
vember 1959, 8:282-268. 
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General diagnosis 

By general diagnosis is meant the 
systematic use of comprehensive sur- 
vey tests and other types of general 
evaluation ])rocedures, such as those 
discussed in Chapter 21. The data thus 
secured give the teacher and the staff of 
the school information about the gen- 
eral level of pui)il performance on as- 
pects of mathematics that are needed 
in a well-managed school system. These 
data together with information about 
the school history of the learners, their 
characteristics and behavior, their so- 
cial background, and similar data taken 
^ from available school and social rec*- 
ords are ol valiu' in surveying condi- 
tions that may affect the growth and 
(•(Uidition the development of children. 

Analytical diagnosis 

B> all clytical di;e;nosis is meant the 
use of systematic i)roccdurcs for identi- 
fying specific weaknesses in mathe- 
matics and related curriculum areas for 
the group as a whole or for some partic- 
ular individual.'* 

Case study procedures 

By case study procedures is meant 
tlu‘ application of diagnostic techniques 
that will (Miable the t('acher to study in 
detail the ])erformance or achievement 
of an individual pupil who has an evi- 
dent learning difficulty. These studies 
are used to determine, as specifically 
as possible, tht‘ nature and seriousness 
of tbe difficulty and the underlying 
causes. As will be shown, a number of 
case stud> i^rocedures that have been 
developed in educational and i)s\clio- 
logical clinics can readih’ be ada pted 
and ap))lied by classroom tt^achers. 

“c:. I. Chase, *‘lM)nnal AnaUsis as a DiaKnoslii’ 
T(»ehni(nu* in AiitlniU’lic-,’’ Elcmcntarij Scfuufl 
Journal, Kelmian 19hl. (SI :282-28(S. 


Place of each level of diagnosis 

The three levels of diagnosis can be 
illustrated by a brief statement of meth- 
ods that were used to identify and diag- 
nose the nature of a specific mathemat- 
ics disability in the case of a grade 5 
boy. 

Level 1; general diagnosis On a 
general achievement test it was hinnd 
that Bob's scores were considerably 
below normal in mathematics computa- 
tion and reasoning. His scores in read- 
ing were high and his IQ was 110, as 
measured by an individual test. The 
general diagnosis was that Bob had dif- 
ficulty in mathematics, but more infor- 
mation was needed to determine the 
nature of his handicap. 

Level 2: analytical diagnosis The 
results of an analytical test that included 
separate tests of each of the number 
operations, understanding of number, 
and problem solving showed that Bob’s 
scores in addition, subtraction, and mul- 
ti])lication of whole numbers, under- 
standings, and problem solving were 
satisfactory, but that his score in divi- 
sion of whole numbers was (jiiite low. 
Thu" ' specific aiea of difficulty was 
ident ‘d. The t(‘st scones themselves 
did not indicate definitely what was 
wn ’ig with his work in division, nor 
did tlie\' r(‘veal Bob’s personal reactions 
to his difficulties. More specific and de- 
tailed information was also needed to 
determine what modifications of in- 
structional procedures would have to 
be made to deal with Bob’s learning 
difficulty. 

Level 3: case study procedures A 
thorough individual diagnostic study 
was made of Bob’s work in division to 
determine where corrective work should 
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l)egin. First, his knowledge of the basic 
facts in subtraction and division was 
tested both orally and in written form. 
His responses were rather slow. There 
also were numerous instances of count- 
ing, guessing, and omissions of answers, 
especially for the more difficult division 
facts. To determine the types of divi- 
sion examples that were c‘ausing him 
difficulty, he was asked to work a set of 
examples that represented the entire 
process of division. He was asked to 
work aloud certain e.\am])les in the test 
that contained errors not easilx deter- 
mined by inspection so that incorrc^ct 
thought processes would be identified. 
He was also asked questions to test his 
understanding of the operation ol divi- 
sion, his methods of estimating quo- 
tients, his attitude toward mathematics, 
and similar matters as the situation re- 
quired. A\’ailablc school records were 
also examined to check the results of 
this study, including his school history, 
the results of vision and hearing tests, 
his interests, and his social background. 
On the basis of this information his spe- 
cific difficulties were identified and an 
improvement program was planned. 

Using the findings 
of diagnostic study 

On die basis of the findings of a diag- 
nostic .tudv, the teacher must decide 
what modifications in instructional pro- 
cedures are necessarx . If a case presents 
complexities more difficult than those 
indicated in Bob’s case, the teacher 
should refer the case to a speciali.st, if 
available. This would be especially true 
if difficulties in reading seem to be in- 
volved. 

Types of cases 

As has been demonstrated, there is 
wide variation in mathematical ability 
in the typical class. When the results 
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for individual children are examined, 
the following tyjies of cases emerge. 

Normal or above progress The 
achievements of these children are in 
line with what children of their ability 
and level of development ordinarily 
achieve, in some cases considerably 
above. For these children the regular 
program is satisfactory, although it is 
desirable to strengthen and enrich the 
program to secure even better results, 
especially for the more able learners. 

Simple retardation These children 
are performing at a level somewhat be- 
low what may be expected of them, l)ut 
there is no apparent disability requir- 
ing special treatment. They often lack 
necessary experience and background, 
but under careful guidance tlieir work 
can be considt'rablx improved. Tran- 
sieiuy and long periods of illness an* 
often factors causing difficulty. 

Specific disability cases Th(*se chil- 
dren have spt*cific w(*ak]u*sst*s that in- 
terfere with successful growth. For ex- 
ample, lack of progress in subtraction 
of whole numbers may be due to lack of 
knowledge of nuinx’ of the basic facts or 
lack of understanding of the process of 
regrouping. This deficiency contribut(*s 
to lack of success iti work in division by 
two-place numbers because of errors in 
subtraction that lead to incorr(‘ct an- 
swers. This specific difficulty can be 
detected by suitable diagnostic proce- 
dures and correct(*d by reteaching the 
process as may be necessary. Both diag- 
nosis and treatment can usually be un- 
dertaken by the classroom teacher. 

Complex disability cases These chil- 
dren for a variety of reasons have made 
little progress in mathematics. Fre- 
quently they have acquired a dislike 
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for the work because of inability to 
learn. ^ Sometimes because of lack of 
interest they make no effort to master 
the facts and skills involved. They may 
fear the subject and become emotion- 
ally upset when workin^^ on it. Often 
they do not understand the work, and 
for a variety of reasons they have seri- 
ous deficiencies in underlying skills, 
such as a reading disability that inter- 
feres with ability to solve verbal prob- 
lems. Often they are normal or above 
in mental ability. These cases present 
such serious problems that the scn’vices 
ol specialists are necessary to make a 
diagnosis and to assist the teacher to 
l^tan a corrective program. Unless a de- 
pendable diagnosis is made, treatment 
cannot be effective. In cases of extreme 
mathematics disability, the problem is 
sometimes complicated by severe read- 
ing deficiencies. In such cases treat- 
ment on a clinRiil basjs may be iiecc^s- 
sar> . 

TECHNIQUES OF DIAGNOSIS 

We shall now discuss practical tech- 
niques that can be used b> the teacher 
to idcMitify and diagnose learning diffi- 
culties at each of these three levels. 

General diagnosis 

The rcvsults of standardizc^d tests are 
the- most efficient means of securing a 
measure of a pupil’s general level of 
achic'vemcnt. To b(‘ of greatest value 
the tests should be administered early 
in the school \ear. 

Where' standardiz'd achicwemniit 
tests are not available, tc'ac hers should 
administer earlv in tlie sear informal 
inventory tests of the work done • 
previous grade's, such as art' available 
in some mathi'inatics tt'xtbooks, or tests 

’Set* CollitM-. “HUuks \ntlinu*tic.il Lmlci- 
.staiicliiig.*’ 


that they themselves prepare. The in- 
ventory test may be so constructed that 
a cjiiick analysis of the total scores and 
of those for each section of the test will 
not only afford a fairly satisfactory meas- 
ure of the individual pupil’s general 
level of ability but also indicate to both 
teacher and pupil the processes in 
which the pupil is strong and those in 
which carefully planned review, even 
reteaching, may l)e necessary. 

Graded series of progress tests in 
processes and problem solving that can 
be administered at regular intervals 
during the year are also available in 
some textbooks, usually at the ends of 
chapters, or are pnblish(?d in separate 
pamphlets. Such tests serve as an ex- 
cellent motivating device. 

Analytical diagnosis 

Perhaps the first step in making a 
diagnosis ol difficulty in some area of 
work with whole numbers in which a 
deficienc> appears to exist is to deter- 
mine' how well the children know the 
basic number facts. Two easily applied 
procedures may be used. 

Answer- strip method The teacher 
shoiild first prepare a list of 25 of the 
basic uii her facts «)u some operatic^n, 
for c'xani, c, additic^ii. The facts should 
be arranged at random. Each child 
should then receive a blank slip c^f pa- 
per, number 25 lines on the paper, and 
then write the answers as the teacher 
dictates the facts. The rate of dictation 
should bv adjusted to the maturit\ level 
of the children. Three or four seconds 
per fact is satisfactory for grade 4. The 
children should be told to leave a space 
blank if the\ do not recall an answer in 
the time allowed. This procedure re- 
duces the likelihood of counting and 
rouiulabout procedures in arriving at 
answers. The teacher can dictate the 
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answers while the children score the 
papers. A copy of the test paper with 
answers should then be distributed. 
Each child thus discovers the facts on 
which he should do special work. The 
teacher should examine the papers of 
children with a number of errors to de- 
termine the extent to which guessing 
has been applied. 

Controlled dictation method The 
teacher should prepare a set of number 
tacts to be tested. The groupings should 
then be duplicated on slips of paper. 
Each child should receive a copy. The 
teacher should then read the facts on 
the test paper one at a time at the rate 
of a fact every 4 seconds. The pupils 
should be required to write the answers 
at the rate at which the facts are read. 
Omissions will indicate that the an- 
swers are not known or cannot be re- 
called within the time allowed. Incor- 
rect answers often indicate guessing. 
The teacher can dictate the answers as 
the pupils check their papers. The test 
paper thus becomes the pupiTs record 
of the facts not answered correctly or 
for which answers were omitted. 

Factors in evaluating ability 
in mathematics 

In estimating ability in mathematics, 
the teacher should consider at least six 
characteristics of performance: (1) rate 
of response, (2) accuracy, (3) altitude or 
level of development, (4) quality of 
work, (5) area of experience or range of 
ability, and (6) methods of thinking and 
performance. 

Rate of response The pupil’s rate 
of work is a valuable index of skill and 
control of a particular function, such as 
knowledge of addition facts. A slow rate- 
of response is often symptomatic of 
learning difficulty. The rate at which a 
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pupil can give answers to number facts 
can be measured by testing how many 
answers the pupil can write in a given 
time, such as a minute. 

Accuracy The greater the propor- 
tion or the number of correct answers, 
the higher is the level of performance. 
Thiele has suggested the following 
standards of accuracy for average chil- 
dren in grades 4-6 for the facts in the 
four processes when only the answers 
are written on a test paper containing 
the facts.** If a child cannot write all of 
the answers correctly on a test paper 
containing 20 addition facts in 1 minute, 
his performance is not satisfactory. 


Grade 

Addi- 

tion 

Sub- 

traction 

Multi- 
1 plication 

Divi- 

sion 

4 

20 

20 

20 

15 

5 

25 

25 

25 

20 

6 

30 

30 

25 

25 


Altitude and level of development 
The altitude of ability is measured by 
the degree of difficulty of the tasks a 
pupil can perform successfully. The 
more difficult the tasks a pupil can per- 
form, the higher is his altitude of ability 
and his level of development. Most 
standard achievement tests measure 
altitude. Levels are expressed in age 
and grade standards. 

Quality The quality of general merit 
of ability can be appraised by observ- 
ing the “smoothness” of a child’s per- 
formance in working a set of examples 
or by evaluating a concrete product of 
his work, such as a graph, scrapbook, re- 
port, written work, and the like. Stand- 

"Exact Science Department, Board of Educa- 
tion, Detroit, Michigan, File No. 5499, p. 4. 
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ards for evaluating materials of this 
kind should take into consideration 
such items as: 

1. The authenticity of the facts or 
representations 

2. The arrangement and organiza- 
tion of materials 

3. The care and neatness of mate- 
rials 

4. Evidences of originality and re- 
sourcefulness 

5. Richness and variety of content. 

Learners should participate in set- 
ting up standards for evaluating quality 
of work. 

Area of experience or range of ability 
In appraising the area or range of abil- 
ity, it is necessary to determine the 
breadth of an individual’s learning at 
each general level of difficulty and the 
extent to which he has mastered all of 
the ^‘ssential abilities in some basic 
process such as division by two-place 
numbers. A general test in mathematics 
does not supply adequate information 
on the basis of which to evaluate the 
many specific mathematics abilities; 
their status must be determined by 
measurements of each specific ability. 
At the same time, consideration should 
be given to such outcomes of learning 
and instruction as interests, attitudes, 
apineciations, and insights related to 
mathematics. 

Methods of work In evaluating any 
performance, an important factor is the 
merit of the methods of work and the 
efficiency of the thought processes the 
learner employs. A pupil’s achievement 
is often lower than it should be because 
of the inefficiency of his work habits 
and methods of stud>-. The existence of 
faulty methods of work are to be sus- 
pected when a pupil’s performance is 
slow and clearly inferior to what can 


be expected of a pupil of his mental 
ability. Faulty methods of work can 
often be discovered by observing his 
behavior while he is performing some 
task, such as taking a test. For example, 
a pupil may be able to write the correct 
answers on a test of the addition facts, 
but observation may show that he uses 
a variety of methods of counting to find 
the sums, such as counting with his 
fingers, tongue, feet, pencil, and so on. 
An interview with the learner may re- 
veal that he does not have an effective, 
systematic plan of studying the num- 
ber facts he does not know. 

Standardized analytical tests 

When the purpose of diagnosis is to 
determine with greater exactness the 
specific phases or element of some proc- 
ess in which a weakness or deficiency 
exists, diagnostic tests of an analytical 
type should be used. For example, to 
locate weak spots in division of whole 
nunibers by the standard algorism meth- 
od, the following elements derived from 
an analysis of the steps in working the 
example shown in (4) should be tested: 

1. Knowledge of the even and un- 
even division facts, as 2)19. 

2. Ability to divide by one-place 
numbers as an indication of knowledge 
of the steps in the division process it- 
self. 

3. Ability to estimate quotient fig- 
ures correctly, first those types in which 
the estimated quotient is the true quo- 
tient, as in 21)193; then those in which 
the estimated quotient must be cor- 
rected, as in 27)195. 

4. Al)ility to multii)ly, as 

in finding 7 X 27 in the ex- 271155 

ample. 189 

5. Ability to subtract to 6 

find the remainder, if any. 

A comprehensive series of analytical 
diagnostic tests in operations with 
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whole numbers, fractions, decimals, 
and per cents is available.** The series 
includes the following tests: 

1. Tests of the basic facts (5 tests) 

2. Tests in the four operations with 
whole numbers (5 tests) 

3. Tests in common fractions (7 tests) 

4. Tests in decimal fractions (4 tests) 

5. Test in per cent (6 st^ctions) 

6. Test in operations with measures 
(5 sections) 

Each diagnostic test has cross-refer- 
ences to self-helps, which appear on 
the back page of each test, to be used 
for any necessary corrective work. This 
combination of diagnostic tests and sell- 
helps provides the essential elements of 
an effective improvement program in 
mathematical operations. The fact that 
both the means of diagnosing a specific 
deficiency and the kind of corrective 
measure to apply to that deficiency are 
given make these materials valuable for 
the classroom teacher. 

Developmental diagnostic tests 

Analytical diagnostic tests that are 
closely integrated in the developmental 
program should api)ear at the end of 
each new unit of subject matter. These 
appear in some mod<:rn mathematics 
textbooks. Such tests should be admin- 
istered at regular intervals in order that 
weak spots in the new work may be 
diagnosed and promptly corrected. The 
steps in developing such diagnostic 
tests are as follows: 

1. There should be a breakdown of 
a major unit, such as addition of frac- 
tions, into a series of subunits. For ex- 
ample, a complete series of four devel- 

“A se*ries of spec'ific diagnostic tests de'veloped' 
by L. J. Bmcckncr is published b>' the (^aliforni^i 
Test Bureau, Los Angeles, California (19.5.5). 
Sample sets of the tests can be sc*eured »Vn!n the 
publisher at a nominal cost. 


opmental diagnostic tests in that proc- 
ess should be based on the following 
subunits: 

Siihunit I. Addition of fractions hav- 
ing like denominators — no regrouping 
in the sum, as in j of 3-j + 2-^ 
Subunit II. Same as in (I), with re- 
grouping in the sum, as in ^ “h ij" or 4-j[- 

Sulninil III. Addition of fractions 
having unlike but related denominators, 
as in :|- + 4 or 34 + 4-^ 

Subunit IV. Addition of fractions 
having unlike and unrelated denomina- 
tors, as in 4 “I" If 24 + 3if 

2. Next should be listed a series of 
the specific types of examples in order 
of increasing complexity for each siib- 
iir.it. The step-by-step development of 
types for subunit (1) are as follows: 

a. i Sum not renamed or regrouped 

~t~ ~J 

b \ Sum renamed or regrouped 

Jll 

c. Mixed numbers involving (a) 

+ 2g 

d. 3i Mixed numbers involving (b) 

4-3^ 

e. 4^ Addition of a whole number 

-H 2 and a mixed number 

3. In a developmental diagnostic test 
there should be no less than three ex- 
amples of each type to insure a reliable 
diagnosis. A suitable diagnostic test for 
subunit (I) is given below. 

Diagnostic Test in Addition of Fractional 
Numbers Having Like Denominators 

B C 

J. 2 

0 S 

8 B 
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3. 45 si 6i 4. 2t 3j 5-; 
2i 4i 7-i 4 ; 47 4i 



4. l)evelo])mental diagnostic* tests 
should be keyed to suitable learning 
aids in a textbook or workbook and to 
speeial helps on difficult spots. The 
teacher may wish to prepare more de- 
tailed supplementary materials. 

Similar developmental diagnostic 
tests for all operations with whole num- 
bers, fractions, and deeiniiils are inval- 
uable aids in teaching, particularly be- 
cause they assist the pupil as well as 
the teacher to determine the progress 
that is being made and the points where 
further study may be necessary. When 
these tests are not included in the text- 
book in nse, the teacher can quite easily 
develop them by following the plan de- 
scribed abovt*. 

An analysis of the results 

A developmental diagnostic test will 
enable the teacher to locate the sources 
of pupil difficulty in a number opera- 
tion. A more penetrating approach to 
diagnosis is needed to discover the na- 
ture and causes of the learning diffi- 
culty. Answers to such questions as the 
following ought to be sought by the 
teacher: 

1. How adefiuate is the piipiTs grasp 
of meaning and understanding of the 
basic procedures? 

2. What are his attitudes toward 
mathematics? How aggressive is his 
attack on the learning of mathematics? 

3. At what level of thinking is the 
])upil attempting to operate? Is the level 
of his maturity of operation appropriate 
to his mental ability, power of concen- 
tration, and depth of perception? 


4. To what extent does the pupil re- 
gard the computational procedures as 
purely mechanical skills to be mas- 
tered? Is he able to apply them effec- 
tively in quantitative thinking? 

5. Is he dependent on rigid step-by- 
ste]) procedures with pAper and pencil 
in making computations? Or is he able 
to perform some (Operations mentally 
and also to use short-cut proceclures 
when the numbers have proix^rties that 
suggest them? 

6. What are the limits That the pupil 
can be expected to reach hi computa- 
tional skills? What standards of rate and 
accuracy should be set up for him as 
goals to be achieved? 

The diagnostic testing techniques. de- 
scribed in the ])receding sections 'will 
help teacher and pupil to locate specific 
areas of weakness. More penetrating 
procedures must be used by the teacher 
to determine the exact nature of a tem- 
porary difficulty or one of long standing, 
and if possible, the causes of unsatis- 
factory peuforinance so that the proper 
corrective treatment ma\ be applied. 

Illustrations of faulty methods 
of work 

Because they do not know the basic 
i»umber facts or because the> do not 
Jjuh'rstand the operations involved in 
working examples, children often de- 
vise roundabout, inefficient methods 
that are uneconomical and wasteful. 
These methods ma> work with small 
numbers but they are too difficult to 
use with larger numbtus. Several illus- 
trations of fault\ methods of work 
follow: 

Case A A grade 4 boy re- 
ported as failing in mathe- 
matics found the answer to ~ — 
the subtraction example at 
the right by counting back from 81 to 
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37 by ones. He had devised a way of 
keeping a mental record as he counted. 
He used this method in all cases when 
regrouping was required. When asked 
to subtract two larger three-place num- 
bers, he balked and refused to attem])t 
to find the answer. 

Case B A grade 4 girl 
persistently worked subtrac- 
tion examples in which re- — ^ 
grouping was necessary by 
subtracting the lesser number of ones 
named in the sum from the greater num- 
ber of ones named in the known ad- 
dend. This seemed to her to be a proce- 
dure logically correct. 

Case C A grade 6 boy 
added before multiplying. 

Thus he found 8x4 = 32; 
he named 2 in ones place 
and added the 3 tens to the 6 tens; then 
he found 8x9= 72. This is a case of 
transfer from regrouping in addition. 

Case D This pupil does 6 7r5 
not understand the role of 0 
as a place holder, as is shown — jy 
in the incorrect work in the 42 
division example. 5 

Case E A grade 4 boy, IQ 118, 1.4 
years below grade in mathematics, had 
devised many ingenious but awkward 
methods of finding ansv ers to prob- 
lems, as illustrated by the following: 

He was asked to read the problem 
below and to give the answer: 

If 2 loaves of bread cost 42 cents, how 
much does 1 loaf cost? Quick as a flash 
he said, “21 cents.” When asked, “How 
did you find the answer?” he rci»lied, 
“Well, 20 and 20 are 40, and 1 and 1 are • 
2, so 21.” 

The example 2)42 was written on the 
chalkboard, but he crould not work it. 


Other similar cases could be de- 
scribed, but these five suggest the na- 
ture of faulty work in mathematics that 
can be diagnosed by suitable methods. 
The first four are specific disability 
cases, while the fifth is a complex dis- 
ability case who had difficulties with 
all phases of arithmetic operations.*® 

Significance of variabie and 
persistent faulty responses 

When pupil responses are random, 
erratic, and inconsistent, the teacher 
should realize that a lack of basic under- 
standing and often indifference are in- 
dicated. The need of reteaching is 
apparent. When there is evidence of 
consistency in faulty reactions, there is 
evidence tliat learning actually has oc- 
curred but that steps must be taken to 
establish basic understandings and to 
correct thinking patterns. 

The underlying sources of difficulty 
undoubtedly are lack of conii)rehension 
of the ideas that are the basis of under- 
standing and failure to master number 
facts and computational skills and tech- 
niques. 

Illustrations of case study proce- 
dures Case study procedures are clin- 
ical in nature and are most suitably 
applied in the study of the work of in- 
dividual pupils or groups of pupils who 
have difficulty in the same area. How- 
ever, procedures such as those listed 
above may also be applied informally 
by the teacher whenever it becomes 
necessary in the course of regular in- 
struction to identify and remedy a dif- 
ficulty that may prevent satisfactory 

“’Similar lists of the most common faults in 
operations with fractions and decimals may be 
Ion lid in I^. J. Brucckncr and (J. L. Bond, 
nosis and Treatment of Learninfi Difficulties 
(New York: Appleton-Centiiry-Crofts, 1955), 
Chap. 8. 
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mastery of some particular step in the 
development of an instructional unit. 
Diagnostic procedures should always 
be applied when work in drill exercises 
is inaccurate or slow or when little 
progress is being made. 

Illustrations of the methods of apply- 
ing to mathematics diagnosis the vari- 
ous techniques that can be used to de- 
termine shortcomings of various kinds 
are listed below. First are given the 
types of informal procedures that any 
teacher can use. At the end of the list 
are mentioned standardized tests es- 
pecially constructed for clinical pur- 
poses whose administration requires 
special training. 

1. Analysis of written work to dis- 
cover faulty responses, such as: 

a. Numerals written incorrectly, as 
reversal in the primary grades 

b. Types of examples worked incor- 
rect.'.' 

c. Nature of computational errors 
made in tests and in regular daily writ- 
ten work; zero difficulties 

2. Analysis of oral statements 

a. Faulty' thought processes are re- 
vealed by having the pupil “state aloud^ 
his steps in working difficult examples 
or problems 

b. Heading difficulties are revealed 
when the pupil reads the problem aloud 

c. Having the pupil tell how he 
would solve a problem reveals faulty 
thinking 

3. Personal interview to secure in- 
formation by asking the pupil 

a. His thought processes in working 
an example 

b. To test his understanding of a 
number operation 

c. About methods of sol vim]; a ])rob- 
lem 

d. About interests, attitudes, and 
methods of work 

4. Questionnaires and inquiry blanks 


a. Securing interest ratings of topics 
in mathematics 

b. Reports from classmates, parents, 
and teachers 

c. Study habits and methods of work 

5. Observation in the course of daily 
work 

a. Evidence of the use of counting 
and other inefficient methods of work 

b. Rate of work 

c. Study habits; use of reference 
books 

d. Factors affecting performance, 
such as health, vision 

e. Methods of using some measur- 
ing device 

6. Analysis of available records 

a. Anecdotal records 

b. School cumulative records 

7. Administration of diagnostic tests 
given in textbooks or workbooks or pre- 
pared by the teacher. 

Steps to be followed in case studies 
The steps to be followed in making 
case studies are as follows: 

1. Administer an informal survey test 
containing a graded series of examples 
in the operations being studied to locate 
areas of deficiencx and to determine 
the piipiPs level of development. 

2. Administer a i)roperly constructed 
♦ lalytical diagnostic test in each opera- 
tion in which the screening tests indi- 
cate a real deficiencx . 

3. When the work in these tests re- 
xeals xveak spots, apply the folloxving 
casc^ studx i>rocedures to discover the 
underlying difficulties: 

a. Examine the xvritten work in the 
test to determine faults, errors, incor- 
rect procedures, poor form, etc. 

b. Have the pupil work the incorrect 
examples again on another paper to 
see if the fault persists. Observe also 
his methods of work, his attitudes, and 
symptomatic behavior. 
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c. In case of doubt as to the thought 
processes used, have the pupil do the 
work aloud and observe his thought 
processes. Record illustrations of his 
procedures. 

d. In case of doubt, ask the pupil 
questions to get at subtle, hidden dif- 
ficulties that he may not be able to ex- 
press orally, also to test his understand- 
ing of a step. 

e. If you identify an apparent weak- 
ness in an underlying operation, « for 
example, in the subtraction involved 
in division, administer a diagnostic test 
in subtraction to see how serious the 
difficulty is." 

4. Repeat the al)ove steps for any or 
all operations in which the pupil has 
difficulty. 

THE TREATMENT 
OF LEARNING DIFFICULTIES 

Dealing with learning difficuities 

There usually is no single cause or 
condition that creates a learning diffi- 
culty. Tlie teacher's understanding of 
the case will be greatly broadened, 
however, if information is secured about 
possible physical and sensory defects, 
mental ability, ])ersonal and social ad- 
justment, interests, and motivation. 
Special consideration should also be 
given to environmental and instruc- 
tional lactors that may contribute to the 
difficulty. Transiency of population is 
an important social factor affecting the 
organization of instruction. 

The causes of learning difficulties 
are legion. The teacher who would cor- 
rect a learning difficulty in mathemat- 
ics should take the necessary steos to 
determine what is wrong with the k arn- 
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ing and what adjustments in instruction 
should be made rather than waste time 
looking for explanations in the child's 
personal and educational history. 

Because of lack of space it is not pos- 
sible to give here a detailed description 
of corrective measures the teacher can 
apply. A group of general principles 
may be presented, however, that may 
be regarded as basic in the manage- 
ment of an improvement program. 

1. Treatment should be based on a 
diagnosis and should be individualized. 

2. Secure the cooperation of the 
learner so that he will be likely to at- 
tack his problems aggressively and will- 
ingly. Explain to him the nature of his 
difficulty and its significance. Describe 
als^' the ^teps to be taken to bring about 
an improvement. 

3. Attack spe(‘ific deficiencies of the 
learner directly. Begin releaching at 
the point where there is likely to be 
success in the corrective work from the 
start so that the learner will take satis- 
faction in the progress he makes. Cove 
special attention to the treatment of 
reading disabilities. 

4. Take steps to correct any physic al, 
emotional, and (uivironmental factors 
that are likely to interfere with prog- 
ress. 

5. Proceed on a tentative basis in 
the correc tion of weaknesses and do not 
hesitate to modify the steps taken when 
progress is slow and uncertain. Make 
extensive use of explorator\’ materials 
and visual aids to make the work mean- 
ingful to the learner, especially those 
of low mental ability. 

6. Select instructional procedures 
and materials that are of demonstrated 
value* in making the operations mean- 
ingful for the learner. 

7. Integrate? the corrective and de- 
velopmental program so that the learner 


“Bnicckner and Bond, pp. 223-225. 
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will fed that he is not isolated and that 
he still is a member of the group. 

8. Take steps to assure the growth of 
all aspects of the learnc*r’s personality. 


1. What is a standard achievement test? 
What standard tests in arithmetic are 
administered in local schools? How do 
local classes compare with standards? 

2. What types of tests are included in the 
mathematics textbooks that are used 
locally? in other areas? 

3. Try to secure the test results of some 
class and analyze the results to deter- 
mine the range of Individual differences 
in achievement. How do the results 
compare with those given in Table 
22 . 1 ? 

4. Compare the performance of several 
children on achievement tests in several 
curriculum areas to find how their 
scores vary in the different traits tested. 
Are the profiles similar? Discuss some 
of the more interesting profiles. 

5. Why Is the range in test scores on the 
grade 5 level likely to be greater for 
reading than for mathematics? 

6. What is meant by general diagnosis? 
analytical diagnosis? case study pro- 
cedures? 

7. If possible, illustrate each of the four 
types of cases that are described on 
page 406. What conditions do you think 
may lead to what are defined as com- 


Brownell, W. A., Learning the Multiplication 
Combinations. Durham, N.C.: Duke Uni- 
versity Press, 1943. Chapters 4. 7, 8. 
and 9. 


Do not focus on the correction of de- 
ficiencies to such an extent that posi- 
tive values such as interests, attitudes, 
and appreciations are neglected. 


EXERCISES 

plex disability cases? Do you know of 
such a case? If so, describe»the child's 
behavior and his difficulties. 

8. Apply the two methods of testing knowl- 
edge of basic number facts that are de- 
scribed on page 407. Score the papers 
and report the findings to the class. 
Which method do you prefer? 

9. Show why the six characteristics of a 
performance given on page 408 should 
be considered in evaluating the work 
of a pupil. How can each characteristic 
be evaluated? 

10. What is a developmental diagnostic 
test? How should it be constructed? 

11. Examine available textbooks to see if 
they contain diagnostic tests of the 
developmental type discussed in this 
chapter. 

12. What diagnostic methods may be used 
by the teacher to determine the kinds 
of difficulties an individual pupil ex- 
periences in number operations? 

;. How can the teacher find time for the 
diagnosis and treatment of learning 
difficulties in mathematics? 

14. Explain the difference between evalu- 
ation and diagnosis. What is the role of 
standard tests In each? 
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MATHEMATICS 
FOR SLOW LEARNERS 


Children who rank in tlie lowest (iiuir- 
ter of the seliool population in intnital 
ability and achievement are steadily re- 
eeivinjj; more attention from educators, 
psyeholo^ists, and social agencies. Many 
of these pupils are low achievers in 
mathematic s. In recent years large sums 
of money have been spent by govern- 
ment agencies and private foundations 
to study methods of helping low achiev- 
ers not only to do better in school but 
to make a satisfactory social adjustment. 
Many pupils are problem learners be- 
cause of their limited rate and level of 
development. Such pupils often present 


»djustmenl problems because of the in- 

imerable failures and frustrating ex- 
periences they have encountered while 
growing up, particularly unsatisfying 
educational situations in the school. 
They also frequentlv become behavior 
problems because the majority of them 
are raised in slum areas where certain 
kinds of deviate behavior are often 
condoned. 

The composition of this group of slow 
learners is heterogeneous both educa- 
tionally and intellectuallv . They can be 
divided into three broad and rather dis- 
tinct groups, namely, the mentally de- 
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ficient, the mentally handicapped, and 
the slow learners. The first two groups 
constitute approximately 2-5 per cent 
of the total school population. In most 
communities special provisions are 
made for these children. Many of them 
are potentially educable to a limited 
degree and are capable of working in 
unskilled and semiskilled jobs. The re- 
mainder of the group, about 14-20 per 
cent, are the slow learners for whom 
the schools must develop more appro- 
priate educational programs and experi- 
ences, particularly in mathematics. Sta- 
tistics indicate that a large number of 
school dropouts are low achievers in 
mathematics and reading. 

The United States today needs the 
potential man power of all students, 
including the low achiever in mathe- 
matics. Low achievers, however, will 
not qualify for very many occupations 
unless they learn more mathematics 
than they are learning at the present 
time. It is believed that through a care- 
fully planned ])rogram the mathematical 
level of many slow learners can be de- 
veloped to the extent necessary for a 
salable skill. The low achiever should' 
obviously receive the mathematies in- 
struction necessary for a rich, cultural 
citizeii.ship. 

This chapter discusses the following 
topicM characteristics of slow learners; 
organizing the educational program for 
slow learners; curriculum adjustments 
for slow learners; instructional adjust- 
ments for slow learners; adjusting in- 
structional materials for slew learners; 
the treatment of learning deficiencies. 

CHARACTERISTICS 
OF SLOW LEARNERS 

The general characteristics of slow, 
learners in mathematics may be listed 
as follows: 
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1. Their IQ’s range from approxi- 
mately 75 to 90. 

2. Their rate of growth in mathemat- 
ics is considerably below that of the 
other children. 

3. They have a low functional read- 
ing ability. 

4. They cannot remember basic math- 
ematical concepts and principles. 

5. They can make only simple gen- 
eralizations about mathematical rela- 
tionships. 

6. They find it difficult to solve ver- 
bal problems. 

7. Often they lack interest in mathe- 
matics and develop blocks, tension, and 
faulty attitudes that make them ineffec- 
tive learners. 

^ Often they come from culturally 
and socially disadvantaged homes. 

In the average community where the 
school serves cliildren from all social 
and economic levels, a class of 30 un- 
selected children can be expecti»d to 
contain from 3 to 5 slow learners. In 
subcultural areas of large cities, how- 
ever, the picture is quite difft'rent. As 
many as half of the children in these 
schools, where the mean IQ is 80-85, 
can be designahMl as slow learners. 

'file slow learner begins at a slow rate 
the first year of school and continues to 
fall farther and farther behind as he 
grows older. Deviate and antisocial be- 
havior are often characteristic of the 
low achiever. Such a student often drops 
out of school long before graduation, 
thus severely limiting his mathematical 
background. A recent study indicates 
that 46 i)er cent of school dropouts have 
IQ’s of less than 90, while only 21 per 
cent of high school graduates have ig’s 
below this level.* 

*H. L. Voss, A. WfiidliiiK, und O. S. Klliott. 
“Sonu* Types of Fli^h School Dn)\H}\\ts” Jaunial 
of Eduvatiunal Research, April 1966, .'59:363-368. 
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ORGANIZING THE EDUCATIONAL 
PROGRAM FOR SLOW LEARNERS 

Slow learners are often retarded be- 
cause their pliysical and social environ- 
ment was deficient in their formative 
years. This problem has been recog- 
nized in many localities in recent years, 
and prekindergarten classes, for ex- 
ample, Operation Head Start, have been 
established for disadvantaged children. 
In such programs a play environment 
is established where the children can 
be active, in contact with children of all 
levels of ability, and can use their im- 
aginations to the fullest exleiil. Pre- 
school children learn much about the 
activities of the community and about 
living things, nature, and mechanical 
action. Such group and individual ex- 
periences help them to develop intel- 
lectually as well as socially. At the pres- 
;.nl lime sc'ientific data are lacking to 
show the value of such programs. 

Traditionally children enter the kin- 
dergartcm wlieii they are 4 and 5. Xor- 
mal children remain in the primary 
school for four years before being ad- 
vanced to the next higher level. Slow 
learners usually enter the i)rimary 
school at the same tiine as normal chil- 
dren, bill since they are intellectually 
less prt*pared for school, the> may re- 
(jiiire up to five* >ears to complete the 
inogram. Children of superior ability 
often comi^lete the ])rogram in two or 
three years. The normal child completes 
grade 6 in six years. When a child enters 
the ungraded primarx^ school, he is not 
cmrolled in the kindergarten or in a 
grade but is siinpl>’ registered as a new 
beginning pupil. C.rades and grade con- 
cepts are abolished. A stud- ut is as- 
signed to a group of children of his 
apparent level of development. Re- 
grouping may occur whenever the chil- 
dren in a particular group show such a 


disparity of development that they no 
longer derive equal benefit from the 
instruction provided that group. Re- 
grouping may be intraclass and group 
classes.’ Grouping in mathematics de- 
pends on the. level and rate ofde^velop- 
rnent of the piipiFs mathematical under- 
standing and skills. Sometimes special 
help is needed to remedy weaknesses 
revealed by diagnosis. The length of 
time a child should remain »in the pri- 
mary program depends upon his growth. 
New skills, knowledge, and concepts 
should be introduced at the rate of the 
child’s developiiumt. Eventually slow 
learners in the various groups tend to 
be grouped together. 

The work in the intermediate school 
should be organized on the same basis.* 
This is now being done in a number of 
an'as through the introduction of the 
ungraded elementarx' school. Grouping 
must be flexible, and regrouping of an 
individual may occur whenever it seems 
advisable. The pupil should be placed 
with a group on the basis of his under- 
standing of the content and level of in- 
struction for that particular group. 

CURRICULUM ADJUSTMENTS 
FOR SLOW LEARNERS 

Mathematical concepts and skills are 
constantly used in everyday life by both 
children and adults. Without a knowl- 
edge of basic mathematics the individ- 
ual would not be able to maintain 
himself in today’s complex industrial 
;ociety. Many of these necessarx' con- 
cei)ts and skills are xvell xvithin the 
learning abilitx of sloxv learners and 
should be included in the mathematics 
program that is provided for them. 

"Brucr K. \lfM.‘r\c. “T1 k‘ Teaching <>l 
dial MalluMnatus," The Mathvmutirs Tcarhcr. 
\la> 19(S(S, 59:437-.|*43. 
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The curriculum should be arranged 
to provide for continuity of child de- 
velopment with a minimum of strain 
and tension, and it should be organized 
so that there is a reasonable likelihood 
that successful learning will take place. 
The available evidence as to the social 
utility and learning difficulty of number 
operations should be carefully consid- 
ered in the selection and gradation of 
subject matter. 

The mathematics program should in- 
clude a well-integrated treatment of the 
mathematical and social phases of the 
subject and should deal with topics and 
processes of undoubted social value to 
the average individual. Such content is 
within the experience of slow learners. 
The more difficult operations with frac- 
tions, decimals, and per cents such as 
are required in technical work should 
be deferred to levels beyond the ele- 
mentary school. Here the need for mas- 
tering such operations in vocational 
and prevocational courses will motivate 
most interested slow learners to make 
a special effort. 

Mathematics should be taught in 
close association with other school 
work in which the use of quantitative 
procedures serves to clarify the situa- 
tion and to make it meaningful for the 
learner. 

Systematic provision should be made 
to adapt the curriculum to differences 
in the needs, abilities, and interests of 
the learners as well as to differences in 
the rates at which they learn. The com- 
ponent skills in mathematics can be ar- 
ranged in the order of their learning dif- 
ficulty and complexity. This method 
may then serve as a guide for the teacher 
in adjusting the work to the ability of 
the learners. In the ungraded elemen- 
tary school, the program is organized af 
all levels so that each student can pro- 
gress at his own rate. The teacher must 
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make frequent use of diagnostic proce- 
dures to discover a pupil’s needs and to 
determine whether or not he is making 
optimum progress. In a number of 
schools there are parallel track plans 
in mathematics consisting of programs 
ranging from a minimum program 
suited for the slowest learner to en- 
riched programs for the more able. Pro- 
vision is made for adjusting the time re- 
quired to the rate at which the children 
can master the content. In secondary 
schools such differentiated programs 
in mathematics are very common. 

Problem solving should be taught 
concomitantly with number operations. 
Poor achievers in problem solving are 
significantly lower than high achievers 
in general mental ability, reading abil- 
ity, and in skill in number operations. 
The teacher should recognize these 
weaknesses and should make adjust- 
ments in the work where problem solv- 
ing deals with measurements and otluT 
everyday applications of number oper- 
ations. The reading skills that arc pe- 
culiar to problem solving should be 
stressed. 

It is known that slow learners can 
ma.stcr many of the simpler elements 
of algebra and geometry. At the present 
time very little information is available 
concerning the learning difficulty for 
slow learners of most topics in algebra 
and geometry in the elementary school. 
Much experimental research is neces- 
sary to determine suitable content for 
low achievers in these two areas of 
mathematics. In general, tonics in alge- 
bra and geometry should be taught 
when the need arises in classroom ac- 
tivities and when the teacher believes 
that the children will profit from the 
experience. The slow learner should 
be helped to see how the use of mathe- 
matical sentences clarifies word prob- 
lems. 
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It has been shown that the ability of 
many children to deal with mathemati- 
cal concepts in other fields of study is at 
a low level. The schools must therefore 
organize the mathematics program so 
that it deals more effectively with the 
mathematics aspects of all curriculum 
areas, particularly science and social 
studies. 

INSTRUCTIONAL ADJUSTMENTS 
FOR SLOW LEARNERS 

The methods by which slow learners 
master the concepts and skills of mathe- 
matics are not unique or strikingly dif- 
ferent from those used by children with 
greater learning ability. Slow learners, 
however, cannot learn skills as rapidly 
as children of higher levels of ability, 
and the instructional procedures used 
with this group must make much more 
LXkJisive use of concrete, socially sig- 
nificant experiences and materials than 
those used with normal children. 

The simplification of the curriculum 
is undoubtedly the most fundamental 
step that can be taken. Slow learners do 
not have the mental capacity to master 
the more difficult topics in division of 
whole numbers and operations with 
fractions, for example, addition and 
subtraction of fractions having unlike 
and unrelated denominators. If these 
topics are to be taught in the intennedi- 
ixtv grades to the slow learners, they 
should be presented for informational 
purposes only. Mastery cannot be ex- 
pected. If subsequently the individuars 
vocational choice requires that he learn 
how to perform these computations, he 
will at least be aware that these opera- 
tions are possible. 

The following are some of the most 
useful methods of adjusting instruction 
to slow learners: 

1. Make greater use of concrete so- 
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cial situations to give meaning to opera- 
tions and to enrich the experiential 
background of the children. 

2. Provide extensive opportunity for 
the children to work with concrete ma- 
terials in the development of number 
facts and in the demonstration of the 
meaning of a process or topic. 

3. Use a wide variety of visual aids 
such as pictures, diagrams, and similar 
materials to enable the learner to visu- 
alize the situation involved and to grasp 
the meaning of the steps to be taken in 
a new operation. 

4. Encourage slow children to invent 
procedures that may be meaningfid to 
them. 

5. Be sure that there is a well-graded 
development of new work so that onl\’ 
one new difficulty is introduced at a 
time. Give the slow learner the oppor- 
tunity to generalize. 

6. Spread the presentation of a new 
process or topic over a longer interval 
of time than normal children require. 

7. Allow more time for practice ex- 
ercises to develop skill and vary them 
through the use of games and a variety 
of applications of skills in social situ- 
ations so as to avoid monotony. More 
frequent reviews are required. 

8. Dela> the introduction of new 
topics until it is clear that the pupil has 
acquired the underKing skills and con- 
cepts essential to their mastery. A readi- 
ness program is important. 

9. If possible, assign to slow pupils 
only those activities and problems in 
textbooks that are not likely to frustrate 
them. 

10. Do not expect all pupils in this 
group to achieve the same standard. 
Dift'erentiated standards of achieve- 
ment may be necessary. 

11. Check frequently by observation 
the work habits of the children and b> 
questioning uncover evidences of diffi- 
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ciilty, faulty methods of work, and lack 
of comprehension. 

12. Give diagnostic tests systemati- 
cally to locate weak areas at an early 
stage of learning. Retcach in a simpler 
way as may be necessary. 

13. Prevent the practicing of errors 
and faulty procedures by insisting on 
the understanding and mastery of each 
step before new work is presented. 

14. Give considerable guidance in 
directed reading activities to develop 
the reading skills connected with the 
use of the textbook and supplementary 
materials. 

15. Make use of experience units in 
whicli there is a wide variety of indi- 
vidual activities. See to it that the slow 
learners select and carry out assign- 
ments that are within their interests, 
and at which they are likely to be suc- 
cessful. 

In short, the rate of progress should 
be adjusted so that each learner will 
work comfortably, successfully, and 
with a minimum of tension.'*’ 

ADJUSTING INSTRUCTIONAL 
MATERIALS FOR SLOW LEARNERS 

In the traditional graded elementary 
school children were ivsually grou])ed 
on an age basis. They were expected to 
proceed at a uniform rate and to learn 
the same content. If they were unsuc- 
cessful, they were requiivd to repeat 
the work of the grade, several times if 
necessary, until they had mastered the 
content. 

Many serious problems arose because 
all children of a given grade were re- 
quired to use the same textbook regard- 
less of its adequacy, the level for v hich 

®H. H. liCTch and F. S. Kcdly, “A Mathematics. 
Program for Slow Learners at the Junior High 
Level/' The Arithmetic Teacher, March 1966, 
13:232-236. 
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it was intended, and its relationship to 
pupil needs and interests. The results 
of modern research on learning indicate 
that such an approach is absurd and fu- 
tile, since it ignores the fact that chil- 
dren differ widely in mental ability, in 
the progress they make in the various 
content areas of the curriculum, and 
even in mastery of the elements of a 
single curriculum area such as mathe- 
matics. 

As a result of recent research, new 
materials of instruction have been de- 
veloi)ed that to some extent should help 
the teacher to adapt instruction to the 
needs of individual pupils. Instead of 
a single textbook for a given grade or 
level of achievement, books of two or 
three levels of difficulty have been pre- 
pared. One authority believes that there 
should be a three-level series, a book of 
average difficulty for the group of chil- 
dren of average ability, one more chal- 
lenging for the top group, and a much 
simpler book for the slow learners. In 
the book designed for slow learners, 
according to this view, the development 
should be more detailed and consider- 
ably simplified, and the book should l)e 
geared to a lower reading and voc*abu- 
lary level. There should be many il- 
lustrative examples and worked-out 
l)roblems for pupil reference. 

Workbooks are sometimes provided 
for slow learners that contain detailc'd 
explanations, su])pleinentary practice 
materials, and special helps in the read- 
ing skills required in problem solving. 
The teacher can select from the con- 
tents the special kinds of work that will 
meet the needs of individual pupils. 

Many textbooks suggest the use of a 
variety of supplementary learning aids 
for slow learners, for example, place- 
value charts to make clear the sequence 
of steps in working examples in a num- 
ber operation with whole numbers and 
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cutouts of fractions to aid in understand- 
ing the meaning of fractions and how 
they are manipulated in computations. 
The more able learners can master the 
work in mathematics with very little 
use of concrete manipulative materials. 

Supplementary readers, storybooks, 
pictures, and illustrations of the uses of 
mathematics in daily life are valuable 
means of vitalizing the learning experi- 
ence for low ac'hievers. Excursions to 
places of business add to the experien- 
tial background of the children and 
make their study of the applications of 
mathematics more? me?aningful. 

In the kindergarten and grade 1 so- 
cial experiences should be planned in 
which the uses of number arise in a 
natural way. In the kindergarten the 
children of low ability should have am- 
ple oi)portunity to play with sets of ob- 
jee ts and toys, to group them in various 
'va; s, to combine and separate sets, and 
to compart* sets. They should use sets 
of blocks to construct small replicas of 
buildings in the community. In connec- 
tion with their activities they should 
learn about the use of simple measur- 
ing devices. They should dramatize 
simple activities that take place in the 
community in which numbers play a 
role. C.ames should be used to provide 
various kinds of valuable practice with 
numbers and number facts. Slow learn- 
ers should take part in activities of this 
kind throughout the primary grades. In 
the course of these activities the teacher 
will become aware of the differences in 
the levels ol growth of the children and 
will be able to group them according to 
their needs. 

THE TREATMENT 
OF LEARNING DEFICIENCIES 

In planning a remedial program for 
dealing with a deficiency in some phase 
of mathematics, consider the following: 
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1. Is the condition revealed in fact a 
disability requiring the attention of one 
or more specialists? The nature and 
severity of the disability should be es- 
tablished by suitable diagnostic ])ro- 
cedures. 

2. Who should deal with the disabil- 
ity— the regular teacher, a special teach- 
er, a social worker, a clinical diagnosti- 
cian, a psychologist, or a physician? 

3. What kind of instructional program 
is most likely to correct the deficiency? 

4. How can this program be man- 
aged most satisfactorily? Consideration 
should be given to location, scheduling, 
grouping, materials, using available 
services. 

5. What changes in conditions jires- 
ent in the learner arc necessary ? Is cor- 
rection of visual or auditory defects, 
malnutrition, low level of interest in 
arithmetic, fear, and so on, called for? 

6. What changes in the environment 
— in the home, classroom, community — 
are necessary? 

Plans for organizing 
remedial instruction 

The following arc brief descriptions 
of remedial plans that have proved ef- 
fective:'* 

1. The regular teacher is responsible 
for both the diagnosis and the correc- 
tive measures required, which can be 
applied on a group basis, even in the 
case of individuals whose problem is 
not complex. 

2. A specialist is available to assist 
teachers in planning ways of diagnos- 
ing and treating learning difficulties. 

3. Learners seriously retarded in 
some phase of mathematics are referred 
to a remedial teacher in the same build- 
ing for one or two hours a week for spe- 

Laurt'n \\\)()dl>>. ed.. The Low Achiever 
ill Xtathcinatics (Washington. D.C.: I’.S. Offict* ol 
Health, Kdiii-ation and Welfare, 1965). 
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cial help. They Jilso attend regular 
classes. 

4. Children from several schools are 
sent to a remedial teacher in some con- 
veniently located center for a part of 
each day for special help, especially if 
there appears to be a reading disability 
that interferes with progress in mathe- 
matics. 

5. Children may be referred directly 
to a guidance clinic or center for special 
help when severe disability exists. 

6. Children with extremely serious 
and complic*ated learning difficulties 
associated with achiev'ement, physio- 
logical, social, and emotional problems 
may be sent to a special school for clini- 
cal treatment.*^ 

7. Vacation classes and special i)ro- 
grams may be set up during the summer 
to give additional help to children who 
are slow learners. These classes can or- 
ganize instruction in such a way that 
provision is made for meeting the needy 
individual children. 

Difficulty of correcting 
unsatisfactory conditions 

It has been repeatedly demonstrated 
that training and ])ractice ordinarily 
produce marked chanjgcs in specific 
traits. For example, teaching proce- 
dures that stress rate of work will under 
normal conditions produce a marked 
improvement in the rate at which a pu- 
pil can write or recite the answers to 
sets of number facts. If a pupil does 
not respond to instruction, the teacher 
must locate the difficulty and apply cor- 
rective measures. 

'’See E. M. Bower, Early Identification . / Emo- 
tionally Handicapped Children (SprinKfield, III.: 
Charles C Thomas, Publisher, 1960), Chap. 6; 
G. T. Donahue and Sol Nichtern, 'leachinft tht 
Troubled Child (New York: Crowell-Collier and 
Macmillan, Inc., 1965); H. S. Fremont, Some 
Thoughts on Teaching Mathematics to Disach 


There are marked differences in the 
ease with which desirable changes can 
be made. Some deficiencies, such as 
mental defects due to heredity, disease, 
or birth injury, cannot be corrected by 
any known technique. Hygienic meas- 
ures can in most eases greatly alleviate 
physiological weaknesses such as faulty 
vision and hearing, malnutrition, and 
glandular disturbances. Many of the 
minor learning difficulties that a pupil 
experiences in mathematics, for exam- 
ple, counting, disappear with the pass- 
ing of time and with growth in control 
of the basic skills. Some faults, such as 
failure to learn basic skills at each grade 
level, are cumulative, and unless they 
are given adequate attention tend to be- 
come more serious as the student pro- 
gresses. The redirection of interests, 
attitudes, and emotional and social ad- 
justment is often extremely difficult be- 
cause of the inability of the school to 
control unfavorable conditions in the 
community. The correction of these* 
faults is usually an individual problem 
and should be approached from this 
point of view. The important thing is 
that all agencies of the community that 
are concerned with the development of 
children should cooperatively attack 
the problem growing out of unfavorable* 
factors.” It is known that faulty attitudes 
toward learning are the result of disin- 
tegrating influences in the home and 
elsewhere. 

Unfortunately, little research is avail- 
able in the area of mathematics that 

vantaged Ciroup.s,'’ The Arithmetic Teacher, Mav 
1964, 11:319-322. 

••See Daniel Sehreiher, ed.. The School Drop- 
out (Wa.shirigton, D.C.: National Education As.so- 
ciation, 1964); David Montague, “Arithmetic 
Concepts t)f Kindergarten (Children from Con- 
trasting .Socioeconomic Areas,” Elementary 
School Journal, April 1964, 64:393-397; Solomon 
O. Lichter, The Dropouts (New York: Crowell- 
(a)llier and Macmillan, Inc., 1962. 
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deals with the relationship between 
social and emotional factors and prog- 
ress in arithmetic.^ Because of the close 
connection between reading and mathe- 
matics, it is quite probable that the 
kinds of conditions that cause reading 
deficiencies are operative in the case 
of difficulties with mathematics. 

Improving pupil attitudes 

Bassham and others conducted a well- 
planned study to investigate the rela- 
tionship between pupil attitudes toward 
mathematics and their achievement in 
the subject.” The study included five 
grade 6 classes of 159 pupils whose 
mean IQ was 101.37, whose reading 
comprehension grade was 6.99, and 
whose arithmetic achievement grade 
was 7.14. The tests used were the 
Kuhlniann-Anderson Intelligence Test, 
the Iowa Tests of Basic Skills, and the 
Dutton Scale for Measuring Attitudes 
toward Arithmetic. The basic conclu- 
sions reached may be summarized as 
follows: 

1. The relationship between attitude 
and classification as over- or under- 
achieving according to intelligence and 
reading comprehension was shown to 
be significant. 

2. The wide variability in weighted 
achievement at both extremes of the 
distribution of attitude scale scores 
would indicate that prediction of 
achievement on the basis of attitude 
score for individual;, would be rather 
hazardous. 

“Education lor Sociall> Disadvantaged 
Children,” Hvview of EdHcatwnal Research, De- 
ccMiiher 1965, Vol. 35, \o. 5; “Ediic/Hon of Ex- 
ceptional CMiildren,” Heriew of Edm 'ional Re- 
search, February 1966, \'ol 36, No. 1. 

"tlarrell Bassham, Michael Mnrpli>, and Kath- 
erine Murphy, “Attitude and Aehieveinent in 
Arithmetic,” The Arithmetic Teacher, Febniar\ 
1964,11:66-72. 
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Bassham made the following sugges- 
tions for reexamination of the mathe- 
matics program: 

1. Increasing the clarity of subunit 
learning objectives is often helpful in 
favorably modifying attitude toward mas- 
tery. By the time the group has reached a 
good understanding of what is to be 
learned, the primary learning often has 
been accomplished. This is not a new 
concept, yet lack of clarity in the sub- 
unit learning objectives may he easily 
found, from the postdoctoral to kinder- 
garten levels. We want to ‘‘get on with 
the job*' before we have the team har- 
nessed to the plow. 

2. Increasing the closeness of the re- 
lationship between agreed-upon subunk 
learning objectives and testing for attain- 
ment of those objectives tends to favorahh’ 
influence attitude toward mastery. The 
pupil who understands both what he is 
to learn and how he can know when he 
has learned it, tends to feel more secure. 
This do(*s not mean that testing should 
consist only of pupil regurgitation of fac- 
tual material or that tests must be easy, 
hut the pupil should know in advance 
how he will he tested and test items must 
he fair as judged by comi>aris()n with the 
subunit learning objcctixes. Also, de- 
tailed discussion of means to bi* used in 
testing for mastery of specifics often 
proves to be very helpful in clarifying 
the subunit learning objectives them- 
selves (and sometimes it helps the 
teacher construct better tests, too). 

3. Increasing the availability to the 
student of objective, nonthreatening evi- 
dence of progress is helpful in favorably 
modifNing attitudes toward master) of 
material. The use of the teaching ma- 
chine*, pretests, and group checking for 
learning purposes only are examples of 
this technique. 

4. The sense of oneness in purpose 
between meml)ers of the group and be- 
tween the teachc*r and the group is one 
of the most powerful factors in modify- 
ing attitude toward master) . Oddly 
enough, while attitudes are very personal 
“inner feelings,” the members of a 
elosel) knit reference group moving to- 
ward well-defined goals tend to absorb 
the group values very readily. 
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1. List the characteristics of the typical 
slow learner. 

2. Why are children with IQ’s of less than 
75 not included in the group of slow 
learners? 

3. Comment on the statement that slow 
learners should be taught in segregated 
groups. 

4. A 10-year-old slow learner with an IQ 
of 80 has a mathematics age of 8 years. 
Is his achievement below normal for 
his age? 

5. What is a three-track curriculum? 

6. What is meant by the nongraded ele- 
mentary school? 

7. Why does the slow learner fall more 
and more below the achievement level 
for his age group as he advances in 
school? 


The Changing American School, Sixty-fifth 
Yearbook of the National Society for the 
Study of Education, Part 2. Chicago: Uni- 
versity of Chicago Press. 1966. Chapters 
2 and 5. 

The Educationally Retarded and Disad- 
vantaged, Sixty-sixth Yearbook of the 
National Society for the Study of Educa- 
tion, Part 1. Chicago: Un/versity of Chi- 
cago Press, 1967. 

Feingold, A., Teaching Arithmetic to Slow 
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EXERCISES 

8. What are desirable characteristics of 
a mathematics textbook for slow learn- 
ers? 

9. What is the difference between a low 
achiever and a slow learner? 

10. How often should the slow children In 
the primary grades be regrouped in 
mathematics? 

11. How can the teacher determine the 
reading difficulty of a mathematics 
textbook? 

12. Describe the differences you would 
expect to find in the contents of a three- 
level set of mathematics textbooks for 
grade 5. 

13. At what Grade level should the group- 
ing of slow learners begin? 

14. Do you know of low achievers who are 
above normal in mental ability? 
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ENRICHING AND EXPANDING 
THE MATHEMATICS PROGRAM 


FOR SUPERIOR 

The* urgent needs ot tlie scientific and 
technical age in which vve li\ e demand 
that eacli pupil recei\e training in math- 
ematics that is commensurate with his 
ability and interests. In the past the 
mathematics curriculum has usually 
been a body of experiences geared for 
average pupils. There was seldom an 
attempt to diffi*rentiate the program for 
superior pupils and for slow learners. 
As a conseciueiice, standards ot achieve- 
ment, teaching procedures, and instrue- 
tional materials were adapted to the 
learning levels and interests of the aver- 


LEARNERS 


age rather than the rapid or slow' learner. 
It has now' become evident that w e need 
teachers who are skillfuh ingenious, 
and courageous enough to make adjust- 
ments in the subji'ct matter of mathe- 
matics and in teaching techniciues in 
accordance with the individual needs, 
ability, and interests of their pupils. 
(^ha]iter 23 was concerned with the 
mathematics program for slow' learners. 

This chapter will consider methods of 
adjusting the mathematics program for 
superior children. The following topics 
are discussed: identifying superior 
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learners; organizing the mathematics 
program for superior learners; adjusting 
the curriculum for superior learners; ad- 
justing instructional procedures for su- 
perior learners; adjusting instructional 
materials for superior learners; mathe- 
matical recreations and other means of 
enrichment. 

IDENTIFYING SUPERIOR LEARNERS 

Scholastically gifted pupils constitute 
between 2 and 3 per cent of the entire 
school population. At this level the in- 
telligence quotient is 130 or above, al- 
though pupils with IQ’s of 120 are often 
called superior. In this discussion we 
shall use the term “superior"’ rather 
than “gifted” to designate pupils of 
outstanding ability. It must be remem- 
bered, of course, that many pupils with 
IQ’s below 120 may do extremely good 
work in mathematics. Ability in mathe- 
matics does not necessarily go hand in 
hand with measured intelligence, al- 
though there is a close connection be- 
tween the two. 

Weaver and Bramley have listed the 
following as characteristics of the math- 
ematically talented child: 

1. Sensitivity to, awareness of, and 
curiosity regarding quantity and the 
quantitative aspects of tilings within the 
environment 

2. Quickness in perceiving, compre- 
hending, understanding, and dealing 
eflFectively with quantity and the quanti- 
tative aspects of things within the en- 
vironment 

3. Ability to think and work abstractly 
and symbolically when dealing with 
quantity and quantitative ideas 

4. Ability to communicate quantita- 
tive ideas eflFectively to others, both or- 
ally and in writing; and to reaf ily re- 
ceive and assimilate quantitative ideas 
in the same way 

5. Ability to perceive mathematical 
patterns, structures, relationships, and 
inter-relationships 
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6. Ability to think and perform in 
quantitative situations in a flexible rather 
than in a stereotyped manner: with in- 
sight, imagination, creativity, originality, 
self-direction, independence, eagerness, 
concentration, and persistence 

7. Ability to think and reason analyti- 
cally and deductively; ability to think 
and reason inductively, and to general- 
ize 

8. Ability to transfer learning to new 
or novel “untaught” quantitative situ- 
ations 

9. Ability to apply mathematical learn- 
ing to social situations, to other curricu- 
lum areas, and the like 

10. Ability to remember and retain 
that which has been learned.’ 

Among the many characteristics of 
the talented and interested pupil, 
Hlavaty has selected the following four 
foi special emphasis: 

1. lie is interested in the relevance of 
mathematics to life — its applications. 

2. He is excited by his aliility to raise* 
(jnestions and his ability to answer his 
own questions or those raised by others. 

3. He is delighted with tin? organiza- 
tion of abstract concc*pts into patterns and 
structures and with his perception and 
understanding of such patterns and 
structures. 

4. Finally, he wants to follow through 
on any of these* to see where they Icad.'-^ 

The information given in the pupil’s 
cumulative record is also needed by 
the teacher in the study of the individ- 
ual, including personal and school his- 
tory, test scores and ratings, special 
interest data, and supplementary ma- 
terials such as anecdotal records, case 
studies, and follow-up data. 

*J. Fred Weaver and (]. F. Bramley, “Enriching 
the Elementary School Mathematics Program For 
More Oapahle Childron” Journal of Education. 
October 1959, 142:1-40. 

■‘^Julius n. Hlavaty, Enrichment Mathematics 
for the Grades, Twenty-seventh Yearbook of the 
National Council of Teachers of Mathematics 
(Washington, D.C.: The Council, 1963), p. 4. 
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ORGANIZING THE MATHEMATICS 
PROGRAM FOR SUPERIOR 
LEARNERS 

For many years various plans have 
been used to group children. They have 
included grouping on a chronological 
age basis, on a mental age or ability 
basis, according to level of achieve- 
ment, or on the basis of a combination 
of various factors, including IQ, achieve- 
ment, and level of social and physical 
development. The purpose of such plans 
has always been to reduce the variabil- 
ity among the pupils and to secure more 
homogeneous groups. 

Various studies that have been made 
of the practice indicate that homogene- 
ous grouping is not only not feasible 
but is of no value because of the vari- 
ability among the various traits of learn- 
ers, even within one area of achieve- 
ment such as mathematics. Whatever 
the form of grouping that is used, the 
proper adaptation of experiences, meth- 
ods of teaching, and materials of instruc- 
tion is essential. 

In niatheinatics grouping is necessary 
at all levels. We form groups on some 
basis and then regroup within classes 
in any number of wa> s, especially when 
we use units by which to adapt instruc- 
tion to pupil needs following testing 
and diagnosis. Grouping within classes 
should be flexible and adapted to the 
local situation. Sometimes the teacher 
will take the whole class as a group in 
developing a skill needed by all or in 
working on some activity; at other times 
the teacher will form several work 
groujjings according to the achieve- 
ment level in order to arrange specific 
activities of different levels of com- 
plexity. At some times the teacher will 
wish to work with an individual pupil 
who needs special help in a particular 
area. 


Many authorities believe that there 
is a need for teachers who are specialists 
in mathematics in order to strengthen 
the program for superior children. In 
some schools the more able children 
are taught as a group by special teachers; 
often they are sent to a special mathe- 
matics room for periods of time where 
they work with a teacher who has a rich 
mathematical background on a variety 
of challenging topics of a high level of 
difficulty. These plans overcome some 
of the problems that arise in the self- 
contained classroom where one teacher 
must deal with the various areas of the 
curriculum. This is especially necessary 
if the mathematics potential of the su- 
perior children is to be developed to 
the fullest possible extent. 

In some communities special schools 
are provided for the superior learners. 
High standards are set up in these 
schools and the work in mathematics 
is difficult. Hunter College Elementary 
School in New York is an illustration. 
In some schools special classes are ar- 
ranged, sometimes full time, sometimes 
part time, in which work is done under 
a special teacher in such areas as mathe- 
matics and science. Sometimes classes 
are recruited from several schools to 
get large enough groups. In some areas 
.lasses are formed with superior chil- 
dren of sex eral age levels for reasons of 
economy. Often there is si)ecial group- 
ing for onl> part of the day to give the 
superior learners the opportunit>' to ex- 
plore areas of s]^ecial interest. There 
also is grouping in extracunicular ac- 
tivities such as math clubs. In Los 
Angeles in a number of centers, chil- 
dren of high abilit\ from a group of 
schools are brought together twice a 
week for special training in research 
techniques and the use of the library. 
In some places community-sponsored 
groups of ( hildren with special interest 
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in mathematics meet before or after 
school and on Saturdays where they 
come into contact with specialists of 
various kinds who wish to further the 
education of superior students.^ 

The effectiveness of such grouping 
procedures depends on the resource- 
fulness and ingenuity of the individ- 
uals in charge of the group. Often this 
method requires special administrative 
adjustments in terms of transportation, 
curriculum content, use of school facili- 
ties, instructional equipment, and con- 
tacts with parents. It is important that 
the community understand the purpose 
of grouping and its values. Children 
should be grouped only with the con- 
sent of their parents. 

In some areas the difficulty of recruit- 
ing specialK prepared teachers has de- 
layed the development of work with 
groups of superior learners. Courses in 
the teaching of these children have 
been set up. Some states, such as Cali- 
fornia, provide state aid for special 
classes of the superior learners to stimu- 
late communities to establish them. The? 
(]alifornia plan w'as the outgrowth of a 
three->ear experimental project which 
evaluated the effectiveness of a variety 
of procedures of grouping children w'ho 
are fast learners, rangwig from abilit> 
grouping to clusters of five or six such 
pupils in mixed classes. In all of these 
situations the results for the experi- 
mental groups exceeded those of con- 
trol groups in achievement and social 
relationships.'* The teachers seemed to 
favor the cluster-group approach over 
the gifted-class approach because they 

■*Sfc* M. M. Provus, “Abilits in Arilli- 

mt'tic,” Llemcntanj Schttol Teacher^ Apr ’ 1960, 
60:391—398; Elinor C. Flagji, “Matlieinatics for 
Gifted Children,*' Edurat itmal Leadership, March 
1962, 19:379-382; J. Fred VV'eaver, “I)itferentiat€-d 
Instruction and Schf)oI-Class Or(;ani/ation lor 
MathcMiiatical Learning within the EUm icntary 
Grades/' The Arithmetic Teacher, October 1966, 
13:495-506. 
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found it easier to make necessary adjust- 
ments for a small group than for a whole 
class of superior children. The essen- 
tial point is that whatever the plan that 
was used in working with fast learners, 
the results were superior to those in 
which no grouping was used. 

ADJUSTING THE CURRICULUM 
FOR SUPERIOR LEARNERS 

The mathematics curriculum of the 
elementary school has been extended 
in recent years to include a balanced 
program of arithmetic, geometry, and 
algebra. The adjustment of such a 
broad, comprehensive program to the 
range of abilitx levels of the students 
presents many problems. 

Children should take part in a basic 
mathematics program from the kinder- 
garten through the secondary school 
and beyond. Children of normal ability 
in the elementary school should be 
given the op])ortunity to studx' the con- 
tents of the whole basic program. For 
the slow' hwners the more difficult 
topics should be eliminatc'd and instc^ad 
topics should be ))resented that have 
social significance and cultural values 
and that these pupils have the mental 
capacity to master. For superior chil- 
dren the basic program should be v\- 
temded in both breadth and depth. Su- 
perior leariiers should learn all that 
the average child learns in a balanced 
program and in addition should go far 
beyond in the direction of abstract math- 
ematics. The work in geometry and al- 
gebra is very appropriate for them. Tlu* 
slower learners, on the other hand, are 
able to grasp only the most elementary 
aspects of these two fields. 

The two major approaches to the se- 
lection of mathematics for the superior 

^Huth Martin.son, ‘‘'[’ht* Galiioniiu Study ol 
Programs I'or Ciiftod (Children,” Exceptional Chil- 
dren, Marcb 1960, 26:339-343. 
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learner are academic acceleration and 
enrichment. Academic acceleration 
makes available for a superior grade 3 
child the textbook for grade 4 when- 
ever he completes the grade 3 textbook. 
When he completes the grade 4 text- 
book he is provided with the grade 5 
book and i)roceeds to work through that 
even if he is still actually in grade 3 or 
has been “skipped*’ to grade 4. When 
a child is academically accelerated 
through a scries of standard textbooks 
written for the average learner, he is 
learning a body of content that the aver- 
age child learns. The only differemee is 
that he learns the inaterial.sooner. This 
program is wholly insufficient and in- 
adequate for the superior child. 

Acceleration 

Acceleration in mathematics can take 
place at any point in the educative* proc- 
ess IVoiii kind<»rgart(*n to college. Early 
admission to kindergarten is a form of 
acc(*leralion widely used in i)rograms 
for su])erior learners. The ungraded 
primary type of organization allows the 
l)right child to coinplete the thre(*-year 
program in a shorter ]ieriod of time. 
Skipping a grade is i^robably one of the 
oldest but most objectionable acceler- 
ation nu'lhods. It is based on the as- 
sumption that a pupil who is sufficientK 
bright can forego the learning experi- 
ences of a given grade and should be 
challenged by the work of the next 
higher grade. Another acceleration 
method is so organized that a class of 
superior students can complete the 
work of two or more grades in a fewer 
number of years. This plan is similar to 
the ungraded ]U'ogram. There can be 
little doubt that acceleration i i useful 
and valuable method of helping l)right 
children at all levels of the school to 
progress so that they can begin their 
secondary and college programs at an 
earlier date. In this age of rapid tech- 


nological changes, with its demands for 
highly skilled mathematicians, steps 
should be taken to eliminate any lag in 
the education process. Acceleration 
hastens the beginning of the individ- 
ual’s most ])roductive period so that his 
entry into a life career is not delayed. 

Enrichment 

Enrichment is the most widely ac- 
cepted method of providing sT:it is factory 
experiences for superior learners. This 
approach is desirable whether the chil- 
dren are placed in a self-contained class- 
room or are grouped in some w’a>' ac- 
cording to ability level. Enrichment for 
the more able children imy)lies that the 
material covered will be broader than 
that which is included in the basic pro- 
gram but will be related to that pro- 
gram and continuous with it. 

Enrichnumt can be of two kinds, hor- 
izontal or vertical. By horizontal en- 
richment is meant the addition of new 
learning experiences on the level of the 
pupil’s present achievement status. Ver- 
tical enrichment, on the other hand, is 
the pro\’ision of advanced work or fur- 
ther specialization in the same area of 
learning. Enrichment also refers to the 
process of increasing the quality of the 
«'tfering with ])ertinent illustrative ma- 

rials or of providing wider and deeper 
understandings in a given area."’ \ ertical 
enrichment leads to power in the field 
of mathematics. Greater emphasis 
should be given to vertical enrichment 
than horizontal enrichment in planning 
ihe mathematics program for superior 
learners. 

The list of chapter titles of a recent 
yearbook of the National Council of 
Teachers of Mathematics may be used, 

S. Norton, “Kiiricinm'nt as a Provision 
for i\iv Ciittod in Mathematics.” School Sciences 
anil Maiheniaties, Ma> U)57. 57:a.‘^9-3-45. see 
also Weaver and Bramlex. 
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in the opinion of the eonunittee that 
prepared the book, as a reservoir from 
which the teacher of superior students 
may draw classroom lessons.*’ The chap- 
ter titles are as follows: 

1. Non-Decimal Numeration Systems 

2. Arithmetic with Frames 

3. Modular Arithmetic 

4. Short Cuts and Bypaths 

5. A Method of Front-End Arithmetic 

6. Concepts of Measurement 

7. Probability in the Elementary 
School 

8. Geometry in the Grades 

9. Topology 

10. Some Simple Laws of Physics 

11. Tricks and Why They Work 

12. Arithmetic for the Fast Learner 
in English Schools. 

Special units in mathematics 
for superior learners 

A number of cities are working on 
the development of enriched units for 
superior learners in which emphasis 
is placed on applications of mathemat- 
ics and science and the use of library 
resources. The schools of San Diego 
County, California, are an example. lii 
1961, teachers’ committees iirepared 
a series of six “Independent Learning 
Booklets” intended for independent 
study by gifted children having IQ’s 
of 140 or more in grades 4-6. These 
booklets, actually in the form of pro- 
gramed learning materials, contain a 
carefully graded, step-by-step develop- 
ment of each topic. There are periodic 
test exercises to measure progress. The 
exercises are keyed to answers that are 
placed so as to be immediately avail- 
able for the individual piipil to check 
his thinking. This plan enables each 
child to progress independently at his' 
own rate through each booklet with u 

®Twenty-scventh Yearbook. 
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minimum of help from the teacher. The 
puqDose of thesp booklets is to use an 
approach in dealing with topics that is 
novel for the pupils, one that will create 
new interests and the desire to go on to 
further study. 

The titles of the booklets given be- 
low indicate the nature of the subject 
matter that the committees believed 
would be a challenge to the children of 
top-level ability in grades 3-6. 

1. We Travel with Money. Children 
on a trip use American, Guatemalan, 
Mexican, and English money and learn 
to compute with foreign systems of 
money (grades 3 and 4). 

2. We Learn to Measure --We Meas- 
ure to Learn. The booklet discusses re- 
lationships among units of measure of 
various kinds and presents the history 
of measures of length, including metric 
units. Other toi)ics covered are the his- 
tory of the calendar, length of shadows, 
very high and very low temperatures, 
military time, and approximate meas- 
ures (grades 3 and 4). 

3. Metital Arithmetic in Subtraction 
and Division. This booklet deals with 
the equal-addition method of subtrac- 
tion and applies the procedure to short- 
cut procedures in division by one- and 
two-place divisors, and the subtraction 
of measures and fractions (grades 5 and 
6 ). 

4. Understanding the Slide Rule. This 
booklet contains a detailed diseussion 
of the construction and method of using 
the slide rule in number operations. 
Scientific notation is briefly presented. 
Introductory work with logarithms is 
also included (grades 5 and 6). 

5. Estimation — the Decimal Point in 
Division. The booklet is essentially a 
mathematical explanation of the “cor- 
rect” procedure commonly used in divi- 
sion of decimals in such examples as 
4.211:68, .5)2, and . 62 JT 2 A. Estimation 
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of answers is stressed by a check on an- 
swers (grades 5 and 6). 

6. Probability and Statistics. This 
booklet consists of two parts. Part I ex- 
amines mathematical and statistical 
probability, using simple illustrations 
of the points involved. Part II deals with 
the nature of statistics, the ways of or- 
ganizing facts in tabular and graphic- 
form, measures of central tendency, the 
range, and the grouping of statistical 
data (grades 5 and 6). 

It is evident that the concepts in- 
volved in these booklets are advanced 
and quite difficult. They are beyond 
the grasp of all but a few of the most 
able children in the typical class. Yet 
the teacher sliould not hesitate to make 
such booklets available for these more 
able children in the classroom or school 
library. Some of the pupils witli a high 
potential in mathematics will be stim- 
'ilaied to make the effort needed to 
study their contents. One reader who 
examined these booklets commented: 
“What would happen if we took the lid 
off for these gifted children?” 

A human binary computer 

A unit dealing with a study of the 
binaiN' system of numeration may be 
challenging and interesting for pupils 
at about the level of the grade 6. The 
teacher has the class dramatize the op- 
eration of a computer by arranging four 
or five chairs in a row. A different pupil 
occupies each chair. A chair is assigned 
a place value to correspond to the place 
value in a four-place numeral in the 
binary scale. The teacher uses a ruler 
to tap on a desk or the floor to produee 
a sound to represent an electric impulse. 
When he makes a sound to simulate an 
impulse, one or more pupils interpret 
the number of the impulse by raising 
or lowering their right arms. If four pu- 
pils occupy the chairs, there should be 


a fifth pupil to record the numerals at 
the chalkboard. 

The number of pupils involved in 
the dramatization of each impulse de- 
pends upon the number to be repre- 
sented. The occupant of the chair in 
ones’ place puts up his right arm to 
show the first impulse. The pupil at the 
chalkboard writes 1 to indicate the num- 
ber of the impulse. When the teacher 
gives the signal for the secoiij^I impulse, 
the pupil in ones’ place puts down his 
right arm because that place is over- 
loaded. The occupant in twos’ place 
then puts up his right arm. The recorder 
writes 10. Next, the teacher gives the 
signal for the third impulse. Now the 
pupil in ones’ place puts up his right 
arm. The right arms of both the pupils 
in ones’ and twos’ places represent the 
number of the impulse, which is re- 
corded as 11. 

When the teacher gives the signal for 
the fourth impulse, ones’ place is over- 
loaded. The pupil in the chair repre- 
senting that place then puts down his 
right arm. This action overloads twos’ 
place, so the pupil occupying the chair 
in that place puts down his right arm. 
The pupil in fours’ place then puts up 
his right arm and the recorder writes 
JOO on the chalkboard. In a similar 
I lanner each succeeding impulse is 
dramatized by the occupants of the 
chairs and then the number is recorded 
on the chalkboard. If a pupil makes an 
error by having his arm in a wrong posi- 
tion, the teacher stales, “We had a short 
c'ircuit, so we must start from the be- 
ginning.” The teacher follows this plan 
until the pupils are able to represent 
the largest number possible. That num- 
ber depends upon the number of par- 
ticipants. In case of four occupants of 
chairs, the largest number is llllo, or 
15. The largest number for five places 
is llllL,, or 31. 
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Table 24.1 gives the position of the 
right ann for each occupant of a chair 
for the first eight niiinbers represented. 
U represents a raised arm and D repre- 
sents an arm down. 

TABLE 24.1 


a wwiiipuici L/raiiiau£aiion 


\umher 

Chair 4 

Chair 3 

Chair 2 

Chair 1 

1 

D 

D 

D 

U 

2 

D 

D 

U 

D 

3 

D 

D 

U 

U 

4 

D 

u 

D 

D 

5 

D 

u 

D 

U 

6 

D 

u 

U 

D 

7 

D 

u 

U 

U 

8 

U 

D 

D 

D 


All examination of the table indicates 
that a U occurs in the same relative posi- 
tion with respect to the chairs or pupils 
that 1 occurs in the binar>' scale for a 
corresponding four-])lace numeral. Sim- 
ilarly, D and 0 occupy corresponding 
places in the table and in a numeral. 
The plan described may be extendckl 
to include dramatization of a ternanj 
computer. Pupils occupy three or nu>rc 
chairs arranged in a row with values as- 
signed to the chairs to correspond to the 
ordered positions in a numeral in base 
three. Each place in a numeral in base 
three may have a frequency of two, 
therefore both left and right arms are 
used to represent the impulses. The 
pupil always expresses the first fre- 
quency of a place with his left arm. 
When the occupant of a chair has both 
arms up, that place is filled. One more 
impulse in that place (frequency) will 
overload the place. The procedure ij5 
then similar to that described earlier 
regarding dramatizing a binary com- 
puter. 


Possible limitations of enrichment 

Madden has pointed out the possible 
limitations of enrichment: 

A danger of horizontal enrichment 
standing alone is that it becomes a dis- 
organized experience with too high a 
pfiftion 'di mUrhemancai' recreatiohjTand 
other activities that have little value in 
leading to a more complete understand- 
ing of mathematics. The result may he a 
diminished challenge? for the pupil and 
a related loss of interest in mathematics.^ 

Power in mathematics is developed 
not by disorganized random experi- 
ences, however interesting they may 
be, but by confronting children with 
challenging questions and problems 
that are within their power of compre- 
hension. Children should be given 
many opportunities to discover informal 
solutions and generalizations. They 
should be led to see the necessity of de- 
pendable data as a basis of thinking and 
action, and they should become familiar 
with the ways in which reliable infor- 
mation can be gathered. They should 
liave experiences that will gradually 
develop in them the methods of logical, 
systematic, di.sciplined thought that 
facilitate all mathematical work and 
lead to creative thinking. 

The teacher should broaden the con- 
text and try to raise the mathematics 
skills to the conceptual level by teach- 
ing in such a way that “children will 
understand relationships, extend them 
to solutions of new problems, and 
have time to think, to question, to won- 
der.'’« 


’Hichard Madden. “Major Issues in the Teach- 
ing of Arithmetic,” Natinnal Elementary Srluntl 
Principal . ()ctol)er 19.59, .39:17-21. 

"(Charlotte Jnnge, “Depth Learning in Arith- 
metic— What Is It?” The Arithmetic Teacher, 
x\ovem!)er 1960, 7:341 -.346. 
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ADJUSTING INSTRUCTIONAL 

PROCEDURES 

FOR SUPERIOR LEARNERS 

Differentiated instruction 

By difFerc'ntiated instruction we mean 
making adjustments of class organiza- 
tion, curriculum, methods, and mate- 
rials so as to adapt instruction as far as 
is practical to the wide range of differ- 
ences in mental ability, achievement, 
interests, and needs that exist in almost 
all classes, even in classes in mathe- 
matics for superior learners. Under such 
circumstances the teacher must make 
a special effort to meet the; needs of in- 
dividual pupils and to enrich the work 
for all of the more able children, espe- 
cially those who seem to have unusual 
ability in mathematics. Special work 
may l)e done with cluster groups of the 
more able children when suitable situ- 
iitions present themselves. Differtmti- 
ated goals and instruction are i)ractica] 
procedures that can be used in any 
classroom, regardless of the ability level 
of the children. 

As has been pointed out, grouping, 
regrouping, and subgrouping as the 
need arises should be a fundamental 
principle of teaching for even the su- 
perior h^irners. Xo plan of grouping will 
in itself provide effectively for individ- 
ual differences in a particular group of 
childrcMi. The teacher is the key to the 
situation. Emphasis should be placed 
on activities that develop mathematical 
power rather than on the routine work 
with skills as done with heterogeneous 
groups of children. 

Methods of developing 
the mathematical power 
of the more able 

The development of mathematical 
power is a basic purpose of instruction 
in mathematics as far as the more able 


pupil is concerned. By power is meant 
insight and understanding of mathe- 
matical relationships at a higher level 
of thinking and comprehension than the 
average pupil will be able to achieve. 

Among the experiences that can be 
used to develop mathematical power 
are the following: 

1. Discovering varied methods of 
solving examples involving number 
operations 

2. Discovering varied methods of 
solving verbal problems 

3. Identifying mathematical proper- 
ties applied in optTations 

4. Developing an understanding of 
how the basic properties of mathemat- 
ics are applied in short-cut procedures 

5. Studying independently the oper- 
ational procedures in available refer- 
ence materials 

6. Studying inde])endently the topics 
related to the applications of mathe- 
matics 

7. Studxing subject matter independ- 
ently through the use of adequate i)ro- 
granicd materials and scrambled text- 
books 

8. Studying the newer kinds of eom- 
putational devices and machines 

9. Verbalizing generalizations, rules, 
•ind conclusions in concise language 

10. Solving and making puzzles re- 
quiring the application of basic mathe- 
matical properties 

Each of these i)rocedures will now 
be illustrated. 

1. A pupil o# class can discover vari- 
ous ways of finding a product, such as 
15 X 34: 

a. 34 = 30 -f 4 

X 15 = X 15 

450 4-60 -r 

b. 34 34 

X 10 H- X 5 

340 -h 170 =L! 

C. 15 \ 34 ^ 15 X (30 4 4) = 450 -f 60 = □ 
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d. 15X 34 = (10 +5)(30 +4) 

= 10 X (30 + 4) + 5 X (30 + 4) 

= □ 

e. 34 10 X 34 = 340 

X 15 ix 340 = 170 

340 + 170 = □ 

f . Can you give other methods? 

2. Various ways of* solving the follow- 
ing problem can be discovered: At the 
rate of 6 miles in 10 minutes, how many 
miles will a car travel in an hour? 

a. 1 hour = 6 ten-minute periods. Then 

6x 6 = n 

b. Add 6 sixes. 6. 12. 18. 24. 30. 36 

c. In 1 minute the car travels i^o mile 
In 1 hour it will travel 60 x fo= LI 

d. Use an equation of the type i®6 = n = □ 

3. The learner can be asked to iden- 
tify the properties illustrated by the 
following mathematical sentences and 
then to give original illustrations of 
these properties. 

a. 34 + 48 = 48 -H 34 

b. 3 X 42 = 3 X (40 + 2) 

c. 4 X 0 X 1 =0 

d. 74 -}- 62 + 56 + 28 = (74 + 56) 

-I- (62 + 28) 

e. 72 X 64 = 64 X 72 

f. 7x (9x8) = (7x9)x8 

g. 3 — 3 x 1 — 3 X 4 — 12 

4. Computational short cuts in mathe- 
matics may be classifi6d as representa- 
tive of mathematical properties that the 
pupil can discover. Three basic proper- 
ties that apply to short cuts are: 

a. The associative property. An illustration of the 
associative property for addition is as follows: 

24 -h i46 -f 38) = (24 V 46) + 38 

b. Identity of 1. The example 25 x 48 when ex- 
pressed as 25 X 48 = 4 X 25 x 48 x 7 illus- 
trates the identity element of 1 (4 x 1)- 

c. The distributive property. Thepxample 19 x 43 
= (20 — 1) X 43 illustrates the distributive 
property 

Other properties can be applied in a 
variety of ways. 
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5. The pupil may be asked to look up 
some topic, such as the complementary 
method of subtraction, the sieve of 
Eratosthenes, or some similar opera- 
tional procedure in available reference 
books. Pupils should be encouraged to 
volunteer for such activities and should 
also l)e encouraged to carry them on 
independently. 

6. The independent study of the top- 
ics related to the history of mathematics 
offers many challenges to the superior 
learner, such as: 

a. The history of our system of nu- 
meration 

b. Other systems of numeration 

c. The reading of such books as K. T. 
Bell, Men of Mathematics;'* James 
Mf'wman, World of Mathematics;*^ and 
Lancelot Hogben, The Wonderful World 
of Mathematics.** 

7. A number of com])anies have pub- 
lished learning materials that will en- 
able the pupil to study mathematical 
topics systematically but independently, 
for example, the series Mathematics: 
Programs A, B, and C.*'^ 

8. The study of mathematical ])roce- 
dures basic in automatic computing 
devices and machines offers a real chal- 
lenge to the superior student, 'fhe nu- 
meration systems most commonly used 
in these machines arc the binary and 
decimal systems. The reason for their 
use should' be determined. 

9. The answering c^f questions based 
on a group of exercises, such as the 
following, should lead to the formula- 
tion of a concise statement or to a valu- 
able mathematical conclusion or gener- 
alization. 


®(iWw York; .Simon and Schustor, Inc., 1937). 
'"(New York. Simon and Schii.stcT, Inc., 1956). 
"(New York: DouMcday & Company, Inc., 
19.55). 

'^(Morri.stowii, N.J.: Silver Bnrdett Company). 
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a. Find the answers to the following: 

J -r i 

6~7'J 

8i-T-4 

b. In which of the examples is the 
quotient greater than 1? less than 1? 
equal to 1? 

c. See if you can discover general 
rules that will tell when the quotient 
of the example is greater than 1; less 
than 1; equal to 1. The pupil should be 
directed to write a concise statement 
concerning the situations described. 

10. The pupil should not only work 
with puzzles but he should also try to 
find the mathematical basts of the puz- 
zle. For example, perforin the follow- 
ing: 

a. Select any number, as 7 

b. Now add the next higher number : 

7 f 8 = 15 

c To that sum add 9: 15 4-9 — 24 
c Divide the sum in (c) by 2: 24 2 = 12 

e. Subtract the original number- 
12-7 = 5 

The answc r always will be 5. The use 
of general number will show why the 
final answer will always be 5. 

Let n — the number 

Then n + 1 = the next number 

2n f 1 = the sum 

2n 4 1 f 9 = 2n 410 

(2n 4 10) 2 = r? 4 5 

n 4 5 — n = 5 

After the pupil discovers the reason 
why the puzzle works, have him make 
a similar puzzle to try on his friends. 

Geometric number patterns 

One of the best ways to develop 
power in mathematics is to ha\e the 
pupil discover number ])atterii>. Identi- 
fication of geometric number patterns 
is an illustration of the type of work 
adapted for this purpose. Geometric 
numbers are so named because a dot 


representation of a number forms a 
geometric figure, such as a triangular 
number. The first four triangular num- 
bers are given. • 


13 6 10 

The pupil should be able to discover 
the pattern that applies to a series of 
geometric numbers if he mrfkes a dia- 
gram to show the first few numbers in 
the series. He should then find the dif- 
ferences between pairs of consecutive 
terms. These differences form a series. 
In the illustration of triangular num- 
bers, the differences 1(1— 0), 2 (3 — 1), 
3, and 4 are for the first four counting 
numbers. Therefore the next difference 
would be 5, hence the next term in the 
series of triangular numbers would be 
10 + 5, or 15, and the following tri- 
angular number would be 21. The pupil 
can always check his work by making 
a dot diagram to show that a number in 
a series is correct, as a triangular repre- 
sentation for 15 and 21. 

The teacher should write on the 
chalkboard the numerals for the first 
few numbers in the series of natural 
numbers, odd numbers, and even num- 
1 ers, as follows: 

A; {1.2. 3. 4,5. 6.7.8} 

8. {1,3,5,7.9.11.13.15} 

C; {2.4.6.8.10,12.14,16} 

The plan described for triangular 
numbers should apph to other numbers 
that can be represented by geometric 
models. The pupil should make dia- 
grams to represent only regular pol\*- 
gons. 

Square Numbers 

• • • 

Point representation • • • • • 

(array) 

Numbers 14 9 

Set of first five square numbers {1 , 4, 9, 16, 25} 
Differences 1 (1 — 0), 3, 5, 7, 9 
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The differences form the series of 
odd numbers. Therefore, the sum of 
any number of odd numbers is a square 
of the number of addends. The sum of 
the first six odd numbers is or 36. 

Rectangular Numbers 


Arrays •• 

Numbers 2 6 12 

Set of first five rectangular numbers 

{2.6.12.20.30} 

Differences 2 (2 — 0). 4. 6. 8. 10 

The differences form the series of 
even numbers as given in set C. 'fhere- 
fore the sum of any number of consecu- 
tive even numbers is a rectangular num- 
l)er. Tims the sum of the first fiv e even 
numbers is 30, which is a rectangular 
number. 

Pentagonal Numbers 


Arrays • • • • • • 

Numbers 1 5 12 22 35 

Differences 1,4,7.10,13 

The differences form a scries in which 
each term increases by 3. 

The dot diagrams show that, a pen- 
tagonal number i>s a combination of 
models for a triangle and a s(iuare. 
Therefore a number in a series of pen- 
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tagonal numbers can be formed by add- 
ing the correct terms from both series. 
If the nth term of the square numbers 
is added to the (n + 1) term of the tri- 
angular numbers, the sum will be the 
nth term of a pentagonal series, as 
shown by the following: 

Triangular 1 3 6 10 15 

Square ^ 4 9 16 25 36 

Pentagonal 1 5 12 22 35 51 

Hexagonal Numbers 


Point repre- • • • • • • • 

sentation • • • • • • 

Numbers 17 19 

Set of first five hexagonal numbers 

{1.7,19. 37.61} 

Differences 1.6.12.18.24 

The differences form a series in which 
each term following the first term is a 
multiple of six. The seciuence of difler- 
ences should enable the ])upil to find 
t‘ach succeeding term in the series of 
hexagonal numbers. 

The teacher should have the pupil 
divide each hexagonal number by 6 
and note the quotient. Every hexagonal 
number is one more than a multii)le of 
6. The pupil should discover tin* pattern 
to euiible him to write the next ninnbm* 
in the hexagonal series from the divi- 
sion. The pu])il renames each term of 
the series as follows: 


Hexagonal numbers 1 7 19 37 61 

Renaming numbers 0x6-l-1 1x61-1 3x6f1 6'x6f1 10x641 


In the series of renamed numbers, each 
hexagonal number is the product of two 
factors plus a remainder of 1. One of 
these factors is 6 and the otl '^r is a tri- 
angular number. Therefore the set of 
the latter factors forms the set of tri- 
angular numbers. 

The teaclier may have tlu pupil fol- 


low the pattern described to find the 
octagonal numbers or any other set of 
geometric numbers. 

Motivation of superior iearners 

How can the teacher help the child 
set up goals that will challenge him? 
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What can be done to motivate him? To 
what extent should external induce- 
ments and artificial stimuli such as 
grades, examinations, rewards, and pun- 
ishments be used to stimulate him to 
greater efforts? 

Ideally, motivation should help the 
child to develop purposes, interests, 
and expectations that will direct his 
efforts and activities toward the fulfill- 
ment of long-range ambitions and goals. 
Some children at an early age reveal a 
marked aptitude in mathematics, which 
should be guided and developed by the 
school. The experiences of young chil- 
dren in the home and elsewhere may 
have stimulated them to ex]dore a var- 
iety of uses of mathematics in daily life. 
This impetus should be expanded and 
encouragt*d by the whole staff of the 
school. It is an unfortunate fact that lack 
of motivation accounts for the large 
rmr.!;er of talented youth who fail to 
complete their sec ondary education or 
to continue the studv of mathematics 
at the college level. 

T'he following are some of the tech- 
uicpics of motivation that are used by 
the schools: 

1. Honor rolls 

2. Invitations ofmembershi]) in math- 
ematics clubs 

3. Student interviews with counsel- 
ors and teachers 

4. Letters to parents reporting un- 
usual ach i e v cm n e n ts 

5. Scholarshi]) luncheons and ban- 
(luets 

b. Mathematics contests 

7. The availabilitv of a wide variety 
of books and mathematical devices and 
instruments for examination by those 
interested. In some elementary schools 
mathematics workrooms are set up in 
which children can work when they 
wish 

8. Centers of interest in classrooms. 


ADJUSTING INSTRUCTIONAL 
MATERIALS FOR 
SUPERIOR LEARNERS 

Mathematics textbooks 

The mathematics textbook for super- 
ior learners should include not onl\ 
the essentials of the basic program for 
all learners but also additional material 
that is more difficult and mor^e abstract 
in nature. More attention should be 
given to the study of the numeration 
system and the properties and princi- 
ples underlying number operations. 
Fewer illustrations are needed and the 
reading difficulty of the discussion of 
topics can be increased. The problem 
content can be broadened in scope and 
complexity, and the work in algebra 
and geometry can be extended and 
made more diffic ult. 

The teaching guide should offer sug- 
gestions concerning the use of concrete, 
manipulative materials and visual aids 
in order to supplement work in the 
lower grades. Superior learners, how- 
ever, need much less contact with such 
learning aids than the children of aver- 
age and low ability. The rate of present- 
ing topics in textbooks for su])erior 
)'‘arncrs cair be more ra])id than for 

uldren of other lev els of a})ilitv . 

Special provisions for enrichment 

Mathematics textbooks suggest a wide 
varietv of activities that enrich the 
learning of mathematics for the more 
able children in grades 1-6. Some of 
the more widely used methods are the 
following: 

1. Exploration of the uses of mathe- 
matics in all cnrriciiliim areas, espe- 
ciallv- science, health, music, and social 
studies 

2. Starred problems within instruc- 
tional units that require independent 
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research, reading, and local inquiry 

3. Lists of topics and problems for 
special investigation and report 

4. Starred units of work of above 
average difficulty 

5. (Challenges for the more capable 
learners 

6. Solving equations and formulas 

7. Matliematical puzzles and recre- 
ations 

8. (Geometrical constructions and 
proofs 

9. Activities leading to the discovery 
of principles, generalizations, and re- 
lationships 

10. Field work requiring the appli- 
cation of mathematical procedures, es- 
pecially geometry 

11. Mathematics scrapbooks — indi- 
vidual or class 

12. “Brain twisters” 

13. The i^reparation of exhibits, dis- 
pla\’s, and collections 

14. Excursions and field tri])s 

15. Mathematics clubs 

16. A section of the textbook is la- 
beled “(Challenges” or “Extension,” in 
which the material is keyed to the main 
bod\ of the text. The extensions are de- 
signed to create power in dealing with 
number. 

A number of publishers have made 
available enrichment materials in math- 
ematics for elementary schools fol- 
lowing: 

Ginn & (Gompany, (hnn Enrichment 
Program, grades 2-8 
Harcourt, Brace & World, Inc. 

Harper & Row, Publishers, Inc., Arith- 
metic Enrichment Program, grades 
3-8 

Holt, Rinehart and Winston, Inc., Pro- 
gramed Units in Modern Mathematics 
Silver Burdett Company, MathernatiOs 
Enrichment Program: A, B, and C 
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Webster Publishing Division, McGraw- 
Hill, Inc., Exploring Mathematics on 
Your Own 

The school library 

The resources of the library should 
be used continually to enrich the work 
in mathematics. The library is the heart 
of an enrichment program for the su- 
perior learners with s])ecial interest in 
mathematics. These students are likely 
to browse widely among available print- 
ed materials of all kinds, seeking infor- 
mation they desire on matters of inter- 
est. Independent reading and study is 
a high type of learning that should be 
encouraged and facilitated by having 
available a well-selected variety of 
printed materials, including general 
books, reference books, magazines, bul- 
letins, schedules, and the lik(\ 

The books listed below are exccdlent 
sources. Ideally all of these books 
should be available in a classroom li- 
brary.*'* 

1. Encyclopedias and referenct* 
books: 

Brilannica Junior 
E ncijclopeclia Britann i ca 
C()mpiou\s Pictured Eunjclopediu 
The World Ahuauac 
The World Book 

2. Books with historical materials: 
Adler, I., Time in Your Life. New York: 

The John Day Company, 1955 
(Gardner, M., “The Remarkable Lovt* of 
Prime KumhersfScientiJicAmericau, 
March 1964, pp. 120-128 

K. The ElemenUmj 

and Junior School Library (VVashinKloii, 

l).C.: The National (a)niicil onVac‘hc*rs of Mattu*- 
inatics, 1960). 
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Ilogben, L., Mathematics for the MiU 
lions. New York: W. W. Norton & 
Company, Inc., 1937 

, The Wonderful World ofMathe^ 

matics. New York: Doubieday & 
Company, Inc., 1955 
Sanford, Vera, A Short History of Math- 
ematics. Boston: Houghton Mifflin 
Company, 1930 

Smith, D. E., Number Stories of Lonff 
Ago. Boston: Cinn and Company, 
1919 

Smith, D. E., and J. Cinslnirg, Numbers 
and Numerals., New York: Bureau of 
Publications, Teachers College, Col- 
umbia University, 1937 

3. Recreations, games, pu/zles: 

Bakst, A., Mathematical Puzzles and 
Pastimes. Princeton, N.J.: D. Van 
Nostrand Company, Inc., 1954 
Bcndick, Jeanne, How Much and How 
M^niy? New York: McCTraw-IIill, Inc., 

1947 

Collins, E. A., Fun with Fitiures. New 
York: AppIeton-C'cntur>'-Cj*ofts, Inc., 

1948 

Enrichmtmt Program for Arithmetic, 
])am])hlets for grades 3-0, eight per 
grade. New York: Har])er tk Row, 
Publishers, Inc., 1950 
Kriend, \., Numbers' Fun and P^act. 
New York: Charles Scribner's Sons, 
1954 

Heath, R. V., Mathematic. New York: 

Dana Publications, 1953 
Me\er, J. S., Fun with Mathematics. 
New York: Harcourt, Brace & World, 
Inc., 1952 

Smith, D. E., Wonderful Wonders of 
One, Two, Three. Rochester, N.Y.: 
Macfarland, 1937 

Spitzer, H. ¥., Practical Classrtwm Pro- 
cedures for Enrichint Arithmetic. St. 
Louis, Mo.: Webster Publishing Di- 
vision, Mc(iraw-Hill, Inc., 1950 


MATHEMATICAL RECREATIONS 
AND OTHER MEANS OF 
ENRICHMENT 

Sources of mathematical 
recreations 

The following ])ooks contain many 
illustrations of mathematical recrea- 
tions. 

Adler, Irving, The Matic House of 
Numbers. New York: The John Day 
Company, 1957 

Cullins, F. A., Fun with Figures. New 
York: Appleton-Century-C^rofts, Inc., 
1948 

Freeman, Ira, and Mae Freeman, Fun 
with Figures. New York: Random 
House, Inc., 1940 

Clenn, W. H., and D. A. Johnson, F'un 
with Mathematics. St. Louis, Mo.: 
Webster Publishing Division, Mc- 
Graw-Hill, Inc., 1900 
Heath, Royal V., Mathemagic. New 
York: Dover Publications, 1953 
Schaaf, William A., Recreational Mathe- 
matics. Washington, D.C.: The Na- 
tional (Council of teachers of Mathe- 
matics, 1955 

Spitzer, Herbert F., Practical Classroom 
Procedures for Enriching Arithmetic. 
St. Louis, Mo.: Webster Publishing 
Division. McGraw-Hill, Inc., 1950 
There is a wide range of mathemati- 
cal recreations. Each of the texts men- 
tioned provides many ty])es. A sample 
of a mathemati(‘al recreation of a geo- 
metric nature follows. 

Geometric puzzles 

1. Lay 0 matches on the table. Place 
them 1 inch a])art. Add 5 matches to 
them and make 9 (Fig. 24.1). 



Figure 24.1 



442 


PROVIDING FOR INPIVIDUAL DIFFERENCES 


2. Draw a 2-inch circle on a piece of 
paper. Draw a star in the circle, as 
shown in Fig. 24.2, using one continu- 
ous line and without retracing any line. 



Figure 24.2 


3. In the first part of Figure 24.3, six 
equal areas are formed hy 13 matches. 
How can one get six equal areas with 
one less match? 



Figure 24.3 


Field work in mathematics 

There are many experiences in the 
nature of field work that offer excellent 
opportunities to enrich the learning of 
mathematics by applying it in such con- 
crete situations as the following: 

1. Measuring changes in shadow 
lengths at different times of the day 

2. Laying out a schooLgarden 

3. Finding the widths of lots in the 
vicinity 

4. Finding the length of a city block 

5. Laying out a piece of ground equal 
to an acre in some nearby field 


6. Finding the area of the school 
playground 

7. Checking the dimensions of the 
school baseball diamond 

8. Estimating the time required to 
walk a block, then checking with a 
watch. Several trials are cidvisable 

9. Laying out a map showing traffic 
hazards found by a survey of the vicin- 
ity of the school. 

A mathematics table or corner 

On a table in the corner of the class- 
room, the teacher and children can 
place interesting materials related to 
mathematics, such as number games, 
number puzzles, stunts with numbers, 
st.iapbi)oks, strange measuring devices, 
collections of old coins, pictures show- 
ing uses of numbers, and similar ma- 
terials. In some schools it is possible to 
secure pictures, exhibits, and collec- 
tions of mathematics materials from li- 
braries. museums, and businesses. To 
add to the attractiveness of the cornen-, 
a small library and a bulletin board can 
l)e used. These may be cared for b\ a 
small committee of children. All chil- 
dren can bring materials to school to 
be a part of the mathematics corner. 
The materials ma>’ be evaluated from 
time to time and steps taken to make 
the corner more interesting and attrac- 
tive. 

Math clubs 

In most junior high schools and in a 
growing number of elementary schools, 
there are math clubs that are made up 
of groups of children especially inter- 
ested in arithmetic and other branches 
of mathematics. Usually a teacher spon- 
sors the group. Programs are geared to 
the interests of the children. The clubs 
freely draw on the resources of the 
school and community to secure dis- 
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cussion leaders who can tell them about 
important developments in everyday 
uses of mathematies and the require- 
ments of business, industry, and science. 
Often such clubs take charge of a num- 
ber of school assembly ])rograins. They 
also sometimes sponsor displays of films 
about mathematics, contests, and even 
debates or forums. A good math club 
can do much to enrich the work in math- 
ematics in elementary schools. 

Summary 

1. Every pupil needs some form of 
enrichmtmt. The more able pupil should 
participate in activities that lead to the 
development of mathematical power. 

2. Enrichment should be both verti- 
cal and horizontal. 


1. Try to apply the list of principles under- 
lying the planning of the mathematics 
program given on page 384 to the evalu- 
ation of the program of some elemen- 
tary school. In what respect is the pro- 
gram adequate? What are some of the 
limitations of the program? 

2. Prepare a list of criteria to be used in 
selecting children talented in mathe- 
matics in the primary grades; in the 
intermediate grades. 

3. What methods do you think can be 
added to the list on page 439 to moti- 
vate the more able learners? 

4. Why is acceleration by skipping a grade 
an undesirable method of providing 
for superior learners? 

5. What methods of grouping pupils ac- 
cording to their aptitude in elementary 
mathematics are used in local schools? 


3. There should be some kind of 
grouping of pupils according to ability 
or achievement in mathematics. 

4. Limited acceleration is a desirable 
form of procedure for meeting the prob- 
lem of individual differences provided 
the pupil does not skip a grade. Acceler- 
ation and differentiation of subject mat- 
ter are inseparable in an effective pro- 
gram in mathematics in the elementary 
school. 

5. The structure of the numeration 
system should receive great emphasis 
in the program for the more able 
pupils. 

6. The? more al)Ie pupils should be 
encouraged to do independent study 
of topics in reference books and in sup- 
plementary textbooks. 


EXERCISES 

What method of grouping can be used 
by the teacher in a typical classroom? 

6. Give other illustrations of methods of 
developing mathematical power in ad- 
dition to those given in this chapter. 

7. What is the difference between exten- 
sion and enrichment? 

8. What work with operations with num- 
ber bases other than base ten do you 
think should be taught in the elemen- 
tary school? 

9. Have a demonstration of a binary com- 
puter as described on page 433. Also 
demonstrate a computer that operates 
with numbers expressed in base three. 

10. Use the method described on page 438 
and show the first four octagonal num- 
bers. Use the pattern for finding octag- 
onal numbers and write the next two 
numbers in the series. 
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HOW TO PREPARE 
ESSENTIAL MATERIALS 
AND LEARNING AIDS 


Tile teaelu^r may e(iiiip the mathemat- 
ics classroom witli either eommereiaJ 
or homemade* materials. The iollowin^ 
directions will enable her to make the 
most of the essential materials for class- 
room use that are described in this text. 

Flannel board 

A flaniu*! board can be made by cover- 
ing a piece of masonite or similar ma- 
terial (24 by 30 inches) with flannel 
having a good na]) (Fig. A. I). Make frac- 
tional disks lined with flannel about 
10 inches in diameter. Cut these disks 
into halves, thirds, fourths, sixths, and 
eighths. Keep two disks whole. 



Figure A.1 
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Place-value charts 

A i)lace*-valiie chart may be made of 
wood or oak tag. For tlie primary grades 
the teacher may find it helpful to use a 
place-value chart consisting of three 
separate sections, each made of oak tag. 
Each section is used to represent a 
place in the number system, as ones, 
tens, and hundreds. For grades 4-6, one 
chart can be subdivided into three sec- 
tions or parts to show the given places. 
Since the same teacher seldom will be 
teaching at all six grade levels, direc- 
tions for making each type of pocket 
chart follow. 

Three pocket charts 
for primary grades 

Use three sheets of oak tag, each 20 
by 26 inches, to make the pocket charts. 

The steps in making the card holders 
are as follows (see also Fig. A. 2): 

1. Place the paper on a table with 


the short edges at toi) and bottom. Meas- 
ure down 5 inches from the top alorjg 
eaeh side and place dots. Join the dots 
with a line, as in Figure A.2(A). 

2. Fold the top back and under along 
this line and crease firmly, as in Figure 
A.2(B). 

3. Measure down 2 inches from the 
crease along each side and join the dots 
with a line, as in Figure A.2(C]). 

4. Fold the top back and under along 
this line and crease firmlv, as in Figure? 
A.2(U). 

5. Open up flat on the tabh‘. Lift the 
lower creased fold u]) over the upper 
crease. The upper crease will slide 
down under the fold and you will have 
the first pocket. Crease firmly and staple 
down each edge of the pocket so that it 
stays in place, as shown in Figure 
A,2(E). 

6. Now to make the second pocket. 
Measure down 5 inches from the top 
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edge of the first pocket on each side of 
the chart and place dots. Join the dots 
with a line, as in Figure A.2(F). Form 
the next pocket by repeating the proc- 
ess described above. 

7. Rc'peat direction (6) until you have 
three pockets on the card holder. 

8. Make two more similar card hold- 
ers, following directions (1-7) above, 
so as to have a total of three pocket 
charts. 

9. Each card holder now nt cds a 
stiff backing. Get a i)acking carton for 
this purpose. Yon will need three sid(‘s 
of a carton. Each side should be at huist 
as large as a card fiolder. 

Lay the back of the card holder on 
tile cardboard backing and cut the card- 
board to the size of the pocket chart. 
Then staple the cardboard and the chart. 
You may choose to bind the edges of 
• the chart with masking tape to improve 
Its upoearance. 

10. Finally, use a white crayon or a 
small brush with white poster paint to 
print above the top pocket the name of 
each card hold(*r, as shown in Figure 
A.3. 


Hundreds 

Tens 

Ones 











Figure A.3 


Cards for card holders 

You need 20 sheets of 9- by 12-inch 
red construction paper to make the 
cards for the pocket charts. Yon also 
need a sui)])ly of rubber Ininds to make 
bundles of cards, l^st* miniature rubber 
bands for the tens’ bundles. 

1. On your paper cutter ^ ou can cut 
five sh(*ets at a time. 

2. Using the 9-iiich edge of the ])aper, 
measure and cut three 3-ineh strips, as 
in Figure A.4(A). 


3^ 

S'' 

> 



- 

3^ 








12 " 
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e 



B 

Figure A.4 


3. From each 3- by 12-inch strip you 
can cut eight 3- by l-i-inch cards, as fn 
Figure A.4(B). 

4. Since you get 24 cards from each 
9- by 12-inch sheet, you will get 480 
cards — an adeejuate supply' for the oper- 
ations needed in the primary grades. 

5. To cut these cards, pick up five of 
the 3- by^ 12-inch strips at a time. Cut 
l4- by 3-inch cards by cutting off l4- 
ineh strips from the 12-ineh edge. As 
each group of f]\ cards drops, pick up 
the cards and lay them aside. When the 
next five cards drop, place tlunn with 
the prc'vioLis group and make a bundle 
of 10 cards, or 1 tens’ bundle. Have 
children help make 45 bundles of 10 
cards. 

6. To make a hundreds’ bundle, pick 
up 10 tens and wrap them together with 
a rubber band. Make 2 hundreds bun- 
dles, keeping the bands on the tens. 

7. You now ha\e 2 hiindieds’ bun- 
dles, 25 tens' bundles, and 30 single 
cards. Keep the cards in a box. 

One-piece pocket chart 

The pocket chart for the intermedi- 
ate grades should be in one piece, di- 
vided into three sections. The teacher 
in the lower grades may also prefer to 
use a pocket chart of this kind. The 
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chart may be made of wood or of oak tag. 
Oak tag 20 by 26 inches is suitable for 
making a pocket chart. The stei)s in 
making the chart are as follows: 

1. Place the paper on a table with 
one of the 26-inch edges nearest yon. 
Measure down 5 inches Irom the top 
edge of the paper and draw a line paral- 
lel to this edge. Fold the top along this 
edge and crease firmly. 

2. Repeat steps (2-4) just listed. 

3. Divide the slieet longitudinally 
to form thret' ecpial pockets in (‘ac h row. 
At the points of intersection with the 
rows of pockets, insert staples. 

4. Beginning on the right, label the 
sections ones, tens, hundreds to show 
whole numbers. Beginning on the left, 
label the pockets ones, tenths, hun- 
dredths to show decimals. The same 
pockets may be used for both whole 
numbers and decimals provided difler- 
(Mit labels are given. 

5. Fasten the top of the chart to a 
wire coat hanger. 

Use cards a])])roximately l4 by 24 
inches to insert in the pockets to reim*- 
sent numbers. Tongue depressors or 
splints may be substituted for cards. 

At the level of grade 4 or above, it 
should not be nec*essary to use a bundle 
of 10 cards to represent each digit one 
place to the left of a givcui place, (^ards 
of different colors may be used to show 
the values represented in the respective 
places. Thus if a red card represents 1 
one in ones’ plac*e, a blue card may rep- 
resent I ten in tens’ place and a green 
card may represent 1 hundred in hun- 
dreds’ place. Similarly, different-colored 
cards mav' be usc'd to represent the 
places to the right of onesi’ place. 

At the next higher level of under- 
standing of place value, a card of the 
same color should be used to represent 
a digit in a given pocket. If all of the 
cards are red, three of these cards in 
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ones’ pocket represent 3; in tens* place, 
30; and in hundreds* place, 300. The 
pupil who reaches this stage in under- 
standing place value is ready to inter- 
pret the value of a digit in a number. 
He should then know that a 3 two places 
to the left of ones’ place represents 300, 
as in the number 347. 

Fraction kit for pupiis 

Each pupil in grades 5 and 6 should 
have a kit of circular cutouts for demon- 
strating fractional numbers. Have these 
cutouts made of oak tag or construction 
paper. Supply each pui)il with 12 cir- 
cular disks approximately 5 inches in 
diameter. He should use two of these 
to represent wholes. He should cut two 
other disks to represent halves and then 
cut the rest of the disks in pairs to repre- 
sent thirds, fourths, si.xths, and eighths. 

In grade 5 it may not be nec('ssary to 
have cutouts to represent thirds and 
sixths. In that cas(‘ S circular disks are 
needed. The teacher should remember 
that it is necessar\ to supply a pupil 
with a model cutout cMiual to a third. 
Then he can fold a third so as to form 
two eciual parts, each of which is ('qual 
to a sixth. 

The radius of a circle may be* used in 
dividing the circle into sixths. Draw a 
circle and mark a point on the circami- 
ference. Open compasses ecpial to the 
radius. From the given point mark in 
succession on the c’ircle five other 
points. Connect the six points with the 
center of the circle. Each sector now 
marked is a sixth of the circle. Cut the* 
sixths by cutting along the radii you 
drew. 

Rectangular squares and strips 

Supply eac:h pupil in grades 3-6 with 
scpiares and rectangular strips to be 
used to objectify the work with whole 
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nuTnl)ers and dec imals. A piece ol eon- 
striietioii paper 15 by 21 inches can 
be rilled into -^-inch sciuares to provide 
the necessary squares and rectangu- 
lar strips. A paper of this size will pro- 
vide 20 rows and 28 columns, each y- 
inch wide, making a total of 560 j-inch 
scpiares (20 by 28). Cut these scpiares 
to form large scpiares and rec-tangnlar 
strips as follows: 

1. 3 large scpiares containing 100 -j- 
inch squares 

2. 20 strips of 10 -j-ineli scpiares 

3. 60 -j-ineh squares cut as follows: 
a. 15 single scjuares 

1). 5 strips of 2 squares 
c*. 5 strips of 3 squares 
d. 5 strips of 4 squares. 

The pupil should use the ruled side 
of the scpiares and the strips to re[)re- 
sent whole numbers. Figure A. 5 shows 
tin* number 138. The 8 ones may Ix' rep- 
resentc'd b>’ 8 small scpiares, two groups 
of 4 s(iuar(*s, or any other combination 
of s(piarc‘s ha\ ing a .sum of 8. 


□ 

□ 

□ 

□ 

has a llat-top desk on which to inanipu- 
Iat(‘ these exploratory materials when 
he uses them in class. 

‘‘Everybody show” cards 

Each child should be supplied with 
10 cards 2 by 3 inches. Each card should 
contain one of the 10 digits (Fig. A.7). 



Figure A.7 



Figure A.6 


□ 

□ 

□ 

n 

□ 

□ 

□ 

□ 


The pnjiil should ns(* the unruled 
side of the stpiares and the stri])s to rc‘p- 
resc'ut decimals. The unruled side* of a 
large sc]nare represents a whole, a full 
single* strip represc'iits a tenth, and a 
small s(piare represents a hundredth. 

Figure A.6 shows how to rcqnesent 
the number 1.34. 

Have tlx* pupil keep the cutouts, 
s(iuares, and rt*ctangular strips in t\^'o 
manila envelopes. Be certain that he 



'rhe digits should be ])lact*d to ha\’e 
from Y hich to 1 inch of space at the 
bottom of the* card. The digits sliould be 
printed neatly and legibK and almost as 
big as the l ard. 

'rhe ])upil should alwa\s arrange the 
cards on his desk in the order shown 
when he participates in the game call(*d 
EverybocK Show. 

The 10 cards are adetpiate for all prac - 
tice on number facts in addition through 
the eighteen s except lor the eltwens. 
When the answer to a fact is 11, two 
cards containing the digit 1 are needed. 
These cards can be used in practicing 
the basic* facts in eac h of the four proc- 
esses. Thus for tilt* grouping 4x8, the 
pupil would show 32 in the card holder: 
for the grouping 9^, he would show 
6 . 
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Before folding 

After folding 


After stapling 

A 

B 
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Figure A. 8 


Each pupil needs a card holder in 
order to play “Everybody Show.” To 
make a card holder, use a sheet of red 
construction paper 4 by 6 inches (Fig. 
A.8). Lay it with the 6-inch edges at top 


and bottom, as in (A). Fold up ^ inch on 
the bottom edge to make a pocket, as 
in (B). Staple the ends at points a and 
b so that the pocket is held firmly in 
place, as in (C). 




GLOSSARY 


AHACUS An ilhaciis is an aneirnt count- 
ing frame or device consisting of mov- 
ahl(‘ beads on parallel rods. Kach rod 
represents a place in a numeral. To- 
day the abacus is used in schools 
chiefly to teach the concept of place 
value. An empty rod performs the 
same function that zero performs in 
holding a place in a numeral. 

ACUTE AN(;lk An acute angle is an 
angle having a measure between 
and 90°. 

ADDEND An addend is a number to be 
added to find a sum. The addends in 
4+7+9 are 4, 7, and 9. 

ADDING BY ENDINGS AddiT g by end- 
ings involves the addition of a two- 
digit number and a one-digit number 
in one mental operation. 


VDDITIVK IWEHSE The Mini 

of an>’ 

number and its additive inverse is 

zero. 


ALGDBISM An algorism is 


a method of writing and 

24 

performing any of the four 

V 3 

basic operations. An algo- 

72 

rism for multiplication is 


shown at the right. 



ANGLE An angle is a geometric figure 
formed b\ two ra>s, not in the same 
line, that have the same endpoint. 

ABiTHMETic: E.XPRESSiON All arithme- 
tic exiiression c onsists of one or more 
symbols to represent numbers. If two 
or more numbers are represented, 
the> are connected by conventional 
signs to indicate the operations to be 
performed. Examples of arithmetic 
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expressions are 5, 3 + 7, 2 X 6, 18 -r- 3 
(see Numeral). 

AHHAY An arra\' is an orderly arranj?e- 
ment of the elements of a set in rows, 
with the same number of elements in 
each row. 

ASSOCIATIVE FHOPEHTY FOR ADDITION 
According to this propc^rty the way in 
which three addends are grouped 
does not affect the sum, as {a + h) 
+ c = a + (b + c). 

ASSOCIATIVE PROPERTY FOR MULTIPLI- 
CATION According to this property 
the wa>' in which three factors arc 
grouped does not affect the product, 
as (a X b) X r = a X (b X c). 

BASE (PERCENTAGE FORMULA) The 
base in the percentage formula is the 
number used for applying tlu' rate to 
find the percentage. In the equation 
37r of 80 = /I, the base is 80 (p = br). 

BASE (system of NUMERATION) The 
base of a system of numeration is the 
number of units that must be grouped 
in a given place in a numeral to equal 
one in the next place to the left in that 
numeral. The base of any svstem of 
numeration is the same as the num- 
ber of digits used in that system, pro- 
vided the system involves the prop- 
ei*t\ of place value. 

bask: fact a basic fact in addition or 
multiplication is any combination of 
a pair of one-digit numbers with the 
sum or product. A basic fact in sub- 
traction or division is the correspond- 
ing fact derived from the opposite 
operation, excluding division by 0. 
Illustrations of basic facts are 5 + 0 
= 5, 12 - 4 = 8, 3 X 7 = 21, and 
14 ^ 2 = 7. 

BASIC NUxMBER PAIR A l^asic number 
pair consists of two one-digil num- 
bers that may be used to form a basic 
fact in addition and multiplication. • 

BINARY (number BASE) The base of 
a binary numeration system is two. 


The only digits used in this system 
are 1 and 0. 

BINARY (operation) A binary oper- 
ation involves only two numbers. All 
of the basic operations are binary. 
When more than two numbers are to 
be added or multiplied, they must be 
grouped. 

brac:es { } Braces are symbols or 

signs used to designate a set. Braces 
are also used as symbols of grouping, 
for example, 3 — {2[4 — (2 — 1)]}. 

CARDINAL NUxMBER A cardinal num- 
ber is the number of a set. A cardinal 
number answers the question, How 
many? 

CAR'IESIAN PRODUCT The ("artesian 
product of two sets is the sc.‘t of or- 
dered pairs obtained by choosing the 
first element in each pair from the 
first set and the second element of 
each pair from the second set. Thus, 
{(1, 2)} X {(«. h)} — {(I, a), (1, /j), 
(2, «), (2, h)}. 

CASTING OUT NINKS Casting out Iiiiifs 
in a numeral is a proce'dure used in 
checking the computation with num- 
bers expressed in base ten. 

CLOCK AIUTIIMETIC ("lock arithmetic 
is another name for modular arith- 
metic. 

CLO.SURE A set of numbers is closed 
with resp('ct to an operation if the 
answer obtainc'd by applying that 
operation is an element in that set. 
Thus, the set of counting numbers is 
closed with respect to addition and 
multiplication, as 3 +5 = 8 and 12 
X 8 = 96. The set of counting or na- 
tural numbers is not closed with re- 
speet to subtraction and division, 
since the answers to the examples 
3 — 4 and 3-^-4 are not in this set. 

COMMUTATIVE PROPER'I'Y FOR ADDI- 
TION The order of adding two num- 
bers does not affect the sum, as a + b 
= h + a. 
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COMMUTATIVE PROPERTY FOR MULTI- 
PLICATION The order of multiply- 
ing two factors does not affect the 
product, as a X b = h X a. 

COMPLEX FRACTION A complex frac- 
tion contains a fraction in the numer- 
ator, in the denominator, or in both 
terms. 

c:oMP()srrE number A composite 
number has other whole-number 
factors besides itself and 1, for cx- 
am])le, 6, which has factors of 2 and 
3. 

CONCRUENT Two geometric fij^ures 
are congruent when they have the 
same* size and shape. 

OECADE A decade* is a set of ten con- 
secutive whole numbers beginning 
with a multiple of 10. 

DECIMAL A decimal is a fractional nu- 
meral in which the denominalor is 
not written because* it is inelicatcel bs 
the* position e)f the dce*imal point. 
Ever\ denominate)!’ in a decimal nu- 
meral is a i)e)wer of 10. 

DENOMiXATeiR In the* fractional nu- 
meral };, 1) is the elenominator. 

DENSENESS The*re‘ is an infinite set of 
numbers bi*twe*en an> two rational 
numbers. 3’his ])roi)crt>' of rational 
nnmbe*rs is kne)wn as densene*ss. 

DICl'l' A digit is an>’ one of the 10 s> ni- 
bols ns(*el in the decimal system of 
nnine*ratie)n. 

DIRECTED NUMBERS See Signed num- 
bers. 

DISJOINT SETS 1\vo scls are* elisjeiint 
when thc\' have ne) eomme)n cle*- 
nicnts. 

DIS I RIHU J l\ E PRe>PERTV According 
te) this pre)])e*rty, if an indicated sum 
is te) be* multiplied b\ a number, e^ach 
adde*nd must be multiplied b\ that 
number and these i)re)elucts aeldc'd. 
Thus, a(h + r) = ah + e/c. 

DIVIDEND In a division example, the 
dividend is the number to be divideel. 


as 34 in the example 2)34. The elivi- 
dend corresponds te) the product in 
multiplication. 

DIVISIBLE One number, n, is divisible 
by ane)ther number, p, if p is a facte)r 
e)f n. Thus 12 is divisible by 2, 3, 4, 
and 0 because eaeJi number is a factor 
e)f 12. 

DIXTSOR In a divisie)!! exam])le, the 
divise)r is the number b\ which, the 
dividenel is to be divided, as j in the 
example 6 -f- j. 11ie* product f)f the 
elivise)!* and the quotient is equal te) 
the dividend. 

DUODECIMAL (NUMBER BASE) -A dlH)- 
decimal system e^f numeration has a 
base of twelve. This system has 12 
digits: {0, 1.2, • • • 9, T, E}. 

ELEMENTS e)F A SE'I Aus thing that 
bclenigs te) the set is an clement, e)r 
member, of the* set. 'The elements of 
the set {reel, blue, green} are red, 
blue, and green. 

EMPTY SET The* empty set eoutains 
no elements, 'fhe designation for the 
empty' s(*t is { } or d). The set ol even 
numb(*rs in the set{l 3. 5, 7} is desig- 
naU‘d as the set { }. 

ENDPOINT The endpoint of a line s(*g- 
iiH^nt is the point from which it is 
possible to move in only one dircc-tion 
and re'inaiu in the segment. 

EQUAL SE'I’S Eepial sets have* the same 
e*lements, fe)r example, {e/, /), r} and 
{h, c, ti}. 

EQUA I JT\ Sec E] < pi ati on . 

EQUATION An eepiation is a mathe- 
matical statement indicating that two 
expressions name* the same number. 
The eepiation 3=2 + 1 is true*, but 
the eepiation 3 = 2 is false*. 

EQI ILAIERAL trianc;le A triangle is 
eeiuilateral if its sides are congruent. 

EQUI\ ALENT SE'I S Twe) sets are eepiiv- 
alent if their elements can be* brought 
into one-to-one correspondence. 

EULER diac;ram An Euler diagram 
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contains two or more closed curves 
(usually circles) to show how sets are 
related. An Euler diagram is often 
known as a Venn diaj;rani. 

EXCESS OF NINES The excess of nines 
in a nnniber is equal to the remainder 
obtained when the number is divided 
by 9. The excess of nines in 437 is 
5. The excess of nines is used in 
checking an example by casting out 
nines. 

EXPANDED FORM OF A NUMERAL The 
expanded form of a numeral is the 
notation that indicates the total value 
of each of its digits. The expanded 
form of the numeral 725 is 7 X 10*^ 
+ 2 X 10* + 5 X 10" or 7 X 100 + 2 
X 10 + 5. 

EXPONENT The exponent in shows 
that 4 is to be used as a factor three 
times. The expression 4*^ is read “4 
to the third i)ower,” and it means 
4x4x4. The 4 is called the base 
and the ^ is called the exponent. 

FAC:e VALUE (digit) The face value 
of a digit in a numeral is the c ardinal 
value of that digit. The face value of 
2 in 27 is cardinal value two. 

FACTOR If two or more numbers are 
multiplied, each number is a factor 
of the product. In the expression 
9 X 24 = 216, 9 and 24 are factors 
of 216. 

FIELD A field is a structure that is 
closely associated with the study of 
arithmetic and algebra. The postu- 
lates of a field are frequently known 
as properties. The properties include 
closure, associativity, commutativity, 
distributivity, identity, and inverse. 

FINITE SET A finite set has a spe- 
cific number of elements. The set 
{2, 4, 6, 8} contains four elements, 
hence it is a finite set. 

FRACTIONAL NUMERAL A fractional 
numeral is in the form in which 
a and h are whole numbers and h 


^ 0 . 

FUNDAMENTAL . THEOREM OF ARITH- 
METIC According to this theorem, 
every composite number can be fac- 
tored uniquely into prime factors. 

GENERALIZATION A generalization is 
a statement that is true for every 
member of a set. An example of a 
generalization is: A number is di- 
visible by 2 if it ends in 0, 2, 4, 6, 
or 8. 

GEOMETRIC fk;ure A geometric fig- 
ure is a set of points. 

IDENTITY ELEMENT FOR ADDITION 
The identity element for addition 
is 0. Zero added to any number is 
that number. 

IDENTITY ELEMENT FOR JVIULTIPLICA- 
TION The identity element for mul- 
tiplication is 1. Any number multi- 
plied by 1 is that number. 

IMPROPER SUBSET Every set is an im- 
proper subset of itself. Some mathe- 
maticians refer to the empty set as 
an improper subset. 

INEQUALITY An inequality is a num- 
ber sentence showing that two ex- 
pressions are names for dilferenl 
numbers, for exam])le, 3 ^ 5 or ii 
- 5 < 2. 

INFINITE SET A set wuth an unlimited 
(infinite) number of elements is an 
infinite set, as the set { I, 2, 3, 4, • • •}. 
The leaders indicate that the set is 
infinite. 

INTEGER The set of integers includes 
the set of positive whole numbers, 
negative whole numbers, and 0. 

INTERSECIION OF TWO SETS The in- 
tersection of two sets is the set of ele- 
ments included in both sets. The 
intersection of sets A and B is ex- 
pressed as A n B. 

INVERSE OPERATION Addition and 
subtraction are inverse operations, as 
are multiplication and division. An in- 
verse or opposite operation undoes or 
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neutralizes the operation of which it 
is the opposite. 

IRRATIONAL NUMBER All irrational 
number cannot be expressed by the 
quotient of two integers, as 

ISOSCELES TRIANGLE All isosceles 
triangle has two congruent sides. 

LEAST (lowest) c:ommon denomina- 
tor (i.cd) The LCD is the smallest 
number that is divisible by all de- 
nominators in the set of denomina- 
tors. 

LINE segment a line segment is the 
set of points on the shortest path 
connecting two points in a plane. 

LOWES'l COMMON MUL'IIPLE (LCM) 
The L(]M of a set of whole numbers 
is the smallest number divisible by 
all the numbers in the set. The LCM 
of 10, 12, and 15 is 60. 

MATCHING sets Matching sets are 
e(iuivalent sets. 

\i/iHEMA'riCAL SENTENCE A mathe- 
matical sentence is usually an equa- 
tion or an inequality. It indicates the 
relationship between two quantities, 
as 3 5, 4 < 5, or n - 2 = 7. 

MEASUREMENT Measurement is the 
process of finding the number of 
standard units there are in an object 
or thing. A board 4 feet long is 4 times 
the measure of the standard unit of 
1 foot. 

METRIC SYSTEM The metric system of 
measures is based u])on the decimal 
system of numeration. The standard 
units of length, of mass, and of liquids 
are the meter, the gram, and the liter, 
respectively. 

MIXED erac:tional numer.al (mixed 
number) a mixed fractional nu- 
meral represents the same number 
as the sum of a whole innnber and a 
fraction, as The numeial 3“4' rep- 
resents the same number as the nu- 
meral 3 + ^. 

MODULAR ARITHMEl’IC The set of 


numbers modulus 5 (mod 5) is 
{(), 1, 2, 3, 4}. If a modulus is a prime 
number, the modulus system forms a 
number field and is useful in helping 
pupils learn number properties. 

MULTIPLE A multiple of a number is 
the product of any integer and that 
number. 

MULTIPLICAND AND MULTIPLIER Mul- 
tiplicand and multiplier are techni- 
cal names for the factors in an ex- 
ample involving multiplication. 

MULTIPLICATIVE INVERSE See Recip- 
rocal. 

NATURAL NUMBER A natural number 
is a member of the set of counting 
numbers, for example, {l, 2, 3, * * •}. 

NE(;ative NUMBER A negative num- 
ber is a number that is less than 0. 

NULL SET See Empty set. 

NUxMBER LINE A number line is a line 
having numbers corresponding to 
points on the line. 

NUMBER PERIOD A number period is 
the system of grouping places in a 
numeral to facilitate the reading of 
the number represented. Beginning 
at the right of a whole number, one 
finds the first three places to the left 
are designated as units, the next three 
places as thousands, the next three as 
millions, the next three as billions, 
and so on. An illustration of number 
periods is 2,345,()()(). 

NUMBER RAY A number ra\ is a ray in 
which numbers are assigned to points 
on it. 

NUMBER SYSTEM A number s> stem is 
a set of numbers and one or more 
operations. 

NUMERAL A numeral is a symbol or 
expression used to represent a num- 
ber. 

NUMERATOR 111 the fractional numer- 
al the numerator. 

OBTUSE ANCLE .An obtusc angle is an 
angle ha\ ing a measure between W 
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and 180". 

OPEN SENTENCE An open sentence is 
a number sentence that contains one 
or more variables. Such a sentence 
is neither true nor false until each 
variable is replaced by a numeral. 

ORDERED PAIR All ordered pair (a, h) 
has two properties: (!)(«,/;) (h, a) 

if a b; (2) (a, b) = (r, d), if and only 
\{ a = c and b = d. 

ORDINAL NUMBER All Ordinal number 
answers the question. Which one? in 
a set of numbers. Each ordinal is the 
set of all preceding ordinals. The 
“third member*’ of a set is a particular 
member of the set that c'ontains at 
least three members and implies the 
existence of a first member and a sec- 
ond member. 

OVERLAPPING SETS Two sets are over- 
lapping if they have one or more ele- 
ments in common, but neither set is 
a subset of the other set. 

OVERLOADED PLACE A place ill a nu- 
meral is overloaded when the number 
in that place cannot be expressed as 
a single digit. 

PERCENTAC;e A Iiercentage is the re- 
sult that is obtained from finding a 
percent of a number. In the exanijilc 
3% of 80 = 2.4, the percentage is 
2.4. 

percentac;e formula The percent- 
age formula is p = br, where p ~ per- 
centage, r = rate, and b = base. 

PLACE VALUE Place value is the ])ro])- 
erty of our numeration system that 
gives a digit a different value depend- 
ing upon the position the digit holds 
in a numeral. 

POLYGON A polygon is a plane closed 
figure bounded by Une segments, 
with no two adjacent segments on 
the .same line. 

POLYHEDRON A polyhedron is a closed 
three-dimensional figure having four 
or more faces. Each face is a polygon 


and its interior. 

POLYNOMIAL FORM OF A NUMERAL 
See Expanded form of a nuineral. 

POSITIN'E NUMBER A jiositive nunilier 
is any number greater than 0. 

PRIME FACTORIZATION Prime factori- 
zation, or com]ilete factorization, con- 
sists in finding all of the prime fac- 
tors of a number, for example, 12 = 2 
X 2 X 3. 

PRIME NUMBER A prime nuinber has 
no whole-number factor (vxcept itself 
and 1. The first prime number is 2. 

PRODUCT The product is the answer 
obtained when the operation of multi- 
plication is performed on a pair of 
numbers. In the exami)le 3 X 7=21, 
the product is 21 and tlu* factors arc 
3 and 7. 

PROPER SUBSET A proper subset of set 
S is any set not ecpial to S. 

PURE IMAC.INARY NUMBER A pur(‘ 
imaginary number can be written as 
aiy where a is a real nuinber and i is 

V — 1. A com])lex number may be ex- 
pressed as a + /;/, where a and b ar<‘ 
real numbers. 

QUADRILATERAL A (piadrilateral is a 
four-sided poKgon. 

QUOTIENT Divisor X (piotient = divi- 
dend; therefore dividend -r- divisor 
= quotient. The (luotient is the ii*- 
siilt in an cxaini)le in division. 

RAC;ged DECIMALS Hagged decimals 
are decimals to be added or subtract(Tl 
that are expressed as decimals to an 
unlike number of plac'cs, as .3 + .24 
+ .175. 

itATlo The (luotient of two numbers 
is their ratio, excluding a divisor of 0. 

RATK^NAL NUMBER A rational number 
is a number that is the quotient of two 
integers with the divisor not zero. 
Every rational number may be repre- 
sented by a fractional numeral. 

RAY A ray is a set of points extending 
indefinitely in one direction from a 
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point called an endpoint. In the illus- 
tration, r is the ray and A is the end- 
point. A ray is always a ^ 

part of a line. ' 

REAL NUMRElts The set of real n um- 
bers includes the set of whole num- 
bers, the set of integers, the set of 
rational numbers, and the set of irra- 
tional nunibers. The set of real num- 
bers can be paired off with all points 
on a line. There is a point on a num- 
ber line for each real numbcj and a 
real number for each ])oint. 

HEc:iprc)C:al Thecpiotientof 1 divided 
by a number is the reciprocal of that 
number. There is no reciprocal for 0. 
'rhe product of any number and its 
reciprocal is 1. Reciprocal is another 
name for multiplicative inverse. 

HEtilON (plane) a region of a plane 
is a subset of the plane. 

REC;ui.AJt P()LYC;()N A regular pol\- 
VV)!! has c()n<^ruent sides and conj^ru- 
ent anLd(‘S. 

RENAME To rename a number is to c*x- 
press the number with different nu- 
merals; for c\ami)le, 5 ma>’ be re- 
named as 2 + 3, Ci — 1, 4 X 10, or-^. 

REPEATJNt; DECIMAL A repcati 11 dec- 
imal results from ('xi)ressini^ a fraction 
as a decimal. If the denominator of 
the fraction has factors other than 2 
and 5, the decimal will be nontermi- 
natin)Lf, as 4 = .333 • * * . CiencralK, re- 
l)eatinj^ d(‘cimals refer to nontermi- 
natin^ decimals. However, not all 
nonterminatin^ decimals are repeat- 
ing decimals. 

REXERSiHiLirv Reversibility refers to 
the inverse relationship between a 
pair of operations, such as addition 
and subtraction. 

RllOMRUS A rhombus is a parallelo- 
gram havinjj; four congriiem sides. 

ric;h r a\c;le A nJ^ht an^le is an angle 
having a measure of 90°. 

SCALENE trian(;le A scahme triangle 


has no two sides that are congruent. 

.SCIENTIF^IC NOTATION Scientific no- 
tation is the convention of writing a 
number as the product of two factors. 
One factor is less than 10 and ecpial 
to or greater than 1. The second fac- 
tor is a power of 10. In scientific nota- 
tion, 3,750,000 = 3.75 X 10«. 

SET A set is a collection of objects, 
things, or numbers. The word “set"’ 
is generally ac'cejited as an undefined 
term in mathematics. 

SIEVE OP ERATOsriiENES This sieve 
is a means of screening the prime 
numbers from the set of counting 
numbers. 

SIGNED NUxMBERS The set of signed 
numbers is the union of the set of pos- 
itive numbers, the set of negative 
numbers, and 0. 

SOLUTION SET A number belongs to 
the solution set of an open sentence 
if that number makes the sentence 
true and is a member of the universal 
set. 

SURSE'J’ Each element or combination 
of elements in a set forms a set that is 
called a subset of the given set. 

SYSTEM OP NUMERATION An\ system 
of symbols representing numbers is 
called a s\stem of numeration. Our 
system of numeration is called a deci- 
mal s\ stem because tlu' base is ten. 

PERMS (praction) The numerator and 
denominator of a fractional numeral 
are called its terms. 

TOTAL VALUE (DKRT) The total value 
of a digit in a numeral is the product 
of the digit’s cardinal value and its 
positional value. The total valiu* of 
the 7 in 714 is 7 X 100, or 700. 

TRAPEZOID A trapezoid is a quadri- 
lateral with one pair of parallel 
sides. 

TWIN PRIME NUMBERS Two consecu- 
tive odd numbers that are prime are 
called twin prime numbers. 
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UNION OF TWO SETS The union of two 
sets is the set of all elements that are 
in either the first set or the second set 
or both. The union of set A with set B 
is represented as A U B. 

UNIT FRACTION A unit fraction is a 
fraction having a numerator of 1, as 
in the fraction 

UNIVERSAL SET The universal set is 
the set of all members for any cate- 
gory or discussion. 


VARIABLE A variable is a symbol used 
to represent any element in a set of 
numbers. Thus, the variable n in the 
equation n — 2 = 5 represents any 
number in the set of whole numbers. 
If 7 replaces n in the given equation, 
the sentence is true. A variable is a 
symbol that holds a place for a nu- 
meral. 

VENN DIAGRAM See Euler diagram. 
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21 (C) 

3a. (K) 

.31). (Cl 

.3c. (B), (D), or(K) 

Chapter 18 -page 339 

1. 0 or 1; 0 , 1, or 2; 0. 1, 2, or .3 

2 . c 

4. Cube 

5. Zero; one, tvv'o; three 
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Abacus 

modern, 3b7-3b8. 
ov(*rload(*(l i>lacc in, fiO 
i(‘Wr()n])in^, 121 
Icaciiinu place \alue, 104-10.5 
use ol, 00, 10«, 117, 124 
Acceleration, proj^rt'ss, 

431 

Activities lor enricinnent, 332 
AddeiuKs), addend i addemd = 
sum, 77, 121, 120, 120, 
131, 134, 130-1.37, 110, 
144, 1.50, 1.52, 1.57 
Adding l)v ('udinys, 1.30-1.30, 
185’ 

Addition 

aluorism, 28, 71-72 
associali\c property ol, siU‘ 
l^roiHitics 
ill h.is(‘ I), 7 1 “72 
hiiiaiA operation, 47 
( lieckiim 111 , .s<7' (du’ckiim 
t l lire 111 , sec l*’<)pciiics 
column, 1.31 , 140 
commutative pioptutv ol, see 
Piopcitics 

comparison vvitli subtraction, 
1.=^^, 1' 4- 1.5.5 
ol (b'cimals, 270-270 
dramati/iim ol, 170 
ol Ir.ictional uumbcis, 3.5, 
2.30-242 

uulil\(‘ dciiomiiiators, 

238-242 

idcutitv’ clement lor, 25, 51, 
78. 81, 88, 100, 151, 100, 
203, 218. 223, 207 
illusli.ited lessons in, 27-20 
inveise ol snlitiaition, 121, 
120, 100, 242 
model lesson in, 27-20 
nnnibi r s(Milc*m-es in, 135 
ol lational numbers, 222, 241 
ic,u;ronpiim 111 , 71-72, 10.5, 

137-1.38 

without icLrroniiiim, 1-30- 
1.37 

111 iidation to mnltipluMtion, 
1.54-1.55 

ol siniH'd iinmlxns, 21 4 
snbiraetion and. lelatioii'.liip, 
310 

subtrac tion pattern, 218 
tabic* ol lacts in, 1 15, 217 
ol w bole iinmbc*rs. 1.3.3 


Additive*, inverses, 70, 21.5-210, 
218 

Alj;c‘bra 

eiiiTieiilnm in, 2t)-22 
lornmias in, 101 
ic*leic*in c*s in, 22 

work in, 4, 2.57 
Alj'orJsm, 172-17.3 
in .idditioii, 28, 71-72 
111 divisiciti, 100, 10.5, 20t)-201 
in mnitiplicatioii, 102 
in subtraction ol Iractional 
numbc*rs, .34 

in subtraction of whole* nnni- 
bers. 72 

Attitude*. .3.50-.k51 
impreiviim pupil’s, 42-5 
111 matbematics, 42.5 
scale in, .302 
Vn'de(s) 
acute*, .3 10 
bisc'ctiiiu, .3.52 

construe tioii ol, 3.5.^ 
dclinition of, .3.34 
inlc'rioi ol, .3.3.5 
kinds ol, .3.31 

me*.isnie*s ol. .348-.5.50, .k50 
naininu ol, 3.3.5-.3.30 
(.btnse*, 340 
riuht, .3.50 

Answcis to problems, see Pnib- 
Icms 

estimation ol, 312-3 
w hclhe*r se*nsible*, 104, 
250-251, L54 
vi^piaisal, sec iiatiem 
\ppre>.\iniation 
ol .msNNC'is, 2.50-2.51, 254 
111 de'cimals. 280, 28('>-287 
111 h actions. 2.51, 254, 204 
III nie’.isnie*ment, 1 1 , .540 
e>l mcasiire's, .301 
III per e e*nt, 20V) 

Vrc(s), e iicle*, .>.51 
\iea 

measure ol, 37 1 
ol a le'et.emzle, .1.55-. >.57 
unit ol nie'asiire*, .5.5.5 
Arithmetic 

cun iciilum, 20 

e\]>ie'S'‘ion, 2 18 

Inndame'iital tbe*ore‘m ol, 20S 

ment.il. 2V)4-2V).5 

modular, 2 10-2 IV) 

oial and me*ntal, .570-.377 


Arrav , .50, 07, 102, 101,4.37- 4.38 
Associative* pre)pe*rties, .sec Orop- 
e*rties 

13ase*(s) 

addition and subtraction in, 

0,71 --72 

binarv , 07-08 

human computer m, 
43.3-4.34 
chan«4imr 

Iremi, b to, ten, 00 
lioin, te*n to, 0, 70-71 
decimal, 08, 281, .344 
duodecimal, 07 
five*, 04-05 
numerals in, 00 
nninbe*!, different, 0.3-08 
nnmi*rals in difleient, OS-OVj 
ol nnme*ratK)n s\ stem, .57-0 1 
I3asic lae ts 
definition of, I 1.5 
distoverv of relationshijis in. 
120-121 

Mi division. 1.5V)- 101 
me.itcT th.in ten, 123-121 
li*arniim new , 108-100 
makin*.; a table* lioin, 170-177 
niiiste'rv of, 1.30-1.31 
in multiplication. 150-101, 
170 

notation loi. in multiplication, 

10(i 

piacticimz, 127-1. 30 
piomam lor te.ic hiim. 115-12 4 
rc.idiiiess for. I IS 
t.ible*ls) 

nl. 120-127 
lor. Ml mnltipluMtion, 
174-170 

vvritiim m vcitieal lorm. 
122-12.3 

basic liaction(si, 274 
basic set idc'.is, 42 
billion. ■n(*amnv; of, 0.3 
bin.n v base, 07-08, .344. 1.3 > 
human compnte*r in. 4.3.3-434 
bisectoi ol a line semiit*nt or an 
anele*, .351 -.3.52 
bi.iees, 42. 13,40 
bulletin boaiel, 111-112, 377 

(\ile*ndar. 2 18-2 IV). .371 
(Iambi lekiic rcimrl, 8, lV)-20. 
.33-.34 
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Cancellation, 256-257 
Carcl(s) 

“Everybody Show”, 128 
Cardinal numbers, 43, 61, 98 
Cartesian product, 49 
Casting out nines, see Checking 
Cliart(s), see Place* value 
fraction(s), 224-225, 271-273, 
367 

pocket, 446-448 
Checking 
in addition, 149 
bv casting out nines, 192-193, 
201,219 

in division, 191, 201 
is answer sensible, 194, 254 
in multiplication, 192-193 
in subtraction, 149-150 
Chord(s), 351 
Circle, 351 

Circular number line, 216 
Classroom activities 
involving counting, 97 
materials for, 94, 117, 381 
Classroom equipment, 6, 1 17 
Closure 

in addition, 79, 81. 116, 151, 
158, 217, 223, 267 
in multiplication, 79, 89, 203, 
217, 267 

(3iib in mathematics, 442-443 
(\)mmutative i)ropert>, see 
Properties 

Comparison of fractional num- 
bers, 230-231 
Compasses, 351 
Complex number(s), 86-87 
Composite 

addition table, 1 15 
multiplication table, 175, 217 
number, 15, 186, 205 
factoring, 209-210 
('ompound subtraction, see Sub- 
traction 

(Computational ability, table of, 
14 

Computer, 4, 8 

human binary, 433-434 
ternary, 434 
(Joncei)t(s) 

basic, of kindergarten, 94-95 
basic, in sets, 93-95 
in curriculum, 93-94 
in division, 157, 225 
in fractional numbers, 
226-236 

in subtraction, 124-126 
Congruence, 225, 226, 352-353 
in figures, 350 
in regions, 255 
Constructionls) 
of an angle, 353 
bisector of an angle, 352 


bisector of line segment, 

351- 352 

perpendicular to a line, 

352- 353 

(Corner in mathematics, 442 
Counter(s), use of, 108-109 
(Counterexample, 76 
Counting, 155 
activities involving, 97 
to 20, 103 
(Curriculum 

algebra and geometry in, 20- 

22 

in arithmetic. 20-21 
basic coiK*epts in, 93-94 
differentiation, 225-226, 264, 
332, 435 
essentials of, 4 
evaluation of, 394 
gradation of, 12-15 
in K-2, 91-92 
in K-6, 8, 16-17 
problems in, 304 
for slow learners, 419-421 
for suijerior learners, 430-434 
Curve(s), 319, 322 
closed, 326-328, 336 
set of, 329 
examples of, 323 
in geometry, 112 
inside and outside, 326-327 
simple, 326 


Decade, 209 
bridging the, 139 
sum in same, 138 
Decimal(s) 
addition of, 276-279 
ai)pro\iniation in, 280, 286- 
287 

base, 68, 284, 344 
dividing a, b> a, 288 
dividing a whole number by 
a, 286-288 
division of, 282-288 
gcncrali/.ations about, 274, 
278, 282 

materials for, 271-272 
meaning of, 272-274 
iiiultiplicution of, 279-282 
multiphirig, and a whole 
number, 279-280 
i^iiltiplying two, 280-281 
numerals for rational num- 
bers,.291 

places, 270-271, 274-275 
point. 270-271, 274-275, 288' 
estimation of place, 432- 
433 

movitig of, 276 

in the quotient, 286-288 


ragged, 278-279 
^is rational numbers, 270 
repeating, 286 
rounding off, 286 
system of notation, 60-62 
terminating, 286 
writing of, 275 
Decimal point, see Decimals 
Denominator(s), 223, 226, 230- 
231,274 

adding with like, 236-238, 
241 

adding with unlike, 238-242 
(‘lassification of fractions ac- 
cording to, 239 
finding a common, 239-241 
of fractional numbers, 35 
L.C.D., 210, 239 
of mixed fractional numbers, 
244 

Denseness, 263, 267 
Diagnosis 
anaKtic, 405, 407 
case studv procedures, 405, 
412-414 

faulty work methods, 411-412 
general, 405, 407 
of learning difficulties, 399- 
400 

lc\c*ls of, 404-407 
techni(iues of, 407-414 
tests in developmental, 410- 
411 

using the findings of, 406-407 
Diagram 

set, 46-47, 86-87 
tree, 210 

Venn, 46-47, 212, 329-332 
Diainc’ter, 351 
Dittercnce(s) 

indi\idnal, see IndiMiliial dit- 
f(*rences 

in subtraction, 144 
Digit(s) 

significant, 194 
\alue of, 61 

Directed nuniber(s), see Signed 
numbers 
Discovery 
guided, 127 

of number r(‘lationships, 4, 
120-121 

of patterns, 6, 107-109, 176- 
177, 178, 183, 324-325 
geometric, 437-438 
Disjointed sets, 44, 51 
Disk(s) 

cylindrical, 118 
magnetic, 117 

Distributive pro])erties, see 
Properties 
Dividend, 158 
a multiple of divisor, 198 
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Dividend (cont.) 

not a multiple* ol divisor, J9()- 
191 

Divisibility oF iminbers, riilt*s 
ol, 206-207 
Division 

algorism for, 172-173, 190, 
195, 200-201 
basic facts in, 159-161 
casting out nines, 201 
checking of, 191, 201 
of a decimal by a decimal, 288 
of a decimal bv a whole imin- 
ber, 283-284 

of decimals, kinds of exam- 
ples, 282-283 

distributive property, .see 
Properties 

right-hand, .ve^e Properties 
divisor is a two-digit number, 
196-199 

divisor X quotient = divi- 
dend, 1.58, 191 
dramatizing of, 180 
estimated (iiiotie’iit 
not inu^ 199-200 
true, 198-199 

expressing, the r<*mainder in, 
173-174 

oi lra<'tional mimbers, kinds 
of, 258 

grade placement of, 195 
in\t‘ise of multiplication, 1.5.5, 
166, 247 

L.Cl.D ior ii'actional numbers, 
264-265 

Icvi'ls ol maturity in, 190-191 
long and short, 187 
malciials lor, 160 
mathematical basic lor, b> a 
tract ion, 261-262 
MK'thods ol ('stimation in, 
196-197 

ol mixed numbers, 26.5-266 
b\ inoxing the decimal point, 
276 

multiplication and, ordiT of, 
256 

not.ition lor basic facts in, 166 
by a on<*-place nnmbcr 
no regrouping, 182-184 
with regrouping, 186-191 
partitive method. 189-190, 
199-201, 248 

pyramid method, 189-190 
rate and ratio concept in, 157, 
180, 225 

of rational numbers, 247 
readiness for, 160-161 
refining methods of, UK) 
relation between multiplica- 
tion and, 262 

in .relation to nuiltiplication. 


155, 169, 202-203, 2.37, 
357 

in relation to subtraction, 155, 
166-168 

situations in, 156-158, 174 
subtractive method, 188-199 
table of basic facts in, 174-176 
teaching involving regroup- 
ing in, 187-191 
b\ a two-digit number, 195- 
201 

of a whole number by a deci- 
mal, 286-288 

of a whole number by a Irac- 
tional number, 2.58-263 
of a whole number by a mixed 
number, 262 
Drill, repetitive, 27 
Duodeeinial base*, 67 


Egyptian numeration, 57-58 
Elementary mathematics, ob- 
ject iv(*s of, 4 
Klcinents of a set-, 41 
Empty sets, 43, .50, 51,98 
Enricliment 

for able learners, 6, 186, 236 
activities, 3.32 

different meanings ol, 441- 
443 

in division, 202 
limitations of, 4.34 
in mathematics, 431-4.32 
in nmitiplieation, 201-202 
prrivisions for, 4.39-440 
publishers of texts, 440 
Equal set(s), 14 

E(ination(s), 10. 20, 21, .51 -.55, 
128-1.30, 1.56-1.58, 162- 
16.5, 169, 171-172, 206- 
209, 21.5-216, 2.50-2.59. 
261-263. 276-278, 280- 
282, 284-2V5, 289, 296- 
.300 

levels of solving, 1,34-1.35 
with ratio, 205-296 
E(|nipment, in classroom, 6, 
.365-.366 

E(|ni valent sets, 45 
Error(s) in ineasnreinent, 278 
Estimation 
of answers, 312-.31.3 
oi application, 1 1 
of place for decimal point, 
4.32-43.3 

ol (luotient, 196-200 
h nler diagram, .sre \’enn dia- 
gram 
Evaluation 

of experiiiiental programs, 19 
informal procedure, 392 
of instructional program, 394- 
.396 


int<*rpreting lesults of, .39,3- 
.394 

rwthods of, 386-.392. 395-396 
nature of, 384 

of outcomes in inathcinatics, 
383-384 

stej)s in, ,384-.386 
of textbooks, .374-375 
Evi'ii nnmbcr(s), 109, 178, 206- 
207, 4.37 

“Everybody Show” cardls*), 128 
Exercise's, .sre ends of chapt(*rs, 
also, 46, .50, 1.59, .325, .3.36 
Expanded notation, 61, 68-^71, 
7.3, 136, .144-145, 146, 
184, 186-187, 191, 199, 
206-207, 245, 276, 289 
Experience(s), mathematical, 
11-12 

Exi)erimental i)rogr«nn, 1.5-18 
apprais.il, 19 

t^xploratory level in renaming 
fractions, 2.3.3-2.35 
Exploratory materials, see Ma- 
terials 

Exi^onent, 61 , 63 
zero as a power, 61, 6.3 

Fact finder, 1 18 

Factorls), 1.56-1.57, 164, 16.5. 
170-171, 18.3, 19.3-194, 
196, 2.35 

divisor X (lUotient = divi- 
dend, 158, 191 

laclor X lactoi =- product, 
1.58, 164, 196, 203 
ll.C.K., 2.3.5-236 
prime, 284 
Factoring 

composite niinibt*rs. 209-210 
tree di.igram, 210 
Facts 

.idihtion, 11.5 
iminbcr, difficulty of. 13 
program for t(*aching, 1 1.5- 124 
readiness ior basic, 106-109 
I espouses pci niiimte, 408 
setoi i(*lated, 116, 118-121 
subtraction, 115 
teaching ol, 115, 1 16 
Field 

nnmbci, 80-82, 89, 218 
postnl.ite, 81, 261 
Field work in mathematics, 442 
Fignre(s) 
cougrnenl, 350 
dr.iwing vs. construction, .351 
Fretsaw. 101-102 
geometric, 110-112, 319-322 
identification of, 328-329 
oiie-dimensional, 319-32.5 
optical illusion, 325 
ri'gion of. .326 
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Figures (cont.) 
three-(li mens ioiial , 33(S-338 
two-di me ns ional , 325-336 
Film strips, see Motion pit tures 
Finite set, 43 

Flannel board, 94, 1 17, 224, 445 
Forinii]a(s) 

tor areas of, reetanjzle, 356-357 
scjuare, 357 
trapezoid, 357 
trianjile, 357 
Familiar, 21 
pereeiitajje, 294 
for perimeter, 354-355 
for volume of prism, 358 
Fraetion chart, 224-225, 271- 
273, 367 

Fractional nnmhei(s) 
addition of, 35, 236-242- 
approximation in, 251, 254, 
264 

comparison of, 230-231 
concepts in, 226-236 
denominator of, 35 
according; to, 239 
having like, 410 
dividing a whole number bs, 
260-263 
division of, 264 
fractional part of, 231-232 
identification of, 229 
kinds of e\am])les in division 
of, 258 

F.C:.n., 264-265 
mathematical bases for divi- 
sion by, 261-262 
mixed, subtraction of, 244- 
245 

modeling, 227-229, 251, 255 
multiplication ot, 33 
of three, 257-258 
renaming, 226-227, 231, 243 
as decimals and pe*r cents, 
266 

as a ratio, 232-233 
steps ill, 235-236 
shrinker and stretcher, 229- 
230, 256 

subtraction of, 34-35, 212- 
245 

unit(s), 258- 259 

in subtraction, 242-243 
ways of expressing sums, 241 
what is the next, 263 
Fractional numcral(s), 223, 226- 
227, 240-241 
ecinivalent, 233 
higher terms of, 233 
lowest terms of, 233 
meaning of, 223 
mixed, 241-242 
denominators ot, 244 
simplest form of, 233, 241 


standard form of, 233, 241 
I'" rallies, 53 

Fretsaw figures, 101-102 

(;CMP, 17-18, 91 
Ceneralization(s) 

adding fractional numbers, 
237-239 

for a basic pair, 25 
of closed curves, 328 
division of fractional iiiini- 
bers, 264 

ot factors of numbers, 212- 
213 

forming of, 305, 434. 435, 436 
meaning of, 30 
multiiiKing rational nnmbers, 
249 

about numbers, 106, 121, 138 
in per ecml, 297 
in relation to dtvinials, 274, 
278 

use in subtraction, 144 
(ieomt‘try 

beginning, 110-112 
curriculum in, 21-22 
figures, displas of, 111-112 
in Ch*(‘t‘c’e, 22 
lines and curses, 1 12 
metric, 5, 10-11, 316-353 
nonmetne, 5, 10-1 1, 318, 346- 
347 

l)atlerns in, 137-438 
Ijuzzles in, 441-442 
region in figures in. 111 
shapes in, 1 1 1-1 12 
tests in, 392 

(h)ldback conjecture, 209 
(hade placement 
ot division, 195 
of matlll.'mati(' contiuit, 12-15 
Cirades 1 and 2 
curriculum in, 92 
gcometiA in, 110-112 
Ch'tUii, metric, 345 
(Grouping in the classMxun, 429-' 
430, 435 

firowlh of mathematic abilitv, 
14-15 

ll.C:.F., 236 

Hexagonal numbers, 438 
Hundred board, 103, 106, 292, 
3(i(5 

Hundredths, meaning of, 274 

Identification of sets, 306 
Identity ele ment, sec I’loperties 
Illustrations in tt;xtbooks, 371- 
372 * 

Individual differences, 401-402 
providing for, 176, 403 
range of.' 401 -402 


schof)! resources for, 404 
Intniualities, levels of solving, 
135-136 
Infinite set, 43 
Informal proof, 206-207 
Informal testing, 400-401 
Instructional aid(s), 224, 381, 
394-395 

Instructional procedures 
for slow learners, 421-422 
for sui)eri()r h’arners, 435-439 
Intcger(s) 

set of, 83, 87, 205, 213, 216 
table of, and whole numbers, 
220 

Intersection of st4s, 48, 212- 
213, 239 
Invariance, 1 16 
Inverse(s), 223, 267 
addition and subtraction re- 
lation, 166-169, 242 
additive, 79. 215-216, 218 
multiplication and division 
relation, 155, 169, 237, 
247 

multiplicative, 79, 89, 216, 
218 

l)ropcrt>, 79, 81 
Irrational nnml)cr(s), 87 

Kilogram, 345 
Kindergarten 

cnrriculnm in, 8, 16-17, 91- 
92, 94-95 

geom(‘ti\ in, 1 lO-l I 1 
nnmbci c‘\p(‘i iences, 91 
work in, 5, 88 
Kit tor 

pupil, 224, 369-370, 118 
teacher, 22 1, 369-370 

lianguag(‘(s), numlx'i nanu's in, 
62 

L.C.D., 210, 262, 264-265 
L.C.M., 210-212 
Learning 

difficulticw III, inatluMuatics, 

401 

difficulties, tri'atment of, 414- 
415, 423-425 
fixation of, 33 
levels ot, 31, 32, 92 
levels of maturity, 34-35, 
190-191, 200-201, 233- 
236 

new facts in multiplication, 
168-169 
outcomes, 387 
principles of, 29-34, 187 
sitiiation(s), asj)ecls ot, 25 
theories of, 26-27 
Levels of 

diagnosis, 404-407 
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Levels of (cunt.) 
learning, 31-32, 92 
maturity, 34-35, 190-191, 

200-201, 233-236 
problem solving', 312, 408 
Library, school, 440-441 
Line(s) 

bisector of, 351-352 
eoiiicident, 321-322 
curves, .vee (hirves 
examples ot, 323 
Kcometrie, 1 12 
kinds of, 321-322 
mimber, 213-215 
rays and, 321-322 
segments, 5, 319, 337 
bisector of, 351-352 
examples of, 323 
mi*asnres of, 347-348, 359 
Lil«M-, 345 

Madison project, 18 
Markcns, use of, 106 
Matching sets, 45, 95-96, 155 
Materials 

for decimals, 271-272 
t'xpIoratoiN , 366-368 
inslrnctional, classroom, 95, 
117, 381 

i(> .niiltiplie.ition, UiO 
praetiie, 376 
piep.iration of, 445-450 
piolirammed, 379-381 
pupil, I 17- 1 18 
for slo'. h iriKTs, 122-423 
sni)i)lementarv books, 377 
s> mbolie, 373-374 
\ isnal, 373 
Malbem.itics 

accelciiition in, 431 
club, 412-443 

concepts, knowli’d^e ol, 94- 
95 

lOlIKM', 442 
dia.nnosis m, 399 
ditfieuItN' in learniim, 404 
enricimieni in, 431-432 
factors III, ability, 408-109 
Heltl work in, 4 42 
i^idwth in, 14-15 
patterns in, .srr Patterns 
])ower, development ot, 431- 
432. 13 4-437 
proof ill, 325 
puzzles in, 437 
r(*crt‘ations in, 441 
s])eeial units in, 432-433 
s> mbols III, 391 
testing; oiitcomt's ol. 389- 
392 

Matliematies program 
changes in, 3, 8-9 
experimental, 8 


methods ot evaluation, 395- 
396 

modern, basic ideas, 9-11 
organization of, 1 1 
scope of, 8, 24 
for slow learners, 417-418 
for superior learncTs, 427-430 
Measure(s) 

of anjrles, 348-350, 359 
of line sej^ments, .347-349 
of plane rej^ions, .359 
in primary grades, 342—343 
standards of reference, .360- 
.361 

t.ibles of, .343-.344 
units of, 6, 10, .347 
area, 355 

chan Ki UK of, .344, .3.59-.360 
solids, 3.57-3.59 
time, .371 
weiulit, .371 
Measurement 

approximation in, 1 1, .346, .361 
Knj'lish system, 344—346 
(Tror in, 278 
instruments ol, .370—371 
meaning ot, 341—342 
metric sxsteni, .344—346 
oiK^-dmuMisional fi^ures, .319- 
325, .3.59 
origin of, 341 
standard in, ,342 
three-dimensional figures, 3.59 
two-dimensional figures. 3.59 
units of, .340 
use of, 10 

Mental arithmetic, 294-295, 
376-377, 432 
Meter, 344, .347 
Method(s) 

ot di\isioii, 191, 199-201 
refinement in ItiO, 200-201 
of evaluation, ^-6— 392 
ol subtraction, 1 fO-141 
Metric ueometry, .see ('.eometi> 
Mixed mimbe’'ts) 
definition of, 2.52 
ilivision ol, 26.5-266 
di\ isiou ol a, b\ a whole nuin- 
bcM-, 262 

muItii)beation of, 2.57 
Models of fractions, 227-22S, 
251, 2.5.5 

Modiilai arithmetic, 216-219 
Motion pictures and 'lA*. .372- 
373 

Multiple, 169 

dividend not a. ol di\ isor. 
UM)-192 

of a number, 20.5-206 
L.C.D., 210-212 
Multiplication 

adding by endings in. 185 


algorism, 192 

associative prop(*rty, .see 
Properties 

ol basic huts, 1.59-161, 170 
casting out nines in, 192-193 
219 

checks in, 192-193 
closure lor, 79, 89 
commutative property, .see 
Properties 

ol a decimal and .i whole iiniu- 
bei, 279-280 

and division, order of, 2.56 
ilis ision pattern, 218 
dramati/ation ot, 180 
eiiriehinent in, 201-202 
lactor X factor = product, 1.58, 
164, .306 

fractional numbers, .see Frac- 
tional numbers 
identil> element, .see Prop- 
erties 

in\ erse of di\ ision, 166 
inverse property, .see Prop- 
erties 

learning nc*w tacts in, 168-169 
mate ‘rials for, 160 
ol mixed nnmbeis. 2.57 
bv mosiiit; tlu* decimal iioint, 
276 

b\ multiples ot 10, 191-192 
notation for facts in. 166 
bv a one-place factor, 184-186 
ol rational numbers, 247 
readiness for, 160-161 
rei^roupimi in, 198 
111 relation to .iddition. 1.5.5, 
1.58-1.59 

in relation to division. 169. 

20.3, 2.37, 247, 262 
rounded unmbeis in, 194 
situation, 1.55-157 
table for, lacts, 174-176. 217 
l)\ ten or a power of ten. 182- 
183, 189, 276, 281-282 
ol thn e factors, 257-2.58 
bv a three-jilace factor, 19.3- 
194 

of two decimals, 279-282 
bv a tvvo-diixit number, 191- 
193 

of tvvt» rational numbers. 2.54- 
2.57 

ol a whole nnmber .md a 
mixed number. 2,52-254 
ol .1 whole number and a ra- 
tional number, 248-249 
bv zero, 169-170 
Multiplicative inverse, 79. 89, 
216, 218. 259. 261-262 

Natuial numbers, 87 
NC.T.M., 8, 9 
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Negative number, 213-216 
Nonmetric geometry, 5, 10-11, 
218 

teaching of, 346-352 
Notation 

decimal system of, 60-62 
expanded notation, see Ex- 
panded notation 
scientific, 63 
set-builder, 42 
Null set(s), see Empty sets 
Number(s) 
base, 61, 63-68 
cardinal, 43, 61 , 98 
characteristic of, at elenientar\’ 
level, 206 
complex, 86-87 
composite, 5, 15, 186, 205 
counting to 20, 103 
division b\- a two-digit, 195- 
201 

division of a whole, bv a mix- 
ed, 262 

experiences, 91-92 
facts and i)rocesses, difficult\ 
of, 13 

field, 80-82, 89, 218 
finding a number when a per 
cent is given, 297-300 
finding a per cent of a, 294- 

296 

finding what per cent one 
number is of another,296- 

297 

fractional, addition of, 35 
fractional, multiplication of, 
33 

fractional part of, 231-232 
fractional, subtraction of, 34- 
35 

frames, 53 

games involving, patterns, 109 
generalizations about, 106, 121 
genetic development <»f, 86- 
88 

irrational, 85, 87 
line(s), 213-215 
circular, 216 

mixed, see Mixed number 
multiple of. 205-206 
multiplication by a two-digit, 
193 

names of, 62, 98-101 
natural, set of, 82-83 
properties, of, 83 
negative, 213-216 
and numeral, 74-75 
numerals and bases, 68-69 
odd and even, 107, 178, 206. 
437 

order of, 96 
ordinal, 98 
pairs, 115, 121-122 


pattern(s), see Number pat- 
terns 

pentagonal, 438 
a poem, bv Eleanor Faneon, 
104 

positive, 213-216 
prime, 75 
and composite, 5 
properties in multiplication of 
whole, 158-159 
properties of, see Propt'ities 
properties of, real, 85 
puziles, 109, 128, 437 
ray, sec Hay 

rational, see Rational mim- 
ber(s) 

round, 147-149 

rounded in multiplication, 194 

sentences, see Sentence(s) 

of a set, 96 

sets of, 9, 10, 169 

sets of whole, 297 

signed, see Signed number(s) 

square, 437 

system, logical development 
of, 82-86 
tables of, 104 
total value, 61 
whole, 87, 182, 203 
comparison in, 50 
Number line(s), 213, 215 
circular, 216 

Number piitern(s), 107-109, 
120, 121, 168-169, 176- 
178, 206, 215, 437-438 
addition and subtractions of, 
215,.218, 277 

discovery of, 6, 32, 107-108, 
120, 176-178 
games involving, 109 
of number relationships, 4 
Number ray, see Hay 
Number sy stein 

genetic development of, 86- 

88 

logical development ot, 82-88 
in multiplication of whole, 
158-159 

properties of, 6, 10, 75-80, 85, 
88-89 
\nmeral(s; 

in base five, 66 
decimal, for rational num- 
bers, 284-286. 291 
in different bases, 68-69 
e I landed notation, see Ex- 
panded notation 
fractional, see Fractional nu- 
ll lerul 

mixed fractional, 240-24 1 , 252 
names of, 9(i-101 
number and, 74-75 
periods in, 63 


polynomial form, 61 
reading of, 64-65 
values of digits in, 61 
Numeration system, 6, 9, 56, 57, 
390 

base of, 57 
decimal, 344 
essentials of, 62 
structure of, 366-367 
symbol of, 59 

Numerator, 223, 226, 230-231 

Objectives of elementary math- 
ematics, 4, 385 
Oi'tagonal number(s), 438 
Odd number(s), 107, 178, 206- 
207, 437 

One-dimensional figure(s), 319- 
325, 359 
Opcration(s) 

dramatizing of, 179-180 
understanding of, 179 
Operational level of maturity, 
235 

Ord('r of teaching, 1 16 
Ordered pair, 49. 172 
Ordinal number, 98 
Organization of tcvtbooivs, 4 
Overlapping sets, 45 
Ox'crioadcd place, 27 

Parallelogram(s), 330, 349-350, 
351 

Partition, of sets, 49-50 
Pattt*rn(s) 

addition-subtraction, 218, 277 
discovery of 

number, 6, 32, 107-109, 120, 
176-177 

in the product, 183 
games involving number, lOVJ 
geometric, 437-438 
in mathematics, 25 
multiplication-division, 218 
number, see Number patterns 
with objects, 108 
lor teaching basic facts, 1 14 
verbal descrij^tions of, 109- 
110 

Pentagonal numbers, 438 
Per cemt 

alternate plan lor cfiuations 
in, 299 

approximation in, 299 
decimals as, 291 
at different grade levels, 299- 
300 

finding, of a ninnber, 294-296 
finding a number wdien per 
cent is given, 297-300 
finding what per cent one 
number is of another, 
296-297 
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Per cent (cont.) 
t'oriniilas, 294, 300 
generalizations in, 297 
greater than a 100, 297 
oral work in, 294-295 
problems in, 300-301, 305 
renaming 

fractions as decimals, 206 
numbers as, 293 
teaching meaning of, 292- 
294 

third use of 
teaching, 298-299 
three types of problems in, 
298 

three variables of, 294 
Percentage, 294-295 
Perimeter of polygon, 353-355 
Periods in nuincrals, 63 
Pictnre(s) 
line, 97 

motion, and TV, 372-373 
in textbooks, 371-372 
Place, overloaded, 27 
Place holder, a variable, 53 
zero as a, 368 
Place value 

abacus for showing, 104-105 
in binar\ scale, 67 
(•hart(s),’28. 30, 105, 117, 136, 
143, 271, 373, 283, 285, 
3fi7, 446-448 
number table for, 106 
in numeral, 57 

to right of ones’ [)lact\ 275- 
277 

teaching, 104-105 
Plane surface, 325-326, 337 
Point(s) 
col linear, 324 
distinctixe, 324, 328 
end, 324, 336 
ex.implcs of, 322 
set of, 318-319 

Polygon(s) 

coiicaxo and com ex, 332-333 
definition ol, 328 
iiUMsnre of 

plain region, 359 
a solid region, 359 
names of, 333 
perimeter ol, 353-355 
regular, 333 
set of, 44 

Polyhe(iron(s), 337 
Positive immbervs), 213-216 
Postnlate(s), 81 . 261 
Power 

development of mathematical, 
431, 435 

of ten, multii)lving bv, 276, 
281-282 

Pracli^'ing, basic facts, 127-130 


Prime nnmber(s), 5, 178, 205, 
208, 209, 285 
Principles 

application of, 27-34 
of learning, 29-34 
for selecting mathematical ex- 
periences, 11-12 
Prism(s), 358-359 
Problein(s) 

in curriculum, 304 
elements of, 303 
identifying subtraction situa- 
tions, 126 

illustrating stcjis in, 306-310 
methods of solving, 435 
in j)er cent, 298, 300-301 
program for solving, 315-316 
reading in, 305 
structured and unstructured, 
303-304 

teac'hing solution of, 304-310 
verbal, 167 
Problem solving 
activities for improving, 312- 
316 

development of abilitx, 303- 
304 

levels in, 312, 408 
methods of, 435 
number sentences in, 302-303 
program for, 315-316 
({uantitative thinking in, 302- 
303 

reading in, 311-312 
steps in, 306 
test in, 391-392 

Procedures, grade placement, 13 
Product, 156-157 
factor X factor = product, 158, 
164. nm 
partial, 184 
set, 49-50, 164 
Program, mathematics 
changes in, 3, 8-9 
computers, 1 
differentiation of, 6 
exaliiation ol instructional, 
394-39(3 

experimental, 8, 17 
illustration of, 397 
improving the, 396-397 
modern, basic ideas, 9-11 
organization of, 11 
scope of, 8, 24 

lor slow learners, (S, 419, 420 
for soixing verbal pioblcins. 
315-316 

for teaching basic facts, 1 15- 
124 

Programmed niaterialls'l, 379- 
380, 435 
Prpiect(s) 

Madi.son, IS 


other, 19 
Stanford, 18 
Proof 

basis of, 1 1 
informal, 206-207 
mathematical, 325 
Properties 
associative 

for addition, 28, 76-77, 81, 
88, 116, 121, 123-124, 
131, 140, 151, 218, 223, 
242, 245, 267, 277-278, 
436 

for nndtiplication, 76-77, 
81, 183, 20.3, 218, 2.50, 
2.58, 267, 281, 284, 29.3, 
357, 3.58 
closure 

in addition, 79, 81, 88, 116, 
151. 1.58,217, 22.3, 267 
in multiplication, 79, 89, 
203, 217, 267 

coin mutative 

lor addition, 7.5-76, 88, 1 16, 
120, 140, 151, 217, 223,. 
242, 2.53, 2(37, 277-278 
lor multiplication, 76, 89, 
11(3, 18.3, 203, 218, 219, 

2.50, 2.58, 2(37, 281, .3.57, 

3.58 

distrihnlive 

lor dixision, right-hand, 
1.58-1.59, 172, 184. 203 
m relation to division, 1.58- 

1.59 

for mnltiplicatioii over addi- 
tion, 77-78, 81. 158-1.59, 
170. 183-184, 186, 191, 
192, 199, 203, 206, 218, 

223, 237, 241, 251, 2.52, 

258, 267, 277-278. 282, 
281, .355, 3.57, 4.3(3 
ulentitx element 
for addition, 2.5, .51. 78, 81, 
88, IK), 151, 169, 20.3, 
218, 223, 2(37 

for midtiplication, 33, 78, 
81, 89, 120. 151. 169,20.3, 
218. 259-260, 267, 284. 
436 

of mtegens). 83 
iiix erse. 79, 81 
additixe, 79,21.5-216,218 
nmltiplicatixe. 79. 89, 216, 
218. 2.59, 2(31-2(32 
of iiiiinl)er(s), (3, 10, 35. 75-80 
coin])le\, 86 

multiplication of xvholc, 
158-159 
natural. 83 

rational, 84, 87, 223, 278 
and XX hole, 267-2(38. 278 
subtraction of. 151 
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Properties (cant.) 
s\ stems, 88-89 
imderstandin^ of, 390-391 
Proportion(s), 299 
Protractor, 348-349 
Pnzzle(s), 437 
geometric, 441-442 
number, 109, 128 
solving, 435 

Pyramid method, in division, 
189-190, 199, 201 


Quadrilateral(s), 336 
concave and convex, 330-331 
set of, 330, 349-350 
Quantitative thinking, 302-303 
Quotient, estimated 
not true, 199-200 
tnie, 198-199 


Radius, 351 

Ragged deeimal(s), 278-279 
Rate, concept in division, 180, 
225, 232-233 
Ratio! s) 

concept in division, 180, 225, 
296, 299 

ecpiations from, 295-296 
Iractions as, 232-233, 291 
Rational number! s), 5, 87, 174 
addition kinds of examples, 
241 

as decimal(s), 270-271 
with decimal numeral! s), 284- 
286 

definition of, 223 
division of, 247 
multiplication of, 248-249, 
254-257 

numerals representing, 291 
properties of, 84, 223 
real number! s), 85, 87 
whole inimber!s), 267-268, 
278 

readiness for, 254-255 
renaming, 226-227, 233-242, 
244-245 

set of. 43, 84-85, 87, 232-233 
types of problems in, 266-267 
Ra>- 

examples of, 323 
lines and, 321-322 
number, 27, 100, 1 19, 143, 148, 
162, 164, 166, 171, 173, 
196, 213, 224, 227, 234,. 
236, 243, 245, 249, 251- 
252, 256, 271, 277, 287 

Readiness for 
basic facts, 106-109, 118 
division and multiplication, 
161 

multiplication of rational num- 
bers), 254-255 


Reading 
basic facts, 123 
in problems, 305, 312, 314 
Real number(s), properties of, 
85-87 

Ree i procal , 259-260 
Recreations in mathematics, 
441-442 

Rec tangle, 329-330, 349-350 
area of, 355 

formula for area of, 356-357 
Rectangular numbers), 438 
Rec'tangular stripes and scpiares, 
use of, 27-28, 105, 118, 
188, 271-273, 367, 448- 
449 
Region 

eoTigrueiit, 255 
in figures. 111, 326 
interior, of solids, 337-338, 
357-358 

measure of plain and solid, 
359 

Regrouping in whole numbers 
in addition, 71-72, 105, 137- 
138 

in division, 186-191, 198-200 
in multiplication, 184-186 
in subtraction, 105, 140-147, 
198 

Remainder, in division, 171-172 
exprc^ssing, 173-174 
Renaming 

fraetion!s;, 226-227, 231, 243 
as decimal(s) and per cents, 
266 

levels of maturity, 233-236 
steps rn, 235-236 
numbers), 75, 78, 121-122, 
123, 140, 165, 170, 177, 
\K\ 191, 199, 210-211, 
226-227, 241, 242-243, 
250, 255, 258, 281, 284, 
293 

rational, see Rational nmn- 
ber(.s) 

Repeating deeinial(s), 284 
Repetend, 285 
Reports), (Cambridge, 19-20 
Researcli 

experimental project, 15-19 
in subtraction, 142-143 
Reversibility, 1 16 
Rhombus!es), 330-331, 351 
R(jirian system of numeration, 
58-59 

Roster method of sets, 42 
Round number(s), 147-149 
Rounding of decimals, 286 
Rules of (hvisibility, 206-207 

St. Andrew’s Cross, 170-171 
Scale, attitude, 392 
Scientific notation, 63 


Segment, line, 5 
Selected readings, see ends of 
chapters 

Selected references, 19, 22, 94- 
95, 373, 375, 380-381, 
440-441 
Sentence!s) 

number, 10, 21, 51. 126, 129- 
130, 134, 162-163, 191, 
199-201, 234-235, 238- 
239, 250-259, 280-282, 
302-303, 306-310, 315 
writing of, 316 

open, 21, 52-54, 121, 129, 130, 
139, 148, 164-165, 181, 
215, 216, 234-237, 239, 
259, 264, 266, 276-277, 
280, 282, 287, 289, 293 
solution of, 310 
understanding of, 391 
writing of, 305-306 
set, 167, 312-313 
verbal situations, 167 
Sct!s) 

basic idea of, 42, 93-95 
c«)in paring, 93 
of curves, 329 
description of, 12 
diagraiiHs), 46-47, 86-87 
difference in, 48, 50 
disjoint, 44, 51 
elements of, II 
(Miipty, 43, 50, 51, 98 
e(|ual, 44 
ccinivalent, 45 
finite, 43 

identification of, 306 
infinite, 43, 209 
of integers, 83-84, 87, 205, 
213, 216 

intersection of, 48, 50, 212- 
213, 239 
joining, 155 

’matching, 14, 95-96, 155 
of natural numbers, 82-83, 87 
notation, 42 
nninber, of, 96 
of numbers, 9, 10, 169 
operations, 47-49 
order of, 94, 96 
overlapping, 45 
partition, 49-50 
of points, 318-319 
of polygons, 44-45 
product of, 49-50, 164 
()f(iuadrilaterals,r330, 349-350 
of rational numbers, 43, 84, 87, 
232-233 

of real numbers, 85 
of related facts, 116, 118-121 
relations between, 44-45 
sentences, 167, 312-313 
separating, 94, 155 
of solids, 337-338 
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Sets (cont) 
solution of, 53 
subsets, 44, 52 
of tables, 177-178 
testing of, 390 
of triangles, 331-332, 349 
union of, 47-48, 50, 94 
universal, 43, 53 
vocabulary of, 43-44 
well-defined, 44 
of whole numbers, 87, 203, 
206, 297 

Short cuts, computational, 436 
Shrinkcr and stretcher, 229-230, 
256 

Sievt* of Kralosthenes, 208 
Sij;ned numbers, 213-216 
addition of, 214 
reading of, 213-214 
subtraction of, 215 
Situation(s) 
in division, 174 
subtraction in, 124-126 
verbal, 167 
Slide rule, 432 
Slow leaniei(s) 
cuiTieulum for, 419-421 
instructional adiustment, 421- 
122 

Mistructional material for, 422- 

423 

mathematics for, 417-418 
problem solving for, 120 
proj'ram for, 6, 419 
rem(‘dial instnutioii for, 423- 

424 

SMSC;, 4, 16-17, 21, 22, 91 
S()lid(s), 337-338 
face ol, 337-338 
interior region ol, 337 
reirion, 357-358 
refill I ar, 338 

unit of measure, 357-358 
Solution st't(s), 53 
Stpiaie 

formula lor area of, 357 
mnnbcrs, 437 
root, 155 

Standard test(s), 386-389, 400 
anahtic, 409-410 
characteristics of, 388-389 
criteria lor, 389 
for measurinj^ attitude, 425 
purpose of, 389 
Stanford project, 18, 91 
Statistics, 1 1 

probability and, 433 
Structural level of ni.iturit\ , 235 
Striictun' 
application of, 26 
ein])hasis on, 8, 32 
numeration system, 4 
relationships, 10 
search for, 25-26 


Subsets, 44, 52 
Subtraction 

additive method of, 140 
algorism, 72 
in base h, 71-72 
checking in, 149-150 
comparison with addition, 1 50, 
154-155 
coin])ound, 140 
r)f decimals, 276-279 
decomposition method of, 140 
difference in, 144 
dramatizing, 179 
ecpial additions, method of, 
140 

e<piations in, 121 
facts, 115 

of ‘fractional numbers, 34-35, 

242- 245 

inverse of addition, 121, 129, 
166, 242, 310 
methods of, 140 
of mixed fractional numbers, 

243- 245 

number sentences in, 135 
properties of, 117, 151 
of rational numbers, 222, 242- 
245 

rej^roupin^ in, 105, 140-147, 
198 

without r(‘>'rou])ui^, 136- 
137 

in relation to division, 155, 
166-168 

resc‘areh m, 142-143 
of signed numbers, 215 
situations, 124-126 
steps in teaching, 143- 1 14 
supplenientarv aids in, 144- 
145 

units in, of fractional num- 
bers, 242-243 
of whole iminbers, 133 
zero in, 146-147 
Sum(s), 27, 121, 126, 134, 136- 
137, 140, 144, 157 
of fractional numbers, 241 
greater than ten, 123-124 
Superior learner(s) 
curric'uliim for, 430-434 
identification of, 428-429 
instructional procedures for, 
435-437 

materials for, 439-441 
matheiuatics program for, 127- 
428 

motivation of, 438-439 
units for, 432-433 
Supplementarv aid{s), use ol, 
144-145 
Symbol(s) 
mathematical, 391 
luiinber, 98-101 
numeration, 59 


St. Andrew’s Cross, 170-171 
writing of, 101-102 
Symbolic materials, sec Mate- 
rials 

System i(s) 

decimal, of notation, 62 
H^yplian, 57-58 
number, logical development 
of, 82-86 

of numeration, 4, 6, 9, 56-57, 
62 

Homan, of ninmuation, 58-59 
of tallying, 56-57 

Table(s) 

inter])rctinK, 175-176 
making a, from facts, 176-177 
of measure, 343-344* 
sets of, 177-178 
use of, 162-163, 402. 434 
Talk in j', 56-57 
Teach i 11^4 

addinti by endings, 139 
the basic facts, 116 

proj^ram lor te*achinK, 115- 
124 

division, with reKroupin^, 
187-191 

machine, 378-379 
im‘aninj^ of per cent. 292-294 
metric geometry, 346-353 
place value, 104-105 
solution of probhmis. 304-310 
steps in, compound subtrac- 
tion, 143-144 

third use of per cent, 298-299 
Television, 372-373 
Terminating decimal(s), 284 
Ternar\ computer, 434 
Testiiip, informal, 400-401 
IVsts 

developmental diajriiostic, 
410-111 

fi inures, two- and three-dimen- 
sional. 325-336, 359 
objective t> pe, 314, 389-392 
outcomes for, in mathematics, 
389-392 

results of, 385-386 
standard, .see Standard tests 
Te\tbook(s) 

evahi.it ion and selection of, 
374-375 

mathematics, 439 
orj»anization of, 4 
Theorem, fundamental, of .irith- 
metii'. 208 

'fheories, of learninji, 26-27 
Thousandths, 274 
Tolerance in measurement, 346 
Trait differences, 402-403 
Trapezoid(s), 330-331, .357 
Trianjile(s) 

altitude of, 3.50 
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Triangles (cont) 

' f<u'mation of, 337 
formula for area of, 357 
sets of, 45, 331-332, 349 
Triangular nuniber(s), 438 

Union of set(s), 47-48 
Unit(s) 

changing, of measure, 359- 
360 

experience, 35-36 
features of, 36 
fraction, 258-259 
of fractional numbers, in sub- 
traction, 242-243 
kinds of, 35 

of measure, 340, 347, 357-358 
standardized, 342 
for superior learners, 432-433 
United States Bureau of Stand- 
ards, 342 


Universal set, 43, 53 


Variable(s), 21, 53, 134, 169 
in per cent, 294 

Venn diagram, 46-47, 86-87, 
212, 329-332 

Verbalization, of patterns, 109- 
110 

Vocabulary 

development of, 215 
reading in problems, 314 
of sets, 43-44 
Volume 

measure of, 371 
of prism(s), 358 


Whole nuinber(s), 87, 116 
addition and subtraction of, 
133 


comparison in, 150 
division of decimals by, 283- 
284 

mulliplication and division, 
182 

multiplying a, by a decimal, 
279-280 

properties of, and rational, 
267-268 

set of, 87, 203, 206, 297 
subtraction of mixed-fractional 
number from, 243-244 
table of integers and, 220 


Zt'io 

in multiplication, 169-170, 
203 

as a place holder, 368 
as a power, 61, 63 
iiT subtraction, I46-I47 




